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Abstract

We present an iterative approach to constructing pseudorandom generators, based on the
repeated application of mild pseudorandom restrictions. We use this template to construct
pseudorandom generators for combinatorial rectangles and read-once CNFs and a hitting set
generator for width-3 branching programs, all of which achieve near-optimal seed-length even in
the low-error regime: We get seed-length O(log(n/e)) for error €. Previously, only constructions
with seed-length O(log®? n) or O(log® n) were known for these classes with error & = 1/poly(n).

The (pseudo)random restrictions we use are milder than those typically used for proving
circuit lower bounds in that we only set a constant fraction of the bits at a time. While such
restrictions do not simplify the functions drastically, we show that they can be derandomized
using small-bias spaces.

*Supported in part by NSF grant DMS-0835373. Work done in part while the author was an intern at Microsoft
Research Silicon Valley.

tSchool of Engineering and Applied Sciences, Harvard University, —Cambridge, MA 02138.
salil@seas.harvard.edu. Supported in part by NSF grant CCF-1116616. Work done in part while on leave
as a Visiting Researcher at Microsoft Research Silicon Valley and a Visiting Scholar at Stanford University.



1 Introduction

1.1 Pseudorandom Generators

The theory of pseudorandomness has given compelling evidence that very strong pseudorandom
generators exist. For example, assuming that there are computational problems solvable in expo-
nential time that require exponential-sized circuits, Impagliazzo and Wigderson [IW97] have shown
that for every n, ¢ and ¢ > 0, there exist efficient pseudorandom generators (PRGs) mapping a
random seed of length O(log(n®/c)) to n pseudorandom bits that cannot be distinguished from
n uniformly random bits with probability more than €, by any Boolean circuit of size n¢. These
PRGs, which fool arbitrary efficient computations (represented by polynomial-sized Boolean cir-
cuits), have remarkable consequences for derandomization: every randomized algorithm can be
made deterministic with only a polynomial slowdown, and thus P = BPP.

These results, however, remain conditional on a circuit complexity assumption whose proof
seems far off at present. Since PRGs that fool a class of Boolean circuits also imply lower bounds
for that class, we cannot hope to remove the assumption. Thus unconditional generators are only
possible for restricted models of computation for which we have lower bounds.

Bounded-depth circuits and bounded-space algorithms are two models of computations for which
we know how to construct PRGs with O(log®M(n/e)) seed length [Nis91, Nis92]. Known PRG con-
structions for these classes have found several striking applications including the design of stream-
ing algorithms [Ind06], algorithmic derandomization [Siv02], randomness extractors [Tre01], hash-
ing [CRSW11], hardness amplification [HVV06], almost k-wise independent permutations [KNRO5],
and cryptographic PRGs [HHRO06]. Arguably, constructing PRGs with the optimal O(log(n/¢)) seed
length for these classes are two of the outstanding open problems in derandomization.

Nisan [Nis92] devised a PRG of seed length O(log?n) that fools polynomial-width branching
programs, the non-uniform model of computation that captures logspace randomized algorithms:
a space-s algorithm is modeled by a branching program' of width 2°. Nisan’s generator has been
used by Saks and Zhou [SZ99] to prove that every randomized logspace algorithms can be simu-
lated in space O(logS/ 2 n), Nisan’s generator remains the best known generator for polynomial-width
branching programs (and logspace randomized algorithms) and, despite much progress in this area
[INW94, NZ96, RR99, Rei08, RTV06, BRRY10, BV10b, KNP11, Dell], there are very few cases
where we can improve on Nisan’s twenty year old bound of O(log? n) [Nis92]. For constant-width
regular branching programs, Braverman et al. [BRRY10] have given a pseudorandom generator
with seed length O((logn) - (log(1/¢))), which is O(logn) for € = 1/polylog(n), but is no better
than Nisan’s generator when ¢ = 1/poly(n). Only for constant-width permutation branching pro-
grams and for width-2 branching programs has seed length O(log(n/c)) been achieved, by Koucky,
Nimbhorkar, Pudldk [KNP11] and Saks and Zuckerman [SZ95], respectively. Remarkably, even for
width-3 branching programs we do not know of any efficiently computable PRG with seed length
o(log?n). Recently, Sima and Zak [SZ11] have constructed hitting set generators (HSGs, which
are a weaker form of pseudorandom generators) for width-3 branching programs with optimal seed
length O(logn), for a large error parameter € > 5/6.

In a different work, Nisan [Nis91] also gave a gives a PRG that e-fools ACy circuits of depth
d and size s using seed length O(log??*5(s/¢)). For the special case of depth-2 circuits, that is,
CNFs and DNFs, the work of Bazzi [Baz09], simplified by Razborov [Raz09], provides a PRG of seed
length O(logn - log?(s/¢)), which has been improved to O(log?(s/¢)) by De et al. [DETT10]. For

1Space-bounded randomized algorithms are modeled by oblivious, read-once branching programs, which read the
input bits in a specified order and read each input bit only once. In this paper, all the references to “branching
programs” refer to “oblivious read-once branching programs.”



the restricted case of read-k DNFs and CNFs, De et al. (for £ =1), and Klivans et al. [KLW10] (for
k constant) improve the seed length to O(loge~! - log s), which is optimal for constant ¢, but it is
essentially no better than the bound for general CNFs and DNFs when ¢ is polynomial in 1/n.

The model of combinatorial rectangles is closely related to both bounded-width branching pro-
grams and read-once CNFs and are interesting combinatorial objects with a variety of applications
of their own [ASWZ96]. The problem of constructing PRGs for combinatorial rectangles is closely
related to the construction of small sample spaces that approximate the uniform distribution on
many multivalued random variables [EGLT98]: they can be seen as an alternate generalization
of the versatile notion of almost k-wise independent distributions on {0,1}" to larger domains
[m]™.  Versions of this problem where each coordinate is a real interval were first studied in
number theory and analysis [ASWZ96]. Subsequently there has been much work on this problem
[EGLT98, LLSZ97, ASWZ96, Lu02, Violl]. A PRG with seed length O(logn + log®?(1/¢)) [Lu02]
is known for combinatorial rectangles; such a generator achieves the optimal seed length O(logn)
when e > 2-0008"°n) byt not for ¢ = 1 /poly(n). It is known how to construct HSGs (which are a
weakening of PRGs) with seed length O(log(n/e)) [LLSZ97].

Indeed, there are few models of computations for which we know how to construct PRGs with the
optimal seed length O(log(n/e)) or even log'T°")(n/e). The most prominent examples are bounded-
degree polynomials over finite fields [NN93, AGHP92, BV10a, Lov08, Vio08], with parities (which
are fooled by small-bias distributions [NN93]) as a special case, and models that can be reduced to
these cases, such as width-2 branching programs [SZ95, BDVY09).

In summary, there are several interesting models of computation for which a polylogarithmic
dependence on n and 1/e is known, and the dependence on one parameter is logarithmic on its
own (e.g. seed length O(lognlog(1/e))), but a logarithmic bound in both parameters together has
been elusive. Finally, we remark that not having a logarithmic dependence on the error ¢ is often
a symptom of a more fundamental bottleneck. For instance, HSGs with constant error for width
4 branching programs imply HSGs with polynomially small error for width 3 branching programs,
so achieving the latter is a natural first step towards the former. A polynomial-time computable
PRG for CNFs with seed length O(logn/e) would imply the existence of a problem in exponential
time that requires depth-3 circuits of size 22(") and that cannot be solved by general circuits of size
O(n) and depth O(logn), which is a long-standing open problem in circuit complexity [Val77].

1.2 Our Results

In this paper, we construct the first generators with seed length O(log(n/¢)) (where O( ) hides
polylogarithmic factors in its argument) for several well-studied classes of functions mentioned
above.

e PRGs for combinatorial rectangles. Previously, it was known how to construct HSGs with seed
length O(log(n/e)) [LLSZ97], but the best seed length for PRGs was O(log n+log®/?(1/¢)) [Lu02].

e PRGs for read-once CNF and DNF formulas. Previously, De, Etesami, Trevisan, and Tul-
siani [DETT10] and Klivans, Lee and Wan [KLW10] had constructed PRGs with seed length

O(logn -log(1/¢)).

e HSGs for width 3 branching programs. Previously, Sima and Zak [SZ11] had constructed
hitting set generators for width 3 branching programs with seed length O(logn) in case the
error parameter ¢ is very large (greater than 5/6).



As a corollary of our PRG for combinatorial rectangles we get improved hardness amplification in
NP by combining our results with those of Lu Tsai and Wu [LTWO07] - we refer to Section 5 for
details?.

1.3 Techniques

Our generators are all based on a general new technique — the iterative application of “mild”
(pseudo)random restrictions.

To motivate our technique, we first recall Hastad’s switching lemma [Ajt83, FSS84, Has86]: if we
randomly assign a 1 —1/0(k) fraction of the variables of a k-CNF, then the residual formula on the
n/O(k) unassigned variables is likely to become a constant. Ajtai and Wigderson [AW85] proposed
the following natural approach to constructing PRGs for CNFs: construct a small pseudorandom
family of restrictions that: 1) makes any given CNF collapse to a constant function with high
probability; and 2) ensures that the CNF collapses to each constant function with the right proba-
bility as determined by the bias of the formula. Known derandomizations of the switching lemma
are far from optimal in terms of the number of random bits needed [AW85, AATT01, GMR12].
We will show that, for read-once CNFs, such a pseudorandom restriction can be generated using
O(log(m/¢)) random bits.

We apply restrictions that only set a constant fraction of the variables at a time. The novel
insight in our construction is that although we cannot set all the bits at one go from a small-bias
distribution, we can set a constant fraction of bits from such a distribution and prove that the bias
of the formula is preserved (on average). Hence we use only O(log(m/¢)) truly random bits per
phase. While such mild random restrictions do not drastically simplify the formulas, we show that
in each phase a suitable measure of progress improves (e.g. most clauses will either be satisfied or
will have reduced width), implying that the formula collapses to a constant after O(loglog(m/e))
steps; and so the total randomness will be O(log(m/e)). The idea of setting a few variables at
a time is inspired by a recent PRG for hashing balls into bins due to Celis, Reingold, Segev, and
Wieder [CRSW11].

We illustrate our technique below with a toy example.

A Toy Example. Consider a read-once CNF formula f of width w with m = 2¥*! clauses in
which the variables appear in order (aka the Tribes function of [BL85]). That is,

f(l') = fl(l'l, - ,.%'w) A fg(.%'w+1, .. ,QTQw) A A fm(x(m—l)w+1v .. ,l’mw)

where each f; is the OR function. f has constant bias and can be computed both by a combinatorial
rectangle and a width-3 branching program. De et al. showed that fooling this function with error
¢ using small-bias spaces requires seed-length Q(wlog(1/¢)/loglog(1/e)).

Assume we partition the input bits into two parts: x which contains the first w/2 variables of
each clause and y which contains the rest. Let x o y denote the concatenation of the two strings.
We would like to show that for D a small-bias distribution and U the uniform distribution,

E o - E o <eg 1.1

E U@oyl= E [fwoy)| < (L)

A naive approach might be to view setting y ~ U as applying a random restriction with
probability 1/2. If this simplified the function f to the extent that it can be fooled by small-bias
spaces, we would be done. Unfortunately, this is too much to hope for; it is not hard to see that

2We thank an anonymous referee for pointing out this application.



such a random restriction is very likely to give another Tribes-like function with width w/2, which
is not much easier to fool using small bias than f itself.

Rather, we need to shift our attention to the bias function of f. For each partial assignment x,
we define the bias function F'(z) as

F(r) = E [f(zxoy)]. (1.2)

We can now rewrite Equation (1.1) as

E [F — E [F < 1.3
B[P - B [F@] <o (1.3
Our key insight is that for restrictions as above, the function F' is in fact easy to fool using a
small-biased space. This is despite the fact that F(z) is an average of functions f(x oy) (by
Equation (1.2)), most of which are Tribes-like and hence are not easy to fool.

Let us give some intuition for why this happens. Since f(zoy) =[]/~ fi(z o y),

F(z) = E [f@ou)] = ][ E [iaon] = [ A@.
i=1 =1

where Fj(z) is the bias function of the i'" clause. But note that over a random choice of y, fi(x) is
set to 1 with probability 1 — 27%/2 and is a clause of width w /2 otherwise. Hence

2
1 V;f]:/lww(i—l)ﬂ
o qw/2 + qw/2

Fi@) = E [f@oy)] =1

As a consequence, over a random choice of x, we now have

1 w.p. 1—2"w/?2
Fi(z) = {1 _9mw/2 . 2w/

Thus each Fj(z) is a random variable with E,[Fj(z)] = 1 — 2% and Var,[Fj(z)] ~ 273%/2, In
contrast, when we assign all the variables in the clauses at once, each f;(z) behaves like a Bernoulli
random variable with bias 1 — 27%. While it also has E,[f;(z)] = 1 — 27%, the variance is much
larger: Var,[fi(x)] =~ 27%. The qualitative difference between 273%/2 and 2~% is that in the former
case, the sum of the variances over all 2°+! clauses is small (27%/2), but in the latter it is more
than 1. We leverage the small total variance to show that small-bias fools F', even though it does
not fool f itself. Indeed, setting any constant fraction oo < 1 of variables in each clause would work.

We now sketch our proof that small-bias spaces fool F. Let ¢;(z) = Fi(z) — (1 —27%) be F;
shifted to have mean 0, so that E,[g;(z)?] = Var[F;(z)]. We can write

m m

Flo)=][(1-2""+gi(x) =) erSi(g1(2), ..., gm(z)) (1.4)

i=1 k=1

where S, denotes the k" elementary symmetric polynomial and ¢ € [0, 1].3

3In the toy example we are currently studying, an alternative and simpler approach is to write Fj(z) = (1 —
27 w/2)1=hi(@) where hy(z) = \/;-”:/fxw(i_l)ﬂ is the indicator for whether x already satisfies the ¢’th clause on its own.
Then F(z) =[], Fi(z) expands as a power series in 3. (1 — h;(z) — 27*/?), and higher moment bounds can be used
to analyze what happens when we truncate this expansion. However, this expansion is rather specific to the highly
symmetric Tribes function, whereas we are able to apply the expansion in terms of symmetric polynomials much
more generally.



Under the uniform distribution, one can show that

m k/2
E [1Sc(g1(2), -, gm(x))[] < ( E [gi(w)2]> < 27w,
x~U =1 x~U
Thus for & > O((logn)/w), we expect each term in the summation in Equation (1.4) to be
1/poly(n). So we can truncate at d = O((logn)/w) terms and retain a good approximation under
the uniform distribution.

Our analysis of the small-bias case is inspired by the gradually increasing independence paradigm
of Celis et al. [CRSW11], developed in the context of hashing. Every monomial in the g;’s of degree
at most d depends on at most wd = O(logn) variables. A small-bias space provides an almost
O(logn)-wise independent distribution on the variables of x, so the g;(z)’s will be almost d-wise
independent. This ensures that polynomials in gj(x),...,gm(z) of degree at most d (such as
S1,...,Sq) will behave like they do under the uniform distribution. But we also need to argue that
the Si’s for k > d have a small contribution to E,p [F(x)].

Towards this end, we prove the following inequality for any real numbers z1, ..., zpy:

2
If [S1(21,--y2m)| < = and |Sa(z1,...,2m)| < %, then |Sg(21,...,2m)| < u".

=

The proof uses the Newton—Girard formulas (see [CLOO07]) which relate the symmetric poly-
nomials and power sums. This lets us repeat the same truncation argument, provided that
S1(g1(x), ..., gm(x)) and S2(g1(x),. .., gm(x)) are tightly concentrated even under small-bias dis-
tributions. We prove this concentration holds via suitable higher moment inequalities.*

This lets us show that small bias fools F'(x). By iterating this argument logw times, we get a
PRG for f with polynomially small error and seed-length O((logn)(logw)) = O((logn)(loglogn)).

Read-Once CNFs. The case of general read-once CNFs presents several additional challenges.
Since we no longer know how the variables are grouped into clauses, we (pseudo)randomly choose
a subset of variables to assign using e-biased spaces, and argue that for most clauses, we will not
assign few variables. Clauses could now have very different sizes, and our approximation argument
relied on tuning the amount of independence (or where we truncate) to the width of the clause. We
handle this via an XOR lemma for e-biased spaces, which lets us break the formula into O(loglogn)
formulae, each having clauses of nearly equal size and argue about them separately.

Combinatorial Rectangles. A combinatorial rectangle f : [W]™ — {0,1} is a function of the
form f(x1,...,2m) = A", fi(x;) for some Boolean functions fi, ..., fy,. Thus, here we know which
parts of the input correspond to which clauses (like the toy example above), but our clauses are
arbitrary functions rather than ORs. To handle this, we use a more powerful family of gradual
restrictions. Rather than setting w/2 bits of each co-ordinate, we instead (pseudo)randomly re-
strict the domain of each z; to a set of size W'/2. More precisely, we use a small-bias space to
pseudorandomly choose hash functions Ay, ..., hy, : [W'/?] — [W] and replace f with the restricted
function f'(z1,...,2zm) = A%, (fi o hi)(z).

“These inequalities actually require higher moment bounds for the g;’s. We ignore this issue in this description
for clarity, and because we suspect that this requirement should not be necessary.



Width 3 Branching Programs. For width 3 branching programs, inspired by Sima and Zak [SZ11]
we reduce the task of constructing HSGs for width 3 to that of constructing HSGs for read-once CNF
formulas where we also allow some clauses to be parities. Our PRG construction for read-once CNFs
directly extends to also handle such formulas with parities (intuitively because small-bias spaces
treat parities just like individual variables). The first step of our reduction actually works for any
width d, and shows how to reduce the the task of constructing HSGs for width d to constructing
hitting set generators for width d branching programs with sudden death, where the states in the
bottom level are all assumed to be Reject states.

Organization. Section 2 gives some preliminaries on pseudorandomness. Section 3 develops our
main new technical tools for constructing sandwiching approximators for symmetric functions. We
prove an XOR Lemma for e-biased spaces in Section 4.

Section 5 describes our PRG construction for combinatorial rectangles. The reduction from
hitting sets for width 3 branching programs to hitting sets for CNFs with parity is in Section 6.
The generator for read-once CNFs and for CNFs with parity are presented in Section 7 and Section 8
respectively.

2 Preliminaries

We briefly review some notation and definitions. We use © ~ D to denote sampling = from a
distribution D. For a set S, z ~ S denotes sampling uniformly from S. By abuse of notation,
for a function G : {0,1}* — {0,1}" we let G denote the distribution over {0,1}" of G(y) when
y ~{0,1}°. For a function f :{0,1}" — R, we denote E[f] = E,(0 1}~ [f()].

Hitting Set Generators and Pseudorandom Generators.

Definition 2.1 (Hitting Set Generators). A generator G : {0,1}" — {0,1}" is an (e, d)-hitting set
generator (HSG) for a class C of Boolean functions if for every f € C such that E[f] > €, we have
Eowg f(x) > 0. We refer to r as the seed-length of the generator and say G is explicit if there is
an efficient algorithm to compute G that runs in time poly(n,1/e,1/0).

Typically, our hitting set generators will be (e, d) generators for some § = poly(e,1/n). Given
two functions g, h : {0,1}" — {0,1} we say g < h if g(z) < h(z) for all z € {0,1}". To prove that
G hits h, it suffices to show G hits some function g < h.

Definition 2.2 (Pseudorandom Generators). A generator G : {0,1}" — {0, 1}" is an e-pseudorandom
generator (PRG) for a class C of Boolean functions if for every f € C, |E[f] — Eq[f(y)]| <e. We
refer to r as the seed-length of the generator and say G is explicit if there is an efficient algorithm
to compute G that runs in time poly(n,1/e). We say G e-fools C and refer to € as the error.

We shall make extensive use of small-bias spaces, introduced in the seminal work of Naor and
Naor [NN93]. Usually these are defined as distributions over {0, 1}", but it is more convenient for
us to work with {£1}".

Definition 2.3. A distribution D on {£1}" is said to be e-biased if for every nonempty subset
IC [TL], |E33~{:|:1}"[Hie[ xz” Se.

There exist explicit constructions of e-biased spaces which can be sampled from with O(logn +
log(1/¢)) random bits [NN93]. These give efficient pseudorandom generators for the class of parity
functions.



Definition 2.4. Let 0 < o, < 1/2. We say a distribution on D on 27l s §-almost independent
with bias o if I < D satisfies the following conditions:

e For everyi € [n], Pli € I] = a.
e For any distinct indices iy, ..., i € [n] and by, ..., b, € {0,1}*,

k

P Ak (13 € T) = bj)] = [T PG e ) =b) +4.
j=1

There exist explicit constructions of distributions in D as above which only need O(logn +
log(1/ad)) random bits [NN93]. We will write I < D(a, d) for short whenever [ is sampled from a
d-almost independent distribution with bias « as above.

Sandwiching Approximators. One of the central tools we use is to construct sandwiching
polynomial approximations for various classes of functions. The approximating polynomials (Pp, P,)
we construct for a function f will have two properties: 1) low-complexity as measured by the “L;-
norm” of Py, P, and 2) they “sandwich” f, P, < f < P,. The first property will be important to
argue that small-bias spaces fool the approximating polynomials and the second property will allow
us to lift this property to the function being approximated. We formalize these notions below. For
notational convenience, we shall view functions and polynomials as defined over {£1}".

Definition 2.5. Let P : {£1}" — R be a polynomial defined as P(x) = 3 cpy 1 [Lierxi- Then,
the Ly-norm of P is defined by Li[P] = > cp, lerl. We say f 2 {£1}" — R has é-sandwiching
approximations of Ly norm t if there exist functions fy, fo: {£1}"™ — R such that

fo(x) < f(z) < fulz) Vo,  Elfu(@)] = Elfe(z)] <6, Li(fe), La(fu) <t

We refer to fy and f, as the lower and upper sandwiching approzimations to f respectively.

It is easy to see that the existence of such approximations implies that f is § 4 te fooled by
any e-biased distribution. In fact, as was implicit in the work of Bazzi [Baz09] and formalized in
the work of De et. al. [DETT10], being fooled by small-bias spaces is essentially equivalent to the
existence of good sandwiching approximators.

Lemma 2.6. [DETT10] Let f : {£1}" — R be a function. Then, the following hold for every
0<e<i:

o If f has §-sandwiching approzimations of Li-norm at most ¢ /e, then for every e-biased dis-
tribution D on {£1}", |E.up[f(x)] — E[f]| < 9.

o If for every e-biased distribution D, |Ezp[f(z)] — E[f]| < 6, then, f has (26)-sandwiching
approzimations of Li-norm at most |E[f]| + & + (§/¢)°.

® De et al. actually show a bound of §/¢ on the L norm of the sandwiching approximators excluding their constant
term. But it is easy to see that the constant term of the approximators is bounded by | E[f]| 4 4.



Pseudorandom Generators for CNFs. A Conjunctive normal form formula (CNF) is a con-
junction of disjunctions of literals. Throughout we view CNFs as functions on {+1}", where we
identify —1 with false and 1 with true. We say a CNF f = C;y ACy A -+ - ACYy, is a read-once CNF
(RCNF), if no variable appears (by itself or as is its negation) more than once. We call m the size
of f and the maximum number of variables in C1i,...,C), the width of f. We shall also use the
following results of [DETT10], [KLW10] which say that RCNFs with small number of clauses have
very good sandwiching approximators.

Theorem 2.7. Let f: {£1}" — {0,1} be a RCNF with at most m clauses. Then, for every e > 0,
[ has e-sandwiching polynomials with Ly-norm at most m@Ues(/e)),

Theorem 2.8. Let f : {£1}" — {0,1} be a CNF with at most m clauses and width at most w.
Then, for every e > 0, f has e-sandwiching polynomials with Li-norm at most (m/e)Owlogw)
3 Sandwiching Approximators for Symmetric Functions

For k > 1, let S}, : R™ — R denote the k' elementary symmetric polynomial defined by

Sk(zl,...,zm): Z HZZ

IC[m],|I|=k i€l

Our main result on sandwiching approximators for symmetric functions is the following:

Theorem 3.1. Let g1,...,gm : {£1}™ — R be functions on disjoint sets of input variables and
01,09, ...,0m be positive numbers such that for all i € [m],
Elg] =0, Llgl<t, E[(6)*] < @* 0} fork =1
r~{E1}"

Let 0% = (3", 0%)/m and § € (0,1) and e,k > 0 be such that

) 1 [ 5log(1/6) w o 54

< - - = =
me log(1/ma?) (mt + 1)2

= log(1/8)%” (3.1)

Let P(z) =3 ", ¢iSi(91(2), ..., gm(x)) be a symmetric multilinear function of the g;s that computes
a bounded function P : {x1}" — [—B, B], with |¢;| < C for all i € [m]. Then,

1. For every e-biased distribution D, we have

E [P@)]- E [P(x)]

< O(B + C)5.
x~{£1}" x~D

2. P has O(B + C)d sandwiching approzimations of Ly norm O((B 4 C)(mt + 1)?#§73).

As an illustration of this theorem, we state the following immediate corollary which formalizes
the argument for the toy example in the introduction.

Theorem 3.2. Let k> 0 be a constant. Let gi1,...,gm : {£1}" — [—0,0] be functions on disjoint
sets of input variables with E[g;] = 0, Li[g:] = O(1) and o < 1/m~Y?>%. Let P : {£1}" — [~1,1]
be a symmetric polynomial in g;’s of the form P(x) = > 1" ¢iSi(g1, ..., gm), with |¢;| < 1. Then,
for every 6 € (0,1), with log(1/0) > Q. (log(1/0)), P has §-sandwiching polynomials of L1-norm at
most poly(1/9).



To derive Theorem 3.2 from Theorem 3.1, observe that in the notation from Section 1.3, m =
owtl 52 973w/2 and all the other conditions hold.

In the rest of this section, we prove the first statement of Theorem 3.1. The second statement
follows from the first by Lemma 2.6. We first sketch the steps involved in the proof.

Let k, € be as in the theorem and let D be a e-biased distribution. Let P<j, = Zf:o ¢iSi(g1y -y gm)-
We will prove the theorem by showing that P cannot distinguish the uniform distribution from D
by a series of inequalities:

xN{IEEl}" [P(gl(m)7 ce. ,gm(x))] ) xN{Iil}" [Pﬁk(gl(x)v s 7gm($))]

<5 E [Per(g1(@),- . gm(@))
~5 E [P(ni(a). . gn(x).

Of these, the second inequality will follow from the fact that L1[P<j] = poly(1/d) (this is not
too hard). The first inequality can be seen as a special case of the last inequality as the uniform
distribution is an e-biased distribution for any . Much of our effort will be in showing the last
inequality.

To do this, we first show that there is an event £ that happens with high probability under
any e-biased distribution, and conditioned on which P<j, is a very good approximation for P. We
then prove the last inequality by conditioning on the event £ and using Cauchy-Schwarz to bound
the error when £ does not occur. The event € will correspond to |S1(g1, ..., 9m)|, 152(g1, -, gm)|
being small, which we show happens with high probability using classical moment bounds. Finally,
we show that P<j approximates P well if £ happens by using the Newton-Girard Identities for
symmetric polynomials (see Lemma 3.6).

3.1 Proof of Theorem 3.1

Our first task will be to show that under the assumptions of the theorem, | Y, g;(x)| and | Y, g:(x)?|
are small with high probability. We do so by first bounding the £’th moments of these variables
and applying Markov’s inequality. For this we will use Rosenthal’s inequalities ([Ros72], [JSZ85],
[Pin94]) which state the following:

Lemma 3.3. For independent random variables Z1, ..., Zy, such that E[Z;] =0, and all k € N,

]
k

E (Z ZZ-) < (2k)*max | Y "E[Z7], (Z E[Zf]) . (3.2)
i=1 i=1 i=1
For independent non-negative random variables Z1, ..., Zy, and all k € N,

m k m m k
E (Zz) < K max | Y E[Z]], <Z]E[Zi]> ) (3.3)
i=1 =1 i=1

Lemma 3.4. For all integers k > 2,

m 2k] m k
o1y <Zgz‘($>> < (2k)* <202> (3.4)

i=1

m k m k
B (Z@u(x)ﬁ) < (20 (Z o?> (35)

i=1




Proof. Let Z; = gi(x), x ~ {£1}". Then, Z;’s are independent mean-zero variables. Now, by
Rosenthal’s inequality, Equation (3.2),

2k k
() | = e o, (miz)
k
< (2k)%* max Z 2k) 2k g2 <Z 4o} )

i

< (2k)* max Z o2k, <Z O',?)

(x)

The second bound follows similarly by applying Rosenthal’s inequality, Equation (3.3), to the non-
negative random variables Zi2 = g?:

k k m k
(ZZ?) < kF max ZE[ZE’“},(ZE[Z?]) < (2k)3F (Zﬁ) :

i=1

A consequence of Lemma 3.4 is the following:

Corollary 3.5. For all k > 2, under any e-biased distribution D,

2k
E (Z gl> < (2k)* (mo?)* + e(mt)* (3.6)

k
E (Z%) < (2k)3F(mo?)* + e(mt?)k (3.7)

Proof. Note that for any function h : {£1}" — R, Li[h*] < (Li[h])*. Therefore, applying this
inequality to h = 3. i, we get L1[(>2;9:)%*] < (mt)?*. The first inequality now follows from
Lemma 3.4 and Lemma 2.6. The second inequality follows similarly. O

Next we show that |Y", g/, >, 97 being small implies the smallness in absolute value of
Sk(g1,...,9m) for every k > 2. Note that there is no probability involved in this statement.

Lemma 3.6. Let z1,..., 2z, be real numbers that satisfy
m m
Salen Yoits
i=1 i=1

Then for every k > 2 we have



Proof. To prove this lemma, we first bound the power sums Fj(z1, ..., z,) which are defined as

Ex(z1,...,2m) = sz

Note that Fy = S;. We start by bounding Fj for k > 2 using the L norm inequalities
1 1
1 n k n 2 1
|E(21, .. 2m)|F < (Zm@ < <Zz§> = Ey(z1,...,2m)2
i=1 i=1

Hence we have |Eg (21, ..., 2m)| < p¥.
The relation between the power sums and elementary symmetric polynomials is given by the
Newton-Girard identities (see [CLO07], Chapter 7.1 for instance) discovered in the 17th century.

Sk(zl, ey B

?r \

k
Z Y Sk i(21, s 2m) Ei(21, - 2m). (3.8)

We use these to show by induction on k that |Sg| < p¥. For k = 2, we have

(u* + %) < pi*.

N)\}—t

1
52(21, e ,Zm) = 5(51(21,. . .,Zm)2 — EQ(Zl, . ,Zm))

Assume we have proved the bound up to k — 1. Using the Newton-Girard formula,

k k
1 1 o
|Sk‘(zla s 7Zm)‘ < E Z ‘Sk—i(zla s azm)HE’i('zlv R Zm)| < % Z,uk Z,ul < ,UJk
i=1 i=1
O
Let
k
Peg(x) = ciSi(g1s-- -, 9m)
i=0
denote the truncation of P to degree k. We use the following bounds for P<y.
Lemma 3.7. Let P,m,t,C,D be as in Theorem 3.1. If mo? < %, then for every k € N,
E [Pi(z)?] <2C?% +e- (mt+1)%* . C2 (3.9)
T~
Proof. We observe that the symmetric polynomials Sy = 1,...,S5; on gi,...,¢gn are mutually

orthogonal under the uniform distribution, i.e., for i # j,

E  [Si(g1(2), . 9m(2)) - Sj(91(2), . ., gm(2))] = 0.

a~{£1}m
For brevity, we shall omit writing out the argument x in the following. For ¢ > 1, we have
i
m

. 2 2vi
E [Silgrs--m) = 3 11 En [g7] < ;%{]:Emn[g]] < (mo?)".

|S|= z]GS

11



Therefore, assuming that mo? < 1/2,

_ . 2 2 2\1 2
IN{El}n [P<i(g1s-- -, 9m)?] = Z lw{ﬂ}n [Si(g1,---,9m)*] < C Z(ma Y <2C%  (3.10)

Since L1[g;] < t, we have

Ly [P<i] < i ( ) (mt +1)*, and

Ly [PZ,] < L1[P<]” < C*- (mt + 1)%*

Hence
ED[PSk(x)Q] <C*24e(mt+1)%) <20% + ¢ - (mt +1)%%) . C2.
O
Setting Parameters. In Theorem 3.1, we choose
_ [ 5log(1/90)
| log(1/mo?)
which guarantees 0°/2 < (mo?)¥ < 6°. By Equation (3.1) we have
mo? < #
~ log(1/6)*’
from which it follows that
log(1/9)
— d A1
~ 5loglog(1/6)’ an (3.11)
1
(2k)" < <. (3.12)

Finally, for all £ small enough so that ¢ - (mt 4 1)2¥ < §, the following bounds will hold under the
assumptions of Theorem 3.1, by Corollary 3.5 and Lemma 3.7,

JE, [Pa(@)’] <47, (3.13)
m 2k
oA (; 9i(x)> < (2k)*(mo?)* + e(mt)* < 26* (3.14)

F =
m@p (; gi($)2>

IN

(2k)3F (ma?)* + e(mt)?* < 264 (3.15)

We now proceed to prove Statement (1) in Theorem 3.1, which we restate below with specific
constants.

12



Lemma 3.8. With the notation from Theorem 3.1, we have

E [P — E [P < (4B +130C) - 6. 3.16
B [P@] =~ E[P@]| < 4B +13C) (3.16)
Proof. We will show that under any e-biased distribution D,

[|P( ) — P<i(z)|] < (2B +6C)0. (3.17)

~D

Note that U is e-biased for ¢ = 0, so the above bound applies to it. We derive Equation (3.16) from
Equation (3.17) as follows:

LEL P BIPE]<| B IP@I- B Pa@)]+| B Pa] - E[Pa)
+| E [Par@)] - E [P@)].

(3.18)
The first and last terms are bounded using Equation (3.17). We bound the middle term by

iyl Pr@] = B [Pa(@)]] < - LilPag(@)] < &~ O (mt + f < Cst.

Equation (3.16) follows by plugging these bounds into Equation (3.18):

E [P@)]- E [P(x)]

< 2(2B +6C)6 + C3* < (4B +130)6.
{1} x~D

We now prove Equation (3.17). Define a good event G C {£1}" containing those x for which
the following bounds hold:

m

> (gi())?

i=1

< 6%, < %, (3.19)

Forz € G, P<j(x) gives a good approximation to P(z). By Lemma 3.6, we have [S¢(g1(), ..., gm(z))| <
8¢k for all ¢ > 2. Hence, for all z € G

|P(z) — Pep(z)| < Z lceSe(g1 (), .. gm(@))| < C > 6P <5 67 <205 (3.20)
(=k+1 =k+1 2>1

We now bound the probability of =G using Markov’s inequality applied to a k’th moment bound
obtained from Equations (3.14) and (3.15):

flom m 2k T/ m 2k
1
P J(2)| > 6VF| = P ; >822l <= E ; < 262
b ;W) =0 =1y Z@,ﬂm) >0 <5 B ;legm <287,

<262

>
vV
(%)
[\

I
=
8
14
9

A/
NE
9
&
no
~
kol

Pr [igz(x)Z > §2/k| = Py igi(x)Q

i=1 i=1

13



Let 1¢(z) and 1-¢(z) denote the indicators of G and —G respectively. We have

> gilx)’
=1

51/k + Pr

E [1- ]< P
[ G 1“[ x~D

z~D x~D

> 52/’1 < 462, (3.21)

Further,

E [[P(z) = Pu(@)] = E [|P(z) = Per(2)] - 1e(2)]l + E_[|P(z) - P<y(2)] - 1-g(2)]  (3.22)

x~D T~

By Equation 3.20, we have

E_[|P(z) — Pai(a)] - 16(2)] < max |P(x) - Pey(w)] < 2C6 (3.23)

To bound the second term,

E [P@) = Pa(@)]- 1.l < E [[P()] 1]+ E [[P<x(z)]-1-¢]

x~D

N

A

2,1 1 2L
E [P(:P]} E [1gli+ E [Pa(@)?)F E (1)

< B-26+2C-26 (3.24)
where we use the bounds

erVED[P(x)ﬂ < B?* (Since |P(z)| < B)

ED[PSk(a:)Q] <4C? (Equation (3.13))

E [1-¢] < 46%. (Equation (3.21))

x~D

Plugging Equations (3.23) and (3.24) into Equation (3.22) we get Equation (3.17). O

4 An XOR Lemma for ¢-biased spaces

In this section, we prove an XOR Lemma that helps us show the existence of good sandwiching
approximators for the composition of a function on few variables with functions on disjoint sets of
variables, each of which have good sandwiching approximators. We call it an XOR lemma, since
one can view it as a generalization of Vazirani’s XOR lemma.

Theorem 4.1. Let f1,... f%: {£1}" — [0,1] be functions on disjoint input variables such that
each f' has e-sandwiching approzimations of L1 norm t. Let H : [0,1]F¥ — [0,1] be a multilinear
function in its inputs. Let h : {£1}* — [0,1] be defined as h(x) = H(f'(x),..., f*(x)). Then h
has (16%¢)-sandwiching approzimations of L1 norm 4*(t + 1)F.

Proof. For S C [k] define the monomial

=117 @ [0~ ().

€S jes
Let fi and fei denote the upper and lower sandwiching approximations to f’. Then we have
i () > fi i <
fulz) = (), {ﬂ}n[fu( z) = f'(z)] <e
1— fi(z) > 1= fi(2), (1= fl(@) = (1= f(2) <e

{il}”

14



Hence, if we define

=[] i) [J 0 - £l (=)),

icS jes
then we have
M?(z) > M3(z) ¥ z € {£1}",

= [Tl [ - ] < ¢+ 0k

€S jé€S
We will show using a hybrid argument, that

E [M%(x)— M%(z)] < 2F¢.
9E~{:|:1}"[ () (z)] < 2%

For simplicity, we only do the case S = [k]. We define a sequence of polynomials M;? = My, M ...

M?* where ‘ i
) =[[F@ ] A
j=1 =i+l

We now have

k
[Mi(z) = Mipa ()] = E | (fit'(2) = fF(2) Hff I fi@)

~ n ~ n
x~{+1} x~{£1} j=ite

%

k
PR C RN AR -SRI R | (S CC
J=1i+2

x~{£1}" a~{£1}m

]:

i k
<e[[r I @+ <@+e)f e

j=1 j=i+2

,Mk:

()]

where we use the facts that E, 113 [f7] < 1 and E,oqiqyn [Fl] < Epqann[ff] +6 < 1+e We

now have

k—
i(x) — M;
wa{ﬂ}n ) +1()]

1=

0
<e(l+(14e) - (14e)k 1) < 2ke.

,_.

s
IN{I:EEl}" M, ()

| A

To construct a lower-sandwiching approximator, we observe that

> M) = [[(f @) + 1= fi(2) = 1.
cl

i€[k]

Hence if we define

Sw)zl—ZMg(m)

T#S

15



then
Mi@) < 1- 3 M7 (x) = M5(a),
T+S

E (M) - M3@)] = 3 MT(@) - MT(z) < e,
x~{£1}7 TZ5

Li[M}] < 2F(t + 1)k

Finally, let 15 € {0,1}* denote the indicator vector of the set S. Since H is multilinear, we can
write

H(y)= > H@as) [[w ][] -w)
SCIK] €S jés
where H(1g) € [0,1]. Hence
hz) =Y H1s)[[ fite) [T = fi(2) = DY H(1s)M*(x)
SCIK] i€S ¢S SCIK]
We define the polynomials

hu(e) = Y H(1s)M;(z), he(z) = ) H(Ls)M (x).

SCK] SCk]

It follows that

hu(z) = h(z) = he(z)

E  [ha(e) —he(e)] < ) H(ls) E [M7(x) - M (2)] < 16%,
r~{£1}" SCIH x~{£1}"

Li[ha] < 28(t + 1), Li[hg] < 4%(t + 1),

5 A PRG for Combinatorial Rectangles

We start by defining combinatorial rectangles (CRs).

Definition 5.1. A combinatorial rectangle is a function f : ({£1}*)™ — {0,1} of the form
fl@1,. . xm) = NIty filxi), where f; - {£1}" — {0,1}, and each x; € {£1}". We refer to the f;s
as the co-ordinate functions of f. We refer to m as the size® of f and w as the width.

We construct an explicit PRG for CRs with seed-length O(log m + w + log(1/6)). The previous
best construction due to Lu had a seed-length of O(logm 4 w + log®?(1/6)) [Lu02].

Theorem 5.2. There is an explicit pseudorandom generator for the class of combinatorial rectan-
gles of width w and size m with error at most § and seed-length O((logw)(log(m)+w +1log(1/4)) +

log(1/0)loglog(1/6)logloglog(1/4)).

SThis is usually referred to as the dimension in the literature; we use this terminology for the CNF analogy.
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Our generator uses a recursive sampling technique and we next describe a single step of this
recursive procedure. For this informal description suppose that 6 = 1/poly(m), w = O(logm) and
let v =3w/4. Fix a CR f: ({£1}*)™ — {0, 1}.

Consider the following two-step process for generating a uniformly element z from ({£1}*)™

e Choose a sequence of multi-sets Sy,...,S,, C {+1}" each of size 2V by picking 2V elements
of {£1}" independently and uniformly at random.

e Sample x; ~ S; and set = (z1,...,Zm).

This results in an z that is uniformly distributed over ({£1}*)™. We will show that the E,[f(x)]
will not change much, even if the sampling in the first step can is done pseudorandomly using a
small-bias space for suitably small €.

Our final generator is obtained by iterating the one-step procedure for T' = O(loglogm)) steps:
At step t we choose multi-sets St C Si™1 ... 8! C St1 each of cardinality exactly 26/4"w ysing
small-bias. After T steps, we are left with a rectangle of width w = O(loglogm). Such rectangles
can be fooled by e-bias spaces where ¢ = 1/ mOUoglogm) = The total randomness used over all the
steps is O((logm) - (loglogm)).

5.1 Sandwiching Approximations for Bias Functions

In the following, let f be a CR of width w and coordinate functions fi,..., fm @ {£1}* — {0,1}.
We describe a restriction of f which reduces the width from w to v = 3w/4.

e For every a € {£1}", we sample string z, = (xq1,...,Tam) ~ {{£1}*}™.
e For i € [m], we define restricted co-ordinate functions f} on inputs y; by f(vi) = f(2y,.i)-

e Define the restricted rectangle f¥: ({£1}")™ — {0,1} on y1,...,ym by

m

P um) = N\ F () (5.1)

=1

Let z € {{£1}*}2"X™ denote the matrix whose rows are indexed by a € {£1}", the columns by
i € [m] and (a,1)’th entry is given by Z[a,i] = z4,; € {£1}". Every such matrix defines a restriction
of f. We will show that if choosing Z from an e-biased space for e = 1/poly(m) suitably small, and
from the uniform distribution have almost the same effect on f. For i € [m], let Z[i] denote the
7’th column of Z. For each coordinate function f;, define the sample average function

Y. filwa) = E[ff(a)]. (5:2)

ac{£1}v an{ELy

Note that each f; only depends on column i of Z. Define the bias function of Z as

F@ =140 = B..00) (5:3)

The main lemma of this section shows that this bias function can be fooled by small-bias spaces.

Lemma 5.3 (Main). Let F' be as defined in Equation (5.3). Assume that§ < 1/4 and w < log(1/4),
v=3w/4 > 50loglog(1/d). Then F(x) has d-sandwiching approzimations of L1 norm poly(1/J).

17



We start by stating two simple claims.

Claim 5.4. For the sample average functions f; defined as in Equation (5.2), we have

_(f) <Li(fi) <2v7.
Eli@] = _E_ i)
Proof. From Equation (5.2), it follows that
LIRS 5 S0 LAl =Ll < 22

ac{£1}v

where the last inequality holds for any Boolean function on w input bits. The bound on the
expectation follows directly from Equation (5.2). O

The justification for the name bias function comes from the following lemma.

Claim 5.5. For f” and F as defined in Equation (5.1) and Equation (5.3),

yw({E}v)m[fU(y)] = F(ZZ‘)

Proof. Note that

fv yl = Z ly afz $az

ae{il}”

hence Z fz waz = _l( )

({il} )m ae{il}”

It follows that

E v i
By wl= B [/\ £ () ]

y~({ﬂ}v [Hfz ]

O]

We will prove Lemma 5.3 by applying Theorem 3.1 to the functions g; : {{£1}*}?*" — R defined
as follows: ¢;(%) = (fi(Z) — pi)/pi,, where p; = E,gz1yo[fi(2)]. (We assume p; # 0.)

We will need the following technical lemma, which helps us show that the functions g; satisfy
the moment conditions needed to apply Theorem 3.1. For brevity, let ¢ denote ({:I:l}”)vam in
the remainder of this section.

18



Lemma 5.6. Let p;, g;,U be defined as above. We have Ezy4[gi(Z)?*] < (2k)? a2 where

Gl for pi e [27/10,1/2],

2Vp;
2 2(1=p; _
o; = 20-p) 2Up) forp; € [1/2,1—27"],
7 forp; € [1 —277 1].

Proof. W start by bounding the moments of (f;(Z) — p;). We have

2°(fi(@) —pi) = Z (f(Zasi) — pi)

ace{£1}v

which is the sum of 2V i.i.d p;-biased random variables with mean 0. Hence we can apply Rosenthal’s
inequality (Equation (3.2)) to get

(2% B [(£i(@) = p)™] < (2k)% max (2°((1 = po)?pi +p2(1 = ). (2°pi(1 = pi))")

Hence we have

B 5] = e B ()~

We will use the following bounds

N2k v(1+k/5) A —v/10
o (1 pl> pitl—p| < 2 for p; € 2 ,1/2].
Di 20T (1 —p;) for p; € [1/2,1].

N
<2v , 1pl> < (2**'(1 —pi))k for p; € [1/2,1].
pi

From this it follows that Ezy[g:(7)%] < (2k)?*!02* where

G2 for p; € [279/10,1/2),

21}
o? = w for p; € [1/2,1 —27"],
> for p; € [1 —279,1].

O]

Proof of Lemma 5.3. We first show the claim under the assumption that E[f] = p > 0 and later
show how to get around this assumption. Define the sets

Si={i:pie (0,270, Sy ={i:pie @0 127"}, Sy3={i:p;e(l—-2""1]}.

For j € [3], let F}(z) = Hz‘esj fi(z) so that F(z) = H?Zl F;(z). We will construct sandwiching
approximations for each Fj and then combine them via Theorem 4.1. We assume without loss of
generality that p; < 1 — 27", Else, the i’th coordinate has bias 1 and can be ignored without
changing the rest of the proof.
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Sandwiching F;. We show that L;[Fi] is itself small. Observe that § < p = [[;Z) pi < [[;eq, i <
27 IS11/10 \which implies that |S;| < 101log(1/8)/v. Thus, by Claim 5.4,

~ y 1 5w /v 1
Lif] < [T ulfil <22l < <5> < S0

i€ST

Sandwiching Fb. Note that Fy(Z) = [[,cg, fi(Z) = [Tics, pi - (1 + gi(%)). Notice that F is a
symmetric polynomial in the g¢;’s, so we will obtain sandwiching polynomials for F5 by applying
Theorem 3.1 to g;'s. As before, § < p < [[icq,pi < (1 — 27v)1%21 50 we have |Sy| < 2Vlog(1/6).
Further we can write § < p < [[;cq,(1-(1-p;)) < e Zi€52(1_pi), so that } g, (1—p;) < 2log(1/0).
By Lemma 5.6, we have E,(113:[g:(%)?*] < (2k)**02%, where 2/2" < 07 = (1 — ;) /29710 for every
i € S9. Hence,

1—p; _ 2log(1/6) 1
2 _
Z i = Z 590/10 = o900 = log(1/4)25"

1€So €S2

Hence Theorem 3.1 implies the existence of O(d) (B = 1 and C = [];cg, pi < 1) sandwiching
approximations with L; norm bounded by (mt + 1)2* where

5log(1/9) 251og(1/9)
= |S,] < 2log(1/8) < 2%/ < 2v/2<2v k< <
=15 <2 10g(1/5) 27 122, g Bl < B0

which implies the L; norm is bounded by poly(1/9).

Sandwiching F;. We write

Fy(x) =[] fitz) = [[ p:i(1 + gi(=)).

1€S3 1€S53

Note that each i € S satisfies 1 — p; > 27%, which implies that |S3| < 2¥*1llog(1/6)). Let
o7 =2/2%" > 2. Then, by Lemma 5.6, Ezy/[g;(2)"] < (2k)** 02" and we have

w1
Z o2 < 2%+ log(1/9)) < 1 1

<
2 = 93v/5 — 25
= 2ev 23v/ log(1/9)

By Theorem 3.1, F3 has O(4) sandwiching approximations with L; norm bounded by (mt + 1)2*
where

m < 2%log(1/p) < 2%/,

tS 2w/2 S 2’0’
k< 5log(1/4) < 2510g(1/5).
log(1/ 3", 02) 3v

which implies the L; norm is bounded by poly(1/9).

Sandwiching F'. Since each F; has O(d) sandwiching approximations with L; norm poly(1/4),
by Theorem 4.1, F' = F; F»F3 has O(0) sandwiching approximations of L; norm poly(1/4).
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Handling all values of E[f]. Finally, to get rid of the condition E[f] > ¢, assume that E[f] < 4.
If E[f] =0, f = 0 so there is nothing to prove. If E[f] > 0, every co-ordinate f; has at least one
satisfying assignment. We repeat the following procedure until the expectation exceeds d: pick a
co-ordinate ¢ which is not already the constant 1 function and add a new satisfying assignment to
i. Such a co-ordinate i exists because § < 1. We repeat this until we get a rectangle f! such that
E[f!] > §. Denote the resulting sequence

F=r<stsr
We claim that for every j,
E[F@)< B[ @] <2 B [F@)

The last inequality holds since at each step, we at most double the acceptance probability of the
chosen co-ordinate, and hence of the overall formula. Hence we have

E[f] <2E[f*"1] < 24.

We use the upper approximator for f! as the upper approximator for f and 0 as the lower approx-
imator. This gives sandwiching approximators with error at most 2§ and L; norm poly(1/6).
This completes the proof of the lemma. O

5.2 A Recursive Sampler for Combinatorial Rectangles

We now use Lemma 5.3 recursively to prove Theorem 5.2. Our generator is based on a derandomized
recursive sampling procedure which we describe below. The inputs are the width w and the size m
of the rectangles we wish to fool and an error parameter § < 1/2%.

1. Let vg = w, v; = (%)jw.

2. While v; > 501loglog(1/d) we sample Z; € {{£1}v-1}27 %M gcecording to an e;-biased distri-
bution for € < (1/§)°* for some large constant c;.

3. Assume that at step ¢ (where t = O(logw)), v; < 50loglog(1/d). Sample an input z; €
({£1}"-1)™ from an ey-biased distribution where, for some large constant ca,

g9 < (1/6)02(10g log(1/6) log loglog(1/6)) '

We next describe how we use x = (Z1,...,7) to output an element of ({+1}*)™. For
k e {1,...,t — 1} we denote by s; the recursive sampling function which takes strings z; €
{{x1y0-1329xm for j e {k+1,...,t — 1} and & € ({£1}")™ and produces an output string
Sk(ZTpr1, ..., @) € ({£1})™. Set s4—1(7) = 7. Fix k <t —1 and let 2z = sg41(Tkyo,...,Tt) be
already defined. To define si, we will use z to look up entries from the matrix Zyy1, so that the
i’th coordinate of s; will be the entry of Zx11 in the z;’th row and #’th column:

Sk(x) = sk(flﬁfl’ Tt 7jt) = ((jjk‘+1)21,17 (-fk+1)z2,27 Tt (-karl)zm,m) € ({il}vk)m .

The above definition, though intuitive is a bit cumbersome to work with. It will be far easier
for analysis to fix the input combinatorial rectangle f : ({£1}*)™ — {0,1} and study the effect
of the samplers s, on f. Let fO = f. Each matrix Z; gives a restriction of f/=!: it defines
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restricted co-ordinate functions fz-j : {£1}% — {0,1} and a corresponding restricted rectangle
J7 o {{£1}9%}™ — {0,1}. We only use the following property of the s;s:

Flso(x) = fl(s1(x)) -+ f7 (501 (x)). (5.4)
To analyze the last step, we use the following corollary that follows from [DETT10].

Corollary 5.7. Every combinatorial rectangle f : {{£1}"}™ — {£1} is d-fooled by e-bias spaces
for e = (m2v/§) OWloev),

Proof. Each co-ordinate function f; can be expressed as a CNF formula with 2 clauses of width v.
Hence we can write f as a CNF formula with m2? clauses of width v. Now apply Theorem 2.8. [

For brevity, in the following let
u — ({il}vo)ﬁlxm % ({il}v1)2“2><m N, ({:tl}’l)t,Q)Qvt—l Xm % ({:l:l}vt*l)m,

be the domain of x as defined in the generator construction.

Let D7 denote the distribution on & where Z; are sampled from an e-biased distribution for
i < j and uniformly for i > j. Then, so(D) is the uniform distribution on {{£1}*}™ whereas
so(D?) is the output of our Recursive Sampler.

Lemma 5.8. Let f : {{£1}*}™ — {0,1} be a combinatorial rectangle with width w and size m.
For distributions D° and D' defined above, we have

E [f(s0o(x)] - E [f(SO(X))]' <5

x~DO x~Dt

Proof. Let &' = ¢/t. We will show by a hybrid argument that for all j € {1,...,t}

/oo - B [F(saGx)]| <0 (5.5
x~Di—1 x~DJ
In both D/~ and D?, z; is drawn from an e-biased distribution for i < j, and from the uniform
distribution for ¢ > j. The only difference is Z; which is sampled uniformly in D/~ and from an
e-biased distribution in D7.

We couple the two distributions by drawing z; for ¢ < j according to an e-biased distribution.
By Equation (5.4), we get

E [fso())] = E [ (s E [f(so(x)] = E [f7(sj-1(x))]

x~Di—1 x~Di—1 x~DJ x~DJ

and our goal is now to show that

E [ (510 = E [/ (s5-1(x))]| <0 (5.6)

x~Di—1 x~Di

Define the bias function F/~! of the rectangle f/~! as in Equation (5.3). The string Z; defines
a restricted rectangle f7 : {{£1}"}™ — {0,1}. Applying Claim 5.5 we get

E )] =F (1)
zw({:l:l} J)
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In both distributions D/~! and D7, %41, . . ., Z; are distributed uniformly at random, hence s;(D7~1) =
5;(D?) ~ ({£1}")™ are uniformly distributed, and this variable is independent of Z;. So we have

LBl = BB Pl = E P,
E U= BB P al| = B )

Thus it suffices to show that

E [Fi(z;)]- E [FV(z)]] <
B P B 1) <
By Lemma 5.3, this holds true for j < ¢ — 1 provided that 1 < poly(1/§’).

For j = t, note that this is equivalent to showing that es-bias fools the rectangle ff. By
Corollary 5.7, ft is ¢ fooled by e2-biased spaces where

mavt —O(vt logvg) 1 O(loglog(1/8") logloglog(1/8"))
=) () |
Plugging these back into Equation (5.5), the error is bounded by ¢ - §" < 4. O

To complete the proof of Theorem 5.2, we observe that the total seed-length is

s = O ((log w)(log(m2"/e1) + log(m2"/e3))
= O (logw (logm + w + log(1/6)) + log(1/6) loglog(1/9) logloglog(1/9)) .

We next state an application of our PRG to hardness amplification in NP. Say that a Boolean
function f : {0,1}" — {0,1} is (e, s)-hard if any circuit of size s cannot compute f on more
than a 1/2 — ¢ fraction of inputs. The hardness amplification problem then asks if we can use a
mildly hard function in a black-box manner to construct a much harder function. Following the
works of O’Donnell [0’D04] and Healy, Vadhan and Viola [HVV04], Lu, Tsai and Wu [LTWO07]
showed how to construct (2_9(”2/3),2_9("2/3))-hard functions in NP from (1/poly(n),2%™)-hard
functions in NP. Their improvement comes from using the PRG for combinatorial rectangles of Lu
[Lu02] to partly derandomize the constructions of Healy, Vadhan and Viola. By using our PRG for
combinatorial rectangles, Theorem 5.2, instead of Lu’s generator in the arguments of Lu, Tsai and
Wu immediately leads to the following improved hardness amplification within NP.

Corollary 5.9. If there is a balanced function in NP that is (1/poly(n),2*"™)-hard, then there
exists a function in NP that is (1/2"/Poly(logn) gn/poly(logn)y_p gy,

6 HSGs for Read-Once Branching Programs

In thsi section, we reduce the problem of constructing an HSG for width 3 branching programs to
the problem of HSG construction for CNF formulas which are allowed to have parity functions as
clauses. We start with some definitions.

A read-once branching program (ROBP) B of width d has a vertex set V' partitioned into n + 1
layers Vo U --- UV, where

L Vo= {(07 0)}
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2. Vi ={(t,i)}icpq for t € {1,...,n —1}.
3. Vi, ={(n,1),(n,d)}.

The vertex (0,0) is referred to as the Start state, while (n,1) and (n,d) are referred to as Acc and
Rej, respectively. Each vertex in v € V; has two out-edges labeled 0 and 1, which lead to vertices
No(v) and Nj(v) respectively in Viy;. We refer to the set of states {(¢,1)}}_, as the top level and
{(t,d)}}—, as the bottom level.

A string z € {0,1}" defines a path in Vj x --- x V,, beginning at Start and following the
edge labeled x; from V;. Let Path(xz) = Pathg(x), ..., Path,(z) denote this sequence of states, i.e.,
Pathy(z) = (0,0), and Path;;1(z) = N,,(Path;(z)). The string x is accepted if Path,(z) = Acc.
Thus the branching program naturally computes a function f : {0,1}" — {0,1}. Let E[f] =
B, o1y [f ()] = Prolf(z) = 1]

Let BP(d, n) denote the set of all f: {0,1}" — {0,1} that can be computed by width d ROBPs.
Our hitting set generator for BP(3,n) uses a reduction to the problem of hitting CNF formulas
where clauses can be disjunctions of variables or parity functions.

Definition 6.1. Let CNF®(n) denote the class of read once formulas f : {0,1}" — {0,1} of the
form f = AN\ T; where each T; is either a disjunction of literals or a parity function of literals and
the T;s are on disjoint variables.

Theorem 6.2. For every f € BP(3,n) there is an integer k and g € CNF®(n — k) such that
0¥0g71(1) C (1) and E[g] > (E[f]/n)°™").

Given this reduction, we get a HSG for BP(3,n) by using the PRG for CNF® that we construct
in Theorem 8.2:

Theorem 6.3. For every ¢ > 0, there exists an explicit (¢, (¢/n)°(M)-HSG G : {0,1}" — {0,1}"
for BP(3,n) with a seed-length of O((log(n/¢)) - (loglog(n/¢))3).

We remark that using similar techniques, we can also achieve a seed-length of O((logn)(log(1/¢)))
which is better than the above bound for large values of €. We defer the details of this to the full
version.

The reduction in Theorem 6.2 is carried out in three steps.

e The first step (for the sake of HSGs) reduces arbitrary width 3 programs to “sudden death”

width 3 programs, where the last state in every layer is a Rej state. (This step in fact works
for all widths.)

e The second step reduces “sudden death” width 3 programs to intersections of width 2 pro-
grams.

e The third step reduces intersections of width 2 programs to CNF® formulae.

6.1 Reduction to Branching Programs with Sudden Death

Definition 6.4. A width d BP with sudden death is a BP where the bottom level states are all
Rej states. Formally this means No((t,d)) = Ni((t,d)) = (t +1,d) for allt =1,...,n — 1. Let
BPRei(d, n) denote the set of functions computable by such programs.

We reduce the problem of constructing hitting sets for width d BPs to for ones with sudden
death.
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Theorem 6.5. For every f € BP(d,n) there is an integer k and a g : {0,1}" % — {0,1}, g €
BPRei(d, n) such that 0¥ o g=1(1) C f~(1) and E[g] > E[f]?/2n.

We first setup some notation. For a vertex v € V let p(v) denote the probability of reaching
Acc starting from v over a uniformly random choice of x;11,...,z,. We call a state v € V such
that p(v) = 0 a Rej state. We order states in V; so that

p((t,1)) = p((£,2)) - - = p((t, d)).
By definition,
p(v) = 5 (P(No(®)) + (N (0))).
It follows that
E[f] = p((0,0)) <p((1,1)) <--- <p((n,1)) = 1,
E[f] = p((1,d)) = p((2,d)) = --- = p((n,d)) = 0
Observe that, if v € Vj} is such that p(v) < p, then p((i,d)) < p for all i > j.

Lemma 6.6. Let B € BP(d,n). Let R be a set of states such that p(v) < u Vv € R and let j be the
first layer such that RNV, # (. Let B’ be obtained from B by converting all states in R into Rej
states by redirecting the edges out of v € RNV, i > j, to ((i+1,d)). Let p'(v) denote the accepting
probabilities of vertices in B'. Then for all v € V', we have p'(v) > p(v) — p.

Proof. If p(v) < u the claim is trivial, so fix v such that p(v) > p. Let R(z) denote the event that
we visit a vertex in R if we follow = from v in B and let u(x) denote the first vertex in R that is
visited by this path. Let Acc(z) denote the event that B accepts. We have

Pr[R(z) A Acc(z Z Pr[u(z) = r A Acc(z)]
reR
= ZPr Pr[Acc( Nu(z) =7r] < ZPg’Cr[u(x) =r]-pu<upu,
reR reER

where we use Pry[Acc(z)|u(x) = r] = p(r) < p for all » € R. But then

I;I'[ACC<I‘) A R(z)] = P;r[Acc(x)] — lir[Acc(:c) A R(z)] > p(v) — p.

Finally, note that if we accept x without ever reaching R in B, then z is also accepted by B’. Hence
p'(v) 2 p(v) — p. O

Proof of Theorem 6.5. Let B be a branching program computing a function f so that E[f] > ¢
Let ¢ denote the first layer where p((i,d)) < /2. Note that i < n since p((n,d)) = 0. Every state
v up to layer i — 1 satisfies p(v) > /2. Further, for every j > i, p((i + 1,d)) < ¢e/2. Fix k=1 —2
and let v be the state in level i — 1 reached from Start on the string 0*. Consider the branching
program B’ of length n’ = n — k where we make v the new start state and keep the rest of the
program unchanged. The vertex set of B' is V' = {1)}U”'H V; and it computes f: {0,1}" — {0,1}
such that

E [f'(y)] =p(v) >e/2.
ye{0,1}n
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Thus, a random walk starting at v reaches the top level with probability at least £/2 (since this
is a necessary condition for B’ to accept). For j € {i,...,n — 1}, let ¢(j) denote the probability
that we reach the top level for the first time at layer j. So

n+1

> alj) = ¢/2.
j=i
Hence there exists j so that ¢(j) > ¢/2n.

We now make the following modifications to B’ to get a program B” which is a width d program
with sudden death:

e For ¢t € {i,...,j — 1} we convert the states (¢,1) into Rej states.
e Fort e {j,...,n+ 1} we convert the states (¢,d) into Rej states.

We don’t need to add an additional layer for making these modifications since we are turning one
state in each layer to a Rej state.

It is clear that B” computes a function f” < f’. Our goal is to show that B” accepts a large
subset of inputs accepted by B’. Indeed, we claim that

2

E "y)] > S
ye{(),l}”’[f W=,

We observe that the probability that a random walk starting at v reaches the top level for the
first time in layer j is the same in B” as in B’, hence it equals ¢(j) > £/2n. Further, using Lemma
6.6 (to the sub-program of B’ starting at (j,1)) we claim that

p//(ja 1) 2 p/(j’ 1) - 5/2 = 5/2

where we use the fact that p’(j,1) = p(j,1) > p(1,1) > . Note that the probability that B” accepts
is at least q(j)p”(j,1) > €2/4n, which comes from strings which reach state (j,1) and then reach
Acc.

The theorem now follows by setting g = f”. By definition, f” € BPR®(d, n — k) and

0% o (f)71(1) COF o (f)7H(1) C FH(1).

6.2 From BPR¢(3) to Intersections of BP(2)

We now reduce width 3 programs with sudden death to intersections of width 2 programs.

Theorem 6.7. Let f : {0,1}" — {0,1} be in BPR®(3,n). Then, there exists a function g :
{0,1}™ — {0,1} that is an intersection of functions in BP(2,n) such that g < f and if p = E[f],
then Eg] > (p/2)".

Throughout this section, we are given B € BPR®(d, n) computing f : {0,1}" — {0,1}. Let Bad
denote the set of non-reject states that have an out-edge leading to a Rej state (which are all states
such that p(v) = 0). Further for each x € {0,1}", let Bad(z) denote the number of Bad states
visited by .
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Lemma 6.8. We have
Pr [Bad(z) >t <27t
z~{0,1}"
Proof. Suppose that ¢t > 1. For i € [n], let Y; denote the number of vertices in Bad visited by
Path(z) in the first ¢ layers. Then, Y,, = Bad(z). We claim that,
PlY; =Yi41 =Yipo =--- =Y, |Y;, Path;(z) € Bad] > 1/2. (6.1)

This is because, if Path;(x) € Bad, then with probability at least 1/2, Path,;y1(x) is a Rej state,
in which case Path;(x) is a Rej state for every j > i+ 1.
Further, if Y,, > ¢, then there must be an index i < n, where Y; > ¢ — 1, Path;(x) € Bad and
Y, >Y; (for instance i can be the least j such that Y; =t — 1). Therefore,
PlY, >t] =P[(Ji<n, Y; >t—1, Path;(z) € Bad) A (Y,, > Y})]
[(Fi<n,Y; >t—1, Pathy(z) € Bad) |- P[Y,, > Y;|Y;, Path;(x) € Bad]

1
-P[(Fi <mn,Y; >t—1, Path;(z) € Bad)] < §-P[Yn2t—1],

where the last two inequalities follow from Equation (6.1) and the fact that Y;’s are non-decreasing.
The claim now follows by induction. O

Corollary 6.9. Let Pry (o 13»[f(z) = 1] = p. Then

E @] = E | [Bad(@)|f(x) = 1] < 21ox(2/p)

Proof. We have

_ Pr,[(Bad(z) > t) and (f(z) =1)] < 1
Pr[f(z) = 1] T 2lp

Pr[Bad(z) > t|f(x) = 1]
Let t* =log(2/p). We then bound

E[Bad(x)|f(x) = 1] = 3 ¢ - Pr(Bad(x) = | f(x) = 1]

>0

<t 4+ t-P[Bad(z) = t|f(x) = 1]

t>t*

) t
<t +ZE

t>t*

2 ((t*+1) 1

= < .
2 (Y5 e ) = 2iostm) + 2 < 21ox(2/)

O

The rest of our argument is specific to d = 3. We restrict our attention to the accepting strings
x € f~1(1). For each vertex v € V let q(v) = Pr,.s-1(1)[v € Path(z)]. Each layer ¢ has three states
(t,1),(t,2) and (t,3) € Rej. We assume that ¢((¢,1)) > q((¢,2)) > ¢(¢,3) = 0 (since accepting
strings never visit a Rej state). We first bound the probability mass on states in the set Bad.

Lemma 6.10. We have

> al) = E,  [Bad(a)]
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Proof. We have

Z q(v) = Z Pr [zvisitsv]= [E [Bad(x)],

vEBad veBad T~ e~/
by linearity of expectations. O

We partition the set Bad based on the value of ¢(v):
s 1 l 1
Bad® = veBad:q(v)<Z ,Bad' = veBad:q(v)ZZ .

By Lemma 6.10 and Corollary 6.9 it follows that |Bad’| < 8log(2/p).

Lemma 6.11. We have
Pr [Path(z) N Bad® = 0] > (p/2)*.
x~f*1(1)[ (z) = (p/2)
Proof. Since for all ¢, q((t,1)) > 1/2 we have (¢,1) ¢ Bad®. Sort the vertices in Bad® according to
layer, so that Bad® = {(¢1,2),..., (tw,2)}. We have

w
Pr [Path(z) N Bad® = 0] = Pr  [(¢;,2) & Path(z)|(t1,2),. .., (ti—1,2) & Path(z)].
a~f71(1) e~
Note that if (t;—1,2) ¢ Path(z) then (¢;,_1,1) € Path(z). Hence conditioning on not visiting
(t1,2),...,(ti—1,2) is the same as conditioning on visiting (¢1,1),..., (¢;—1,1). Further, conditioning
on visiting (¢1,1),..., (ti—1,1) is the same as conditioning on (t;_1,1). Therefore,
Pr  [(t,2) € Path(z)|(t1,1),...,(ti—1,1) € Path(z)] = Pr [(,2) € Path(x)|(t;—1,1) € Path(z)]
a~f71(1) a~ f1(1)
Prxwf_1(1)[(ti, 2) S Path(m)]
B Prwwf—l(l)[(tifl, ].) S Path(x)]

< BB < gt )

because q(t;—1,1) =1 —¢q(t;_1,2) > 3/4. Hence we have

Pr [Path(z) N Bad® = 0] =

z~f1(1) Pr[(tl, 2) g Path(az)](ti_l, ]_) c Path(x)]

-

1=1
1 da((t:,2 (S a((h
= H(1 _ ((?)))) > e 2(2it19((t:,2)) > (p/2)*
i=1
where we used the fact that for z < 1/4, (1 —42/3) > 2% and >, cp,qs ¢(v) < 2log(2/p). O

We are now ready to prove Theorem 6.7.

Proof of Theorem 6.7. Observe that by the above claim, we can replace vertices in Bad® by Rej
vertices, and get a new program B’ such that B’ < B and E[B’] > p- (p/2)* > (p/2)°. Lastly, we
handle the vertices in Bad’, which currently have transitions to Rej. Assume that these vertices
are vy,...,v; and that they read variables w;,,...,z;;. There exists a fixing a;,,...,a;; of these
variables such that the probability of acceptance of B’ over the remaining variables is at least
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(p/2)°. Let B'(a) denote the program obtained by hardwiring these values in B’. Now consider
the program B"” = B'(a) A (xi; = aiy ) A--- A (2i; = aj;), then B” < B' and

BIB") 2 (6/2) S = (/2"

since |Bad'| < 8log(2/p).
We only need to argue that B’(a) and hence B” is an intersection of width 2 branching pro-
grams. Note that B'(a) is a width 2 program but with Rej states for every vertex in Bad® =

{(t1,2),...,(tw,2)}. But we can view B’(a) as an intersection of branching programs B, for
i € {1,...,w — 1}, where B/ has start state (¢;,1) and accept state (¢;+1,1). This completes
the proof of the claim. O

6.3 Reducing intersections of BP(2) to CNF®

We now perform the final step in our sequence of reductions to prove Theorem 6.2.

Theorem 6.12. Let f : {0,1}" — {0, 1} be an intersection of width 2 BPs on disjoint sets of inputs,
i.e., f = fiNfaA A fm, where each f; € BP(2,n). Then, there exists a CNF® ¢ :{0,1}" — {0,1}
such that, g < f and E[g] > E[f]°0.

We use the following characterization of width 2 branching programs as decision lists due to
Saks and Zuckerman [SZ95] and Bshouty, Tamon and Wilson [BTW98|. For a set S C [n], let
And(S) denote all functions of the form A;y; where j € S and y; € {z;,2;}. We define Or(S) and
XOR(S) similarly. Note that all these classes contain the constant functions.

Theorem 6.13 ([SZ95, BTW98]). Let f € BP(2) be computed by a read-once, width 2 branching
program that reads variables xg for S C [n]. Then f is computable by a decision list L of the
following form.

e Ly reads variables xv for some V C S of size k.
o There are k+1 leaves denoted L1, ... L1, where L; is labeled by a function £; € XOR(S\ V)7

We order V' according to how variables are read by £; and use V7 to denote the indices of the
first j variables. The condition that x reaches L; is given by a function in g; € And(V7). We say
that L; accepts z if g;(xz) =1 and {j(z) =1

We derive two consequences of Theorem 6.13.

Lemma 6.14. Let f be as in Theorem 6.13. If E[f] > 5/6, then there exists g € Or(V') such that
g9 < f and Elg] > E[f]°.

Proof. Let E[f] =1 —¢ for e < . Note that

k+1

e=> 277 Pr[f;(x) =0]

j=1

Consider the smallest j such that ¢; is not the constant 1 function. Since ¢; € XOR(S'\ V') and
l; # 1, {; rejects with probability at least 1/2, hence € > 2-J-1,

"A decision list is a decision tree where the left child of every node is a leaf labeled by one of the functions £;. On
an input z, the output is computed by traversing the tree until a leaf is reached and outputting the value computed
by the function at the leaf.
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The condition that z reaches one of Ly,...,L;_; is given by g € Or(VI~1). Since ¢; = 5
.-+ = lj_1, we have that g < f and E[g] = 1 — 27771 > 1 — 4e. Since ¢ < 1/6, the inequality
(1 —4e) > (1 —¢)? holds. O

Lemma 6.15. Let f be as in Theorem 6.13. There exist hy € And(V') and he € XOR(S\ V) such
that if we define h = hy A ha then h < f and E[h] > E[f]/3.

Proof. Let L; be the highest leaf in L which is not labeled 0. Set h; = g; and hy = £;. It is easy
to see that

Pr[h(z) =1] = Pr[L accepts x] >

T

Prlf(x) = 1]

oo\»—n

We now prove Theorem 6.12.

Proof of Theorem 6.12. Let f = fi A fa A+ A fin, where f; € BP(2,n). Let p = E[f]. Then, for
I'={i:E[f;] <5/6}, |I| <loggs(1/p). Fori ¢ I, let g; be the function obtained from Lemma 6.14
and for 7 € I, let h; be the function obtained from Lemma 6.15. Let g = (A;¢19:) A (Aierhi). Then,
clearly g € CNF®, g < f and

:HE[gl}HE >1_[I[-SfZ H (£:1/3) >p° - p- 3‘1”2;014

il icl i¢l iel
O
6.4 HSG for BP(3,n)
We now combine the previous sections to prove Theorems 6.2, 6.3.
Proof of Theorem 6.2. Follows immediately from combining Theorem 6.5, 6.7, 6.12. O

Proof of Theorem 6.3. Let f € BP(3,n) with E[f] > €. Let g, k be as given by Theorem 6.2 applied

to f so that E[g] > § = (¢/n)¢. Let G’ : {0,1}* — {0,1}" be a PRG for CNF® with error at most

§/2. By Theorem 8.2, there exists an explicit G’ with seed-length s = O(log(n/¢) - (loglog(n/e))?3).
Define, G : {0, 1}1°8"+s — {0, 1}" as follows:

e Sample r ~ [n] and y ~ {0,1}*.
e Output r Os followed by the first n — r bits of G'(y).

We claim that G is a (¢, (¢/n)t1)-HSG for BP(3,n).
Assume that we guess r = k correctly, which happens with probability 1/n. G then simulates
g on the string G'(y). Since, E[g] > 4,

yG{](lil}S [9(G'(y)) =1] = E[g] —6/2>6/2.

Therefore,

k,yefz(l)r,l}s [f(G(y)) =1] = 6/2n.

The theorem now follows. O
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7 PRGs for Read-Once CNFs

We construct a PRG for read-once CNFs (RCNFs) with a seed-length of O((logn) - (loglogn)?) and
error 1/poly(n). As mentioned in the introduction, previously, only generators with seed-length
O(log® n) were known for error 1/poly(n). Besides being of interest on its own, this construction
will play an important role in our HSG for width 3 branching programs. Our main construction
and its analysis are similar in spirit to what we saw for combinatorial rectangles and will be based
on Theorem 3.1.

Theorem 7.1. For every € > 0, there exists an explicit PRG G : {0,1}" — {£1}" that fools all
RCNFs on n-variables with error at most e and seed-length r = O((log(n/¢)) - (loglog(n/e))?).

The core of our construction will be a structural lemma that can be summarized as follows:
The bias function of a random restriction of f where each variable has a small constant probability
of being set has small Li-norm sandwiching approximators.

Along with the structural lemma we shall also exploit the fact that for any RCNF, randomly
restricting a constant fraction of the inputs simplifies the formula significantly: with high probability
a size m RCNF upon a random restriction has size at most poly(logn) - m?, where v < 1 is a fixed
constant. Theorem 7.1 is then proved using a recursive construction, where we use the above
arguments for O(loglogn) steps.

7.1 Sandwiching Approximators for Bias Functions

For a function f : {£1}" — [0,1], a subset I C [n] and = € {£1}!, define f;(x) : {£1}} — [0,1] by

xT) = E xoy)l,
fite)= B fwoy)
where x o y denotes the appropriate concatenation: (zoy); =x; if i € [ and (zoy); =y; if i ¢ I.
We call f; the “bias function” of the restriction (x,I).
We will show that for a RCNF f, and I chosen in an almost k-wise independent manner, the

bias function f7 has small L;-norm sandwiching approximators with very high probability (over the
choice of T).

Lemma 7.2 (Main). There ezists a constant a and ¢ > 0 such that the following holds for every
e>0andd < (¢/n)¢. Let f:{£1}" — {0,1} be a RCNF and I ~ D(«,d). Then, with probability
at least 1 — e, f1 has e-sandwiching approrimators with Li-norm at most

L(TL, 6) _ (n/z_:)c(loglog(n/s))2 )

Proof. Let f =Cy ANCy N---NC,,. By abuse of notation, we will let C; denote the set of variables
appearing in C; as well. In our analysis we shall group the clauses based on their widths. Let
B=1+1/6.

We first handle the case where f has bias at least €, i.e., P[f(z) = 1] > . Let Wy, =
c1 loglog(n/e) and W,, = logy m for ¢; a constant to be chosen later. Let f, be the RCNF containing
all clauses of width less than W, and f, the RCNF containing all clauses of width at least W,,. Let
T = logg(Wy/2Wy). For w € W = {[W,8"] : 0 < r < T}, let f, be the RCNF containing all
clauses with width in [w, fw). Then,

f=fe N (Mwewp fu) A fu (7.1)
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We will show that each of the functions fy, f.,, fu have good sandwiching approximators. We
then use Theorem 4.1 to conclude that f has good sandwiching approximators. The claim for f,
follows immediately from Theorem 2.7. The main challenge will be in analyzing f,, (the analysis
for f, is similar). To show that f, has good sandwiching approximators, we shall appeal to
Theorem 3.2.

Observe that as f has bias at least ¢, the number of clauses of width at most w in f is at most
2" log(1/e). We will repeatedly use this fact. Let 1 = ¢/poly(n, 1/¢) to be chosen later.

Sandwiching fy. As each clause in f; has width at most Wy, the number of clauses in fy is at most
my < 2Welog(1/e) < (log(n/e))“t*!. Thus, by Theorem 2.7, f; has e1-sandwiching approximators
of Li-norm at most mzo(log(l/al)) = (log(n/e))PUee(l/e1)  Ag Li-norm does not increase under
averaging over a subset of the variables, it follows that (f;); has e;-sandwiching polynomials with

the same L1 norm bound:

(f¢)1 has e1-sandwiching approximators with Li-norm at most (log(n/e))?Uos(1/e1)), (7.2)

Sandwiching f,. Fix a w € Wg. Note that f,, has m,, < 2°% log(1/¢) clauses. Without loss of
generality, suppose that f, = C1 ACy A--- A Cyy,,. Let I ~D(a,9).

Let J C [my] be the set of all good clauses, J = {j : |C; NI| < w/3}. Decompose fy, = fi, A fi),
where f}, = NjesCj. We first show that (f;,); has good sandwiching approximators. We then show
that f] has a small number, poly(log(n/e)), of clauses with high probability over I. The intuition
for the first step is that if each |C; N I] is small, then the randomness in the remaining variables
damps the variance of the bias function f; enough to guarantee existence of good sandwiching
approximators via Theorem 3.2. For the second step, intuitively, as I picks each element with
probability at most o, we expect |C;NI| to be about a|C}| < a(fw) < w/3. Thus, the probability
that |C; N I| is more than w/3 should be small so that the total number of bad clauses is small
with high probability.

For brevity, suppose that fi = Cy A+ A Cpy and let wj = |C;| € [w, fw). For x € {+1}, and
j € [m'], define g; : {£1} — [~1,1] by

/() = —1/2%i if x satisfies C; NI
I 1/21GM 1 /2% otherwise '

Then, for p; =1—1/2%4,

(fur(e) =TT (1 =1/2%) = gj(@)) = ] ] (vs = i) = | [T v -H(l—gj@)

jeJ jeJ jeJ JjeJ
Let gj(z) = g}(x)/p;. Then,

(fo)i@) =T 1T - gi(2)).

jedJ jeJ
By expanding the above expression we can write (f,,)7(z) = Z?;l ckSk(g1, - - -, gmy) where the
coefficients ¢y, are at most 1 in absolute value. We will show that g1,..., g, satisfy the conditions

of Theorem 3.2.
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Clearly, g1,...,gm are on disjoint subsets of z. Note that g}(z) € [—1/22w/3 1/22w/3], Hence,
as p; > 1/2, gij(z) € [~0,0] for ¢ = 2/22%/3. Now, as w > ¢;loglog(1/e), m’ < 2%%log(1/e) <

2B+1/et)w  Thys, for ¢; > 12,
2 1

92w/3 < (m/)1/2+1/12°

o =

Finally, note that each g; has Li-norm at most 2. This is because any clause, and hence g}, has
Li-norm at most 1. Therefore, the functions g; satisfy the conditions of Theorem 3.2. Thus,

(/)1 has e1-sandwiching approximators with L;-norm at most poly(1/e1). (7.3)

We are almost done, but for (f]]). We will show that with high probability over I, (f!) has
O(log(n/e)) clauses. To do so we will follow a standard argument for showing large deviation
bounds using bounded independence.

For i € [w] and j € [my), let X;; be the indicator variable that is 1 if the variable corresponding
to the ¢’th literal in the j’th clause of f,, is included in I and 0 otherwise. Let

X = Sk (Sws(X11, Xot, - Xut)s -5 Suy3(Ximw Xoma s - - - Xwma,) ) -

Then, for any k,
P[size(fl) > k] < E[X].

To see this observe that whenever size(f,r) > k, X is at least 1. Let us first calculate this expectation
when the variables X;; are truly independent. In this case, as m,, < 2" log(1/¢), and each clause

has at most Sw variables,
_ (Tw fw o wk/3
2= () (ufs)

o (66 1oi<1/a>>k - (80)"*/5,

Therefore, for o = 1/32 and k = co max(log(n/e)/w, 1) for co sufficiently large, E[X] < ¢/2n.
Now, as the actual variables X;; are é-almost independent, and the polynomial defining X has at
most (") - (ﬂ ') terms, the expectation for I ~ D can be bounded by

w/3
€ My Bw € O(wk) €
EX]| < . . = .92 < Z

| ]_2logn+5 <k> <w/3> 271—1_5 - n’

for § < (g/n)¢ for ¢ a sufficiently large constant. Combining the above equations and applying
Theorem 2.7, we get that with probability at least 1 — ¢/n, (fI/) has e1-sandwiching polynomials
with Li-norm at most

;Olog(1/e1)) _ (10g(n/€))0(log(1/61))_
Therefore, from Equation (7.3) and Theorem 4.1, with probability at least 1 — ¢/n,

(fuw)1 has O(e;)-sandwiching approximators with Ly-norm at most (log(n/c))?(os(/e1) — (7.4)
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Sandwiching f,: A careful examination of the argument for f,, reveals that we used two main
properties: there are at most 2% log(1/¢) clauses in f,, and every clause has length at least w. Both
of these are trivially true for f, with w = W,. Thus, the same argument applies. In particular,
with probability at least 1 —e/n,

(fu)1 has O(ey)-sandwiching approximators with Ly-norm at most (log(n/e))?0s(t/e1) — (7.5)

Now, observe that

fr(@) = (for@) - (f)ir(x) - ] (fw)i(@).

weWp

Therefore, we can apply Theorem 4.1. In particular, by Equations 7.2, 7.4, 7.5, and a union bound,
for b = |[Wg|+2 = O(loglogn) we have: with probability at least 1 —¢, f; has (16°)-sandwiching
polynomials with Lij-norm at most

4b. ((bg(n/e))O(b 10g(1/el))) — (1/)0(oglog(n/2)?)
The lemma now follows by setting e; = &/n°W).

Handling Small Bias Case. We now remove the assumption that E[f] > . Suppose E[f] < e.
Consider the formula f’ obtained from f by removing clauses in f until the first time E[f’] exceeds
e. Then, f < f" and ¢ < E[f’] < 2¢ (as each clause has probability at most 1/2 of being false).
We can use the upper approximator for f’ as an upper approximator for f and constant zero as a
lower approximator. This completes the proof of lemma. ]

7.2 Restrictions Simplify RCNFs

We next argue that for restrictions (x, I) where (z, I') are chosen from almost-independent distribu-
tions as in the previous section, RCNFs simplify significantly and in particular have few surviving
clauses with very high probability.

Let I ~ D(«,d) be as in Lemma 7.2 and 2 ~ D be chosen from a d;-biased distribution with
91 = 1/poly(n). We will show that fixing the variables in I according to x will make the number
of clauses drop polynomially. Let «, 8 be the constants from Lemma 7.2.

Lemma 7.3. There exists constants ca,7y > 0 such that the following holds for 0,51 < (¢/n)2. Let
I ~D(a,d) and x ~ D where D is a d1-biased distribution on {£1}". Let f: {£1}" — {0,1} be a
RCNF with E[f] > e. Let g : {#1}["\ — {0,1} be the RCNF obtained from f by fizing the variables
in I to x. Then, with probability at least 1 — € over the choice of (x,I), g is a RCNF with at most
(log(n/e))2 - m!'~7 clauses.

Proof. As in the proof of Lemma 7.2, we shall do a case analysis based on the width of the clauses.
Let fs, fw, fu and Wg be as in Equation (7.1). Note that the number of clauses in f; is at most
2Welog(1/e) = poly(log(n/e)). We will now reason about each of the f,’s for w € Wg. The
argument for f, is similar and is omitted.

Let f,, have m,, clauses, where m,, > 8log(1/¢), otherwise there is nothing to prove. Without
loss of generality, suppose that f, = Ci ACo A --- A Cp,, and w; = |Cj|. Let Y; be the indicator
variable that is 1 if C; survives in g (i.e., is not fixed to be true) and 0 otherwise. We first do the
calculations assuming that the variables in x and I are truly independent and later transfer these
bounds to the almost independent case.
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Observe that P[Y; = 1] = (1 —«/2)" < (1 —a/2)". Let M,k < M be parameters to be chosen
later. Then, as in the proof of Lemma 7.2,

> > M| <]‘:> <E[Sp(Yi,...,Ym,)| < <mkw> - (1-%)“”“.

Here, the first inequality follows from observing that if 3 ;Y; > M, then Sy (Y1,..., Y, ) is at least
(]\: ) Therefore,

sy« (%) (- )™

Now, setting M = mq; '(elog(1/e)) for a sufficiently small constant v and using the fact that
my < 2°%1log(1/¢), it follows that

2 — )20\
RISy < (B2 ) <y,
J

for v a sufficiently small constant. Thus, for k¥ = c3 max(log(n/e)/w, 1) and c3 a sufficiently large
constant, P[>, Y; > M| < €/2n. Now, as in the proof of Lemma 7.2, transferring the above
calculations to the case of almost independent distributions only incurs an additional error of

err = (0 +d1) - (n;w> 2P — (5 +6) - poly(n,1/e).

Therefore, for 8,01 < (¢/n)¢ for a sufficiently large constant ¢, we get P[> Y > M] <e/n.
Hence, by a union bound over w > W,, with probability at least 1 — ¢, the number of surviving
clauses in g is at most

size(fy) + (elog(1/e)) Z ml™7 < poly(logn) + (elog(1/¢)) - |B|” - (Z M) <
weWp w

poly(logn) + (elog(1/e)) - [B|" - m' ™7,
where the first inequality follows from the power-mean inequality. The claim now follows. [

In our recursive analysis we will also have to handle RCNFs that need not have high acceptance
probabilities. The following corollary will help us do this.

Corollary 7.4. Let constants ca,7y and §,61,1 ~ D(«,d8),z ~ D be as in Lemma 7.3. Let f :
{£1}" — {0,1} be a RCNF, and let g : {1} — (0,1} be the RCNF obtained from f by fizing
the variables in I to x. Then, with probability at least 1 — € over the choice of (x,I), there exist
two RCNFs gy, g, of size at most (log(n/e))? - m'~" such that g; < g < gy and E[g,] — E[ge] < e

Proof. If E[f] > /2, the claim follows from Lemma 7.3. Suppose E[f] < e/2. Let f’ be the formula
obtained from f by throwing away clauses until E[f’] exceeds £/2. Then, ¢/2 < E[f'] < e. Let
g’ be the RCNF obtained from f’ by restricting the variables in I to x. The claim now follow by
applying Lemma 7.3 to f’ and setting g =0 and g, = ¢'. O
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7.3 A Recursive PRG Construction for RCNFs

We now use Lemmas 7.2 and 7.3 recursively to prove Theorem 7.1. The main intuition is as follows.

Let ¢ = 1/poly(n). Lemma 7.2 ensures that with high probability over the choice of I, fr is
fooled by small-bias spaces with bias n~C((081081)*) which can be sampled from using O((log n)(log log n)?)
random bits. Note that I can be sampled using O(logn) random bits.

Consider any fixed I C [n] and 2 € {#1}!. We wish to apply the same argument to fan
{+1}"\ - {0,1} to pick another set I C [n] and z; € {1}/ and so on. The saving factor will be
that most of the clauses in f will be determined by the assignment to x. In particular, by Lemma 7.3,
with probability 1 —1/poly(n), f(5r) has at most O(n'™7) clauses. By repeating this argument for
t = O,(loglogn) steps we will get a RCNF with at most poly(logn) clauses, which can be fooled
directly. The total number of random bits used in this process will be O((logn)(loglogn)?3).

Fix € > 0 and let constants a,c be as in Lemma 7.2. Let D(«,§) be a d-almost independent
distribution on 2/ with bias o. Finally, let D(d1), D(d2) denote d;-biased and dy-biased distribu-
tions on {£1}" respectively for d1,d2 to be chosen later. Let T'= C'loglogn for C to be chosen
later. Consider the following randomized algorithm for generating a string z € {+1}".

e Fort =1,...,T, generate independent samples z',...,27 ~D(d1) and J1, ..., Jr ~ D(a,d).

o Let Iy = Jy and I} = J; \ (Uf;lllr) for 2 <t < T. This is equivalent to sampling I; from a
d-almost independent distribution with bias « from the set of subsets of as yet “uncovered”
elements [n] \ U'Z}T,.

e Let 2t = (2');,. This is equivalent to sampling z! using a d1-biased distribution over {£1}.

e Let [ = Uthllt and z = zloz20---02T € {:l:l}l be the appropriate concatenation: for ¢ € I,
(x;) = (2); if i € L.
e Let y ~ D(d2). The final generator output is defined by

G(2.. LN RN Jr,y) = z, where z; = x; if i € I and z; = y; otherwise. (7.6)

To analyze our generator we first show that the restriction (x, I) preserves the bias of RCNFs.
Let L(n,e) be the bound from Lemma 7.2.

Lemma 7.5. For x,I defined as above, with probability at least 1 — T’ over the choice of I, for
every RCNF f: {£1}" — {0,1},

Ig’[fl(x)] - yeugl}f[fl(y)] < 01-L(n,e)-T+2eT.

Proof. We will prove the claim by a hybrid argument. For j < T, let ' ~ {£1}/i and let D7 denote
the distribution of #' o220 -+ 02/ 0 y/*! o ... 0 yT'(the concatenation is done as in the definition
of x). Note that D/~! and D7 differ only in the j’th concatenation element, 27, y’. Further, D° is
uniformly distributed on {£1}! and D is the distribution of . We will show that with probability
at least 1 — ¢, over the choice of I,

E [fr(a)] = E_[fr(a)]| <d1-L(n,e),

a~Di—1 a~DJ
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We couple the distributions D/~ and D’ by drawing z! for i < j and let I/ = Ur<jlr. Now, as
yI T . yT are chosen uniformly at random,

E [fi@@] =E[fr(a'o---0a’ oal)],

a~Di—1
E [fi(@)] =E[fu(z'o--oa? oyl)].
a~DJ
Consider any fixing of the variables z!,... 271 and I ,...,I;_ and let g : {F1}P\Ir<s e

{0,1} be the RCNF obtained from f under this fixing. Then, by Lemma 7.2, g;; is fooled by
small-bias spaces: with probability 1 — ¢ over the choice of I},

E g1, (a7)] —Z]% l91,(7)]| < 61+ L(n,e).

Combining the above three equations, we have with probability at least 1 — ¢ over I},

E /i@~ E [fi(a)

= [E[fn(' o 00l 0al)] —E [fu(s o - 02l oy

a~Di—1
— N — J
x1,”%j_15 lg1, ()] azl,..].,Exj—uI,EJ:' l91,(y )]‘
< B |l - Bl ]| | <6 2
o=l | |2d yI
The claim now follows by taking a union bound for j =1,...,7T. O

We are now ready to prove our main PRG construction. The idea is to combine Lemmas 7.3,
7.5. For (z,I) chosen as in Lemma 7.5 we do not change the bias of the restricted function, on
the other hand by iteratively applying 7.3 we can show that the resulting restricted RCNF has
(log n)@Uoglogn) clanses and hence is fooled by n~C((loglog m?)_biased distributions.

Proof of Theorem 7.1. Let I,x,y,z be as defined in Equation (7.6). Fix a RCNF f : {£1}" —
{0,1}. Let g : {£1}"\N — {0,1} be the RCNF obtained by from f by fixing the variables in I to
x. Let I' = [n] \ I. Note that

fitz)="E [g9(y)]. (7.7)
Y~ {1
We next argue that g is fooled by small-bias spaces with high probability over the choice of
x,I. Observe that g can be viewed as obtained from f by iteratively restricting f according
to (', 1), (2%, 13),..., (7, I7) and all of these are independent of one another. Therefore, by
Corollary 7.4 and a union bound, with probability at least 1 — e - T, g has O(eT)-sandwiching
RCNFs gy, g,, of size at most

M = (log(n/e))T . m=1" = (log(n/c))CUesloan),

for T = C'loglogn and C a large constant. Hence, by Theorem 2.7, g4, g,, are e-fooled by do-biased
distributions for §, = M~90e(/2))  Ag ¢, g, sandwich g, it follows that g is O(eT')-fooled by
d9-biased distributions. As the above is true with probability at least 1 — ¢ T over the choice of
(z,1), by taking expectation over (x,I) we get (y is do-biased)

E

E = O(eT). (7.8)

Blowl- E 0]
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Combining Equations 7.7, 7.8, we get

Plfz)=1=E [E[g(y)]] =K [ E [9(y)]| £ O(T)
ol 1Y ol |y {1}
= B [fi(w)] + O(cT).
Finally, note that for any I C [n],
LB == B ()
Combining the above two equations with Lemma 7.5, we get
PAG = 11—, B 1) = 1| <[E Uil - B L6+ 0

<61+ L(n,e) + O(eT).

Therefore, by setting 6; = ¢/L the above error is at most O(eT'). The number of bits used by
the generator is

T (bits needed for 2!, I;) + (bits needed for y) = T'- O(logn + log(1/61)) + O(logn + log(1/62))
= O((log(n/e)) - (loglog(n/))*).

The theorem now follows by rescaling e = €’/ (loglogn) for a large constant ¢’ O

8 A PRG for CNF®

We construct a PRG for the class of CNF®. The generator will be the same as in Theorem 7.1. The
analysis will also be similar and in fact follow easily from Theorem 7.1. To do this, we shall use
the following simple claim.

Lemma 8.1. Let f: {£1}" — {0,1} be a conjunction of parity constraints on n variables. Then,
f has Li-norm at most 1.

Proof. Let S1,59,...,S, be the subsets defining the parity constraints in f. Then,

MC 1-— —a. Lf
f(x) = H <H2Z€SJ ) .

The lemma now follows. O

Theorem 8.2. For every € > 0, there exists an explicit PRG G : {0,1}" — {£1}" that fools all
CNF® formulas on n-variables with error at most ¢ and seed-length r = O((log(n/¢))-(loglog(n/<))?3).

Proof. Let G be the generator from Theorem 7.1. We will show that G fools CNF® as well. This does
not follow in a black-box manner from Theorem 7.1, but we will show analogues of Theorem 2.7,
Lemma 7.2 and Lemma 7.3 hold so that the rest of the proof of Theorem 7.1 can be used as is.

Let f : {£1}" — {0,1} be a CNF® of size m. Let f = g A h, where g has all the parity
constraints of f and h the clauses.
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First observe that by Lemma 8.1 and Theorem 2.7, a similar statement holds for f. Let Py, P,
be the e-sandwiching approximators for h as guaranteed by Theorem 2.7. Then, P; := g - P,
P! = g- P, are e-sandwiching approximators for f and the Ly-norm of P (P)) is bounded by the
Li-norm of Py (P,) by Lemma 8.1.

Note that for any subset I C [n], g7 : {£1} — {0,1} is a constant function. Therefore,
fr(z) = cr-hr(zx), where ¢y < 1. Thus, by applying Lemma 7.2 to h, we get an analogous statement
for f.

Finally, we show an analogue of Lemma 7.3. Suppose that f has acceptance probability at least
e. Then, g has at most logy(1/¢) clauses. Therefore, by Lemma 7.3 applied to h, we also get a
similar statement for f with a slightly worse constant of ¢}, = co + 1. By arguing as in the proof of
Corollary 7.4, we get a similar statement for f.

Examining the proof of Lemma 7.1 shows that given the above analogues of Theorem 2.7,
Lemma 7.2 and Lemma 7.3, the rest of the proof goes through. The theorem follows. O
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