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Abstract auction — the corresponding algorithmic problem (select-

We study a generalization of the classical secretary prérﬂégnt_?f Qﬁg:qr?ﬁ?aelege%;-zxgrsfrfﬁ;e dseeq;i)e_rgsci)];as no
lem which we call the “matroid secretary problem”. In thid Wi ' pproximati gon u ! '

problem, the elements of a matroid are presented to an S%rjstralnts.

line algorithm in random order. When an element arrivesicentive constraints. It is exceedingly rare for an online
the algorithm observes its value and must make an irrexagorithm to achieve exactly the optimum value of its ob-
cable decision regarding whether or not to accept it. Tjetive function in the worst case. (At best, one hopes for
accepted elements must form an independent set, and theaobsnstant competitive ratio.) This means that, in general,
jective is to maximize the combined value of these elemengsie cannot design truthful mechanisms using the VCG par-
This paper presents abi(log k)-competitive algorithm for adigm. In fact, it has been shown that even for a simple
general matroids (wherk is the rank of the matroid), andexpiring-goods model where constant-competitive aliocat
constant-competitive algorithms for several special €@se rules exist, there is no truthful online mechanism achigwn
cluding graphic matroids, truncated partition matroidsj anontrivial approximation to the optimum social welfareJ11
bounded degree transversal matroids. We leave as an open

question the existence of constant-competitive algorstfon : .
. L . Recently, it has been observed that these constraints are
general matroids. Our results have applications in welfare

maximizing online mechanism desian for d s in whi %onsiderably less severe when one assumes that agents ar-
9 1 design for domains in w ICmge in random order. For example, the algorithmic prob-
the sets of simultaneously satisfiable agents form a matrollem correspondi . r .
ponding to the single-item auction then becomes
: the famoussecretary problemintroduced by Dynkin [3],
1 Introduction i.e. the problem of selecting the maximum element in a
Online mechanism design concerns markets in which ageatsdomly-orderedsequence. This observation leads to a
arrive and depart over time. In this paper we consider ttieh interplay between secretary problems and online mech-
goal of welfare-maximizatiohand seek truthful mechanismsanism design [7, 10]. On one hand, existing algorithms
which provide a guaranteed performance with respect to tfis secretary problems can be transformed into trutnduak
goal. line mechanisms which are constant-competitive for agents
As in the offline counterpart, such online mechanismith random arrival order. On the other hand, the goal of
design problems suffer from two key difficulties: computatesigning online mechanisms for unit-demand multi-item
tional constraints and incentive constraints. Progresarn auctions has led to the formulation and solution of new
proving positive theoretical results in the online settirve multiple-choice secretary problems interesting in th&mno
been considerably slower than in the offline setting, largaight. Can we extend these techniques and design truthful
because both of these constraints are considerably morece@stant-competitive mechanisms for online domains with
vere in the online setting: richer combinatorial constraints on the feasible allaai?
This question has not been answered to date because of

Computational constraints. The model of online compu- lack of algorithms for these sorts of generalized segretar
tation imposes severe restrictions on the class of allocatf 9 . L 9 d Seqf
roblems. Despite the rich literature on generalizatidns o

rules which can be implemented. Even for the simplestimep cretary problems (see [6] for a survey), we are not aware
inable online mechanism design problem — a single—ites% yp . Vey),
of any previous work on multiple-choice secretary problems
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problem, which we call thenatroid secretary problerand algorithm must contend with the fact that the second piece
design algorithms and truthful mechanisms for this problesfithe partition (i.e. the set of elements remaining after th
and its special cases. In a matroid secretary problem, thesaimpling phase of the algorithm) arrives online.

ements of a matroid are presented to an online algorithm in The rest of this paper is organized as follows. Section 2
random order. As each element arrives and reveals its valyiees precise definitions of the algorithmic model (the ma-
the algorithm must make an irrevocable decision whetherttoid secretary problem) and the strategic model (matroid
select the element, with the constraint that the set of all slomains). Section 3 presents a log-competitive algorithim f
lected elements must be an independent set in the underlygegeral matroids as well as a discussion of whether constant
matroid. The objective is to maximize the combined valwempetitive algorithms exist in general. Sections 4 and 5
of the selected elements. The case of uniform matroids ogive constant-competitive algorithms for the transveasel
responds to the multiple-choice secretary problem consiglaphic matroids, respectively. Finally, Section 6 defiaes
ered in [10]; that paper provides a constant-competitive &luncationoperation which generalizes the notion of supply
gorithm for that special case.In this paper, we design anconstraints to the matroid setting, and notes that if a rigatro
O(log k)-competitive algorithm for general matroids (wherdomain has a constant-competitive secretary algorithem th

k is the rank of the matroid), and give constant-competitiegery truncation of that domain has a constant-competitive
algorithms for several special cases including graphic nsecretary algorithm. Each of the algorithms we describe can
troids, transversal matroids of bounded left degree, a@id tthe implemented by a truthful mechanism.

truncations. We leave open the question of whether there is

a constant-competitive secretary algorithm for general ma Mode

troids. . . s .
Connecting these results to mechanism design, we %’ge main technical results in this paper address algorithms

. . : . . X or the matroid secretary problema generalization of the
fine a notion ofmatroid domainsa special case dfingle- . .

: ! : .~ classical secretary problem. In theatroid secretary prob-

value domains[1l] which themselves generalize singler . . :

. . ) . . ._lem, there is a matroftiwith ground set{ and independent

minded combinatorial auctions[12, 14]. In matroid domains : . L —

Sets7, and a weight function assigning a weigh) to each

there is a set of outcomes, each agentis characterized by aR8nent c 2/, We wish to design an algorithm which given

of satisfying outcomesnd aval_ue for receiving one of thes?qe matroid structufe(/, 7) (but not the weightsu(i)) se-
outcomes, and for every profile of types the sets of ageits

who can be simultaneously satisfied constitute a matroid.na,&f[S online an independent set of (approximately) maximal

: L . .—'weight in the following setting. The ground set of the ma-
key example of a matroid domain is theit-demand domain . <. . . .
) I : . _troid is presented in random order to the online algorithm.
corresponding to transversal matroids, in which there is

. S athe algorithm maintains a sstof selected elements. When
nite set of goods for sale and each agent wants to receive oné . . L
an élement arrives, the algorithm learns the weighti) of

good from a.spe_cmed subset of the set of all goodg. For €35E element. 15 U {i} is an independent set, the algorithm
of the algorithmic results quoted above, we provide an ac-

4 X i may choose whether to selecti.e.,.S — S U {i}). Note,
companying truthful mechanism for the corresponding ma- lgorith . heth | |
troid domain. the algorithm must decide whether to select an element be-

. - . . fore the next element arrives, and it is not allowed to later
It is also worth mentioning the thematic connection be:

. iscard selected elements. The goal of the algorithm is to
tween our work and recent work on random sampling met

) A . output a final selected sétof maximum weight. If the ex-
ods for approximate revenue maximization in truthful offlin . 4
. . pected weight of the selected set (over a uniform random or-
mechanisms [2, 4, 5, 8]. In those works, the mechani

" : ering of elements) is always withincdactor of the weight
randomly partitions the set of agents and sets prices for § . . . ) .
he maximum weight basis for any assignment of weights

agents in one piece of the partition based on information (?e'the ground set, we say the algorithneisompetitive or a

rived from the “sample set” consisting of the other pieces é?f pproximation. We call such an algorithnmatroid secre-
the partition. Similarly, our mechanisms sample a ConSt?Q?y algorithman.d the problem it solves is theatroid sec-
fract_ion of th? input with_out making any decisions anq .thergtary problem Although we chose not to specify computa-
e e el fiency s pat ofcur o, ot

: NSt all algorithms we present in this paper are polynomial
between our paper and [2, 4, 5, 8], most of their techniques

are not directly applicable to the online setting, becabse t—, _
4A matroid (U, T) is constructed from a ground skt # () and a

nonempty family of subsets 6f, called theindependensubsets of/, such
3A key distinction between [7, 10] and ours is that their meismas are thatif B € Z andA C B thenA € Z (Z is hereditary). Additionally, if

temporallystrategyproof in the sense that agents can not gain by etiest A, B € 7 and|A| < |B|, then there is some elemente B \ A such that

their arrival times and/or understating their departunge. In our setting, AU {z} € Z (exchange property).

agents depart immediately after arriving and hence our arésts are 5As noted throughout the text, many of our algorithms work seting

trivially temporally strategyproof. where the matroid structure is revealed online as well.




in the succinct representation of the matroid. Note this idsaa setS of at mostk agents (winners), such that each agent
generalization of thelassical secretary problemtroduced in S gets an item. The underlying matroid of the preference
by Dynkin [3] in which the independent sets are precisetiomain is then theniform matroidof rankk.

the sets of singletons (i.e. the uniform matroid of rank pomain 2: Unit-Demand Domain There are agents, and
Throughout this paper we will make the simplying assumg-¢at s of m non-identical items. Each agenhas a set
tion of well-behaved inputsmeaning that elements of they — y/ of desired items, that is, agehhas a value of; if
matroid have distinct values unless their valu8.isThe as- o Eets an itenj € T;. An outcome is one-to-one matching
sumption is essentially without loss of generality, beeaugs agents to items. The underlying matroid of the preference
any algorithm which achieves competitive ratimn well-  4omain is then the&ransversal matroid

behaved inputs can be easily transformed into an algorithm , . . .
which is (1 + €)c-competitive orall inputs (the proof is de- Domain 3: Gammoids In the gam”.‘o'd matroid domaln,_
ferred to the journal version), the agents correspond to sources in a graph, all of which

The matroid secretary problem can be used to desi%ﬂ'?h to be routgd toa common sink. A SﬁtOf_ Sources
online mechanisms famatroid preference domaina spe- IS Independent if there exist internally vertex-disjoiathps

cial case oingle-value preference domairia single-value "0Uting éach source ifi to the sink.

preference domainshere is a sel/ of n agents with pref- Domain 4: Graphical Matroids In the graphical matroid
erences over a sét of possible outcomes. The preferencdomain the agents are the edges of an undirected graph
domain issingle-valuedf each agent has avaluev; € &, G = (V,E). A set of edges is independent if it does not
and asatisfying setd; C Q of outcomes such that agent contain a cycle in the graph.

obtains value; from outcomes ird; and0 from outcomes pomain 5 Truncated Partition Matroids There aren

in 2\ A;. We will occasionally use; : 2 — {0,1} @san agents, and a set/ of m non-identical items. Each agent
indicator function for the sed; (i.e.,x;(w) = 1ifand only wants to buy exactly one of the items i (and is not
if w € 4;). We assume the valug of an agent is private satisfied by any other elementf), but the seller is allowed
information known only to hif. A set of agents C ¢/ is 1o sell onlyk < m items. The underlying matroid of the
independentf there is an outcomes € () that satisfies ex- preference domain is thentauncated partition matroicbf
actly the agents it (i.e.,z;(w) = lifand only ifi € S). [ankk.
A single-value preference domain israatroid domairif for
any profile of types the family of independent sets of agents In the online setting, agents arrive in a random order.
form a matroid over the sét of all agents. Similarly, given When an agent arrives, he announces a value The
a matroid, it is possible to define the corresponding matraitechanism then must commit to either choosing an outcome
domain where the agents are the ground set of the matraid,c A; or an outcomew ¢ A; as well as a price
the satisfying outcomes for an agent are the independent get After all agents have arrived, the mechanism chooses
which include the corresponding element, and the vajud a final outcomew which satisfies all prior commitments.
an agent is the weightw (i) of the corresponding element Alternatively, one could describe the mechanism as chgosin
in the matroid. online an independent s&tof agents and a prige for each

Matroid domains are of particular economic interesagent; € /. Our goal is to design mechanisms which are
For example, transversal matroids correspond to preferetrathful (each agent maximizes hisility v; - z; (w) — p; by
domains in which agents have unit demand, are indiffer@mnouncing his true valug for any declaration of the others
between a subset of goods, and are unsatisfied by the remaig-any ordering of agents) anthximize the social welfare
ing goods as might be the case when allocating condos iihee final outcomev is the one which maximizes the sum
complex to agents with preferences of the sort “l want to lije, . y vi-z;(w)). Our final mechanisms will fall short of this
on the first floor” or “I want a south-facing window”. Somegoal and instead approximately maximize the social welfare
examples of matroid domains include: We say a mechanism iscompetitiveor a c-approximation

if for any profile of types the expected social value of the

Domain 1: Selling k£ Identical Items There aren agents, selected outcome is within a factor efof the maximum
andk identical items. Each agent wants to buy a single itesgcial welfare. Typically (and in all cases derived in this
and agent has a value ob; if he gets an item. An outcomepaper), ac-competitive algorithm for the matroid secretary
problem implies a-competitive online mechanism for the
corresponding matroid preference domain.

6The domain described here is called #mownsingle-value domain
as the setA; of desired outcomes for agentis assumed to be public
knowledge (creating a single-parameter domain). It ispdsEsible to define A distinction can be made based on whether theZgebf desired
theunknownsingle-value domain in which the sy is private knowledge, items for agent is private knowledge. The algorithms we develop for this
but coming from publicly known family of possible sets. Wens@ler the domain are truthful regardless of this distinction. SeetiSeet for further
unknown setting in Section 4. discussion.




3 An Algorithm for Matroid Domains 3.1 Lower bound for general set systems

Ourwprk focuses on matroid domains. Intuitively, matrmEOr an integern with k — |In(n)], let (U, T) be the
domains are more likely to be tractable than general se . .
: . . . . . Sét system defined as follows. The gétconsists ofn

systems since in the offline setting a simple greedy algorith o !
o e . elements partitioned intor = [n/k] subsetsSy, ..., Sy,

selects the welfare-maximizing solution (i.e. the maximum

) . g . i - . C
weight basis). In fact, our hypothesis is treaty matroid ea_ch having: (_)r_k_ ! elements_ Asetl c U b_elongs to
: - . Z if and only if it is contained in one of the pieces of the
domain has a constant-competitive algorithm.

partition, S;. Suppose that we assign independent random
QUESTION 1. Is there an algorithm which is constant comvalues in{0, 1} to the elements a# such that for each,
petitive for every matroid domain? w(z) = 1 with probability1 /%, 0 with probabilityl — 1/k.

It can be shown (see Appendix A) that various intu-
itively natural algorithms fail to be constant-competitiFor THEOREM3.1. The expected value of the maximum-weight
example, it is impossible to achieve a constant competit§et inZ is Q(logn/loglogn). For any randomized online
ratio using any algorithm which observes elements untilatgorithm to select a set iff, the expected value of the set
reaches a (possibly random) stopping timesets a thresh- selected when the elements are presented to the algorithm in
old value at timer, and selects every subsequent elemeigndom order is less tha
which is independent of the previous selections and exceeds

the threshold value. Another intuitively natural algonth poos. Suppose the algorithm makes its first selection at
observes a constant fraction of the elements (the “samplgr}e ; and that it chooses an elemente S;. All future
without making any selections. Afterward, it keeps track @hjections must be elements$f LetT; be the subset of;
an independent set which is initially a maximum-value ingnsisting of elements which have not yet been observed at
dependent subset of the sample. Whenever it is possiblg{g, ; The values of the elements f are independent of
improve the value of the independent set by incorporatigg the information observed up to tintgthere are less than
the current element (and possmly swapping out one of the,ements ifl; and each of them has expected valyé,
elements of the sample) the algorithm selects the current] the expected combined value of all remaining elements
ement and incorporates it into the independent set. Thisghjich the element could potentially select after titiie less
gorithm, too, fails to be constant-competitive. than1. The only element selected up to timés =, whose
We do not yet know how to settle Question 1, byfyye is at most. This proves that the expected value of the
we present a series of results supporting an affirmative @g; sejected by the algorithm is less tizan
swer which are interesting in their own right. First, we Tphe proof that the expected value of the maximum-
qbserve that the assumption .of matroid domains is eSSERight set ir is Q(log n/ log log n) is similar to a standard
tial. Namely, for some hereditary set systems, there is pgyis_in-bins calculation [13]; we include it here to make
constant-competitive algorithm. (In a matroid, choosing o exposition self-contained. Let = [k/(21In(k))],
suboptimal element can exclude at most one element of the, let E; denote the event that at leaskelements ofS;
maximum-weight basis from being selected in the futurgaye valuel. The probability of E; is at least(1/k)’ >
In general set systems, this property does not hold; a sd'w Inp)nn/2nlnn = 1/ /n- Since the eventss are
gle early mistake can exclude a large number of eleme”tsrrf%fependent for = 1,2,...,m, the probability that none
the optimum from being selected afterward.) Next we shQWihem occur is at most —1//n)™ = o(1). If at least one

that there is an algorithm which is logarithmically CompetéventEi occurs, then the maximum-weight elementdias
tive for any matroid domain. The following sections preseWeight ét leas = Q(logn/loglogn). 0

improved algorithms with constant competitive ratio foesp
cific matroid domains of particular economic or combinato-
rial interest. 3.2 Logarithmically competitive algorithm

We remark that there are alternative assumptions which  for matroid domains
also generalize the multiple choice secretary problem@jf [1
to matroids: one could assume that the setafumerical The above result demonstrates that without imposing any
values are assigned to the matroid elements using a rstndcture on the preference domain, it is impossible to
dom one-to-one correspondence (the “random assignmexahieve constant competitive algorithms. Unfortunately,
model) but that the elements are presented in an adversatiahot know how to prove that constant-competitive algo-
order, or that both the assignment of values and the ordeniitgms exist for general matroid domains. However, it is not
of the elements in the input are random (the “random ordweard to see that the following simple algorithm(glog k)-
and random assignment” model). Question 1 appears tocbhenpetitive for any matroid domain whekeis the rank of
non-trivial in all of these cases. the matroid.



Threshold Price Algorithm Assume from now on thai > 1, and note that
) . n;(B*) = i by definiton. We condition on the event
1. Observes = [n/2] elements without picking any i that the sample contains the maximum-weight element
element, and le$’ C U/ be the set of observed elements, e matroid and thag, the threshold-setting parame-
(S is called thesamplg. ter in step 2 of the algorithm, is such that(l*)/2’ is

2. Letl* € S be the element aof with maximum weight: the maximum element less than or equalutoin the set
I = argmax,_g(w(l)). Pick a random numbej {w(I"),w(l")/2,... vw(l*)/ﬂk”gm }. Under the assump-
betweerd and[log k]. Thethreshold pricewill be the tion thatv, > w1 /k, for everyi such aj exists, and the al-
weight ofl*, w(I*), divided by27. gorithm has d / 1og(.k.) probability of _selectmg thig. Thu.s

eventFE has probabilityl /(21og k). Given eventF, there is

3. Initialize the set of selected elemeitdo be the empty an independent set of size at least each of whose values
set. exceeds the threshold price (namdly;, ..., x;}). In ex-

pectation, at leagti — 1)/2 > i/4 elements ofA appear in

the second half of the input. By the exchange property, this
implies that the expected value [@8| conditioned on event

Eis at leasti /4.8 As every element oB has value exceed-

ing the threshold price which is at leasy/2, m;(B) = |B|

conditioned on event. Removing the conditioning, we see
that the expected value of;(B) is at leas(1/8log k) times

n;(B*) for eachi. O

4. Letl; be the element id/ \ S observed at time¢ =
s+1,...,n. If w(ly) > w(l*)/27 andl; U B is an
independent set, then seléc{i.e., B := BU1,).

THEOREM 3.2. The threshold price algorithm &2 [log k-
competitive for any matroid domain whekeis the rank of
the matroid.

Proof. Let B* denote the max-weight basis of the matroi
consisting of elements, , ..., x; with valueswy, ..., v, such
thatvy > vy > ... > v;. Letq be such thav, > vi/k
and eitherg = k or v,11 < vi/k. Note that the elements
of B* whose value is less tham /k sum up to less than
v1, SO they contribute less than half the valueRsf, hence
v1 +v2 + ... + v is more than half the value d@#*.

For any setA C U, let n;(A) denote the number o
elements ofA whose value is at least and letrn; (A) denote
the number of elements of whose value is at least /2.
The sum of they largest values of elements 6f is then

clj'«’EMARK 1. The threshold price algorithm, as stated, takes
the rank of the matroid as an input. However, at the cost
of a constant factor in the competitive ratio, the algorithm
can be modified so that it does not need to know the value of
k at the start (and thus the entire matroid structure may be
revealed online). Instead, it can estimatdo be twice the
frank of the matroid induced on the sampled elements. This is
never more than twice the true rank of the matroid, and with
constant probability is it at least equal to the true rankioé t
matroid. A formal proof of this observation is deferred te th
full version.

+ vgng(B7). 4 The Unit-Demand Domain

_ In this section we consider the unit-demand domain. In this
Let B be the independent set output by the threshold priggain there are agents, and a sét of m non-identical
algorithm. The value o is then at least items. Each agenthas a sefl; C M of desired items and
receives a value aof; for any itemj € T;. We assume that
+(1/2) - vgmy(B). thereis a _constamztsuch thaﬁTi| < d, forall 4, thgt is, eaqh
agent desires one of at mestems. An outcome is mapping
. _ _ ofagents to items, such that each agent is matched to at most
Thus, in order to prove that the threshold price algorithmdge item. In this casel; are all the outcomes in which
32(log lc)-comp_etiti\_/e,_ it suffices to prove that the expectqd matched to an item iff;. We assume the values are
value ofm;(B) is within a8(log k) factor ofn;(B*) for all private information. If the set#; are private information as
i € 1,...,q. (Recall we lost a factor of two by comparing theye||, we say the domain is amknown single-valugJSV)
value of B with v; + ... 4 v, insteadv; + ... 4+ vx.) The gomain.
case = 1is a special case. With probability4 the sample  The unit-demand domain is a matroid domain in which
does not contain the maximum-weight element but does c@{tependent sets of agents formtransversal matroidof

on this event, with probability / log(k) this second-highest

weight becomes the threshold price, in which case the aITgThe exchange property states that if A and B are two indepersigs

gorithm is guaranteed to select the element with weight ang A has more elements than B, then there exists an elemanich is
ThusE(m1(B)) > 1/(4logk) whereas:; (B*) = 1. not in B and when added to B still gives an independent set.

q—1
[Z(Uiﬂ —v;)n;(BY)

i=1

qg—1

(1/2) - [Z(WH —v;)m;(B)

i=1



matroid correspond to vertices on the left sidé)(of a CLAIM 2. w(H) < 4 - Elw(ALG)], where ALG denotes
bipartite graphG = (L, R, E) (thus the size of the groundthe set of elements selected by the price sampling algorithm
setis|L| = n). AsetS C L is independenif there is
a perfect matching of to nodes ink. The unit-demand
domain is at.ransversal m.atr0|d domain in v_vhl'chs the set weight of ALG is E[w(ALG)] > Y., 1/4 - w(l) =
of agents,R is the set of items, and there is an edge froT1 ‘e
l e Ltor € Rif r € T;. The bound on the number of items /4 w(H).

" het Forl € H, letr € R be a right node witt(r) = I

32 e;ggr:)tf(;(ra]swneos dter?f?s'll?risv;cl)uz 2?222 o:mg];rrgsxéﬁgls (1 is the highest weight neighbor @J. We show that with
9 y X g P probability at leastl /4, | comes after the sample and the

to the weight of the nodec L and is denoted by (l). only element that can be matchedrtés | = h(r). If r has

We first present ald-approximation algorithm to theﬂ1r1ly one neighbor, this clearly holds (with probability2, I

matroid secretary p.roblem for transversal _matr0|d_s Wil - es after the sample). Otherwise d6t) be the neighbor
left-degree at mostl; we later show that this algorithm . . :
f r with second to maximal weight.

gf;;;iﬁg;gitnru}rhggla?ngﬂfhrn;?scgzr}gmvtg the USV unﬂ Let A and B be the events thdi(r) was not sampled
’ 9 ’ and s(r) was sampled, respectively. Théh(A A B) =

Proof. Foreachl € H we prove that with probability at least
1/4, 1 is matched by ALG. This implies that the expected

Price Sampling Algorithm: Pr(B) - Pr(A|B) = & . n=s — [n/2l  n=[nf2l oy )y
o Observes = [n/2] elements without picking arWThus;with probability at least/4, h(r) was not sampled and

element, and le§ C L be the set of observed element§(”) Was sampled. This implies that with probability at least
(S is called the sample). For a right nodec R, 1/_4, I5(r) = s(r) anq whenh(r) arrives after the sample,
let 1*(r) € S be the sampled left node with maximaf 1S unmatched. This means thatc R*(h(r)) and thus

weight that is a neighbor of. Let the price of- € R be R*(h(r)) is not empty, therefore when= L(r) arrives after
w(l*(r)). the sample, it will be matched by the algorithm. O

By the two claims we derive thab(OPT) < d -

e Attimet = s+ 1,...,n we observe elemerite L .
with weightw(l). Let R*(I) be the set of unmatched () < 4d - Efw(ALG)] which concludes the proof of the
neighbors of with price lower thanw(l). If R*(()is teorem. =

not empty, matcfi to the node with the lowest price in  We next observe that the above algorithm creates a
R*(1). truthful mechanism for the unit demand matroid domain
O{even without the bounded degree assumption), in the USV

THEOREMA4.1. For any transversal matroid with bounde ) X oS S : .
case in which the set of desired items is private information

left degreed, the above algorithm is ad-approximation.

Proof. Let OPT be a maximum weight matching in theTHEOREM4.2. For any unit demand matroid domain with

graph, with weighto(OPT) = 3° w(l). For a right a bound ofd on the number of items an agent desires, the
' — Z.1€OPT :

noder € R, letw(m(r)) be the weight of the element thafabo.ve 'S & truthfu! me_chanlsm for t.he USV model, and it
chievesld-approximation to the social welfare.

is matched to- in OPT (0 if no node is matched). Note thaf
w(OPT) = > .pw(m(r)). Additionally, for each right Proof. We need to show that the mechanism is truthful, both
noder € R, let h(r) be the neighbor of with maximal with respectto the value and with respect to the set of desire
weight (w.l.o.g.r has neighbors). Lell = {h(r)|r € R} items. Clearly, any agent in the sample has no incentive to
andletw(H) = >,y w(l). lie, as his utility is 0 for any declaration. An agent thata n

in the sample is facing the following problem: given prices
CLam 1. w(OPT) < d- w(H). for each item, pick a desired item that has minimal price and

Proof. is not taken yet, and pay its price. Clearly being truthful
about this item will maximize the agent’s utility (he answer
w(OPT) = Y w(m(r) a demand query). O
reR
< b Note that the mechanism need not solicit the value and
= Z w(h(r) desired items of agents not in the sample. Such agents can

ek simply be presented with item prices and be allowed to pick
< d- Z w(l) the item which maximizes their utility.
leH
= d-w(H) 5 Graphic Matroids

SH

where)  _pw(h(r)) < d- >, .w(l) as each € H In this section we considegraphic matroids In a graphic
appears at mosttimes iny __, w(h(r)). O matroid a matroid element corresponds to an edge FE



of an undirected graplx(V, E). A set of edgesS C E probability at leastl /8, | comes after the sample, the only
is independentf it does not contain a cycle. We denotelement that can be matchedtes [ = h(r), and matching
|E| = n. tor will not close a cycle irG. (Note that these if these three
We next present a6-approximation algorithm for this criteria hold, then the algorithm seleét} If » has only one
family of matroids based on a modification of the algorithmeighbor, this clearly holds, because with probabilitg, I
for transversal matroids. Given a gragh= (V, E), we comes after the sample; alss the only element that can be
create a bipartite grapi’ = (L, R, E’) by mapping each matched ta-, and matching it to- never closes a cycle i
edgee = (v,u) € E, to a left node which we denote bybecause has degreé. Otherwise, as = n,.,, for some node
Ny, € L. We map each node € V, to arightnode: € R. wu (i.e.,! is an edge in&, incident onr and one more node
This creates a one-to-one mapping from edges and nodgdet s(r) ands(u) be the two maximal weight neighbors
in G to left nodes and right nodes @', respectively. For — aside froml — of r andu, respectively.
each nodeu,, € L, there are two edgds,.,,v) € E’ and Let A be the event that was not in the sample, and
(nyw,u) € E'. G’ is a bipartite graph with left degree 2. let B andC' be the events that(r) ands(u), respectively,
Any treeT in G corresponds to a matching in tidg: were in the sample. LeK = A A B A C. Then
each edge = (v,u) € T is matched to a node as followsPr(X) = £ . £=L . 2=s > /8 Thus with probability
We pick a node and look at the tree as rootedratAssume at leastl /8, h(r) was not sampled angr) ands(u) were
that for an edgee = (v,u) € T, u is closer tor then sampled. This implies that with probability at lealsts,
v, then we match the edge to On the other hand, notel*(r) = s(r) and whenh(r) arrives after the sample, is
that a matching inG’ might correspond to a cycle in G:unmatched R*(h(r)) is not empty). Moreover, matching
given a triangle, fix an orientation and match each edgeltoannot close a cycle, dsis the only possible matching
its left node. This implies that if we ran the algorithm foethto both» andu when the evenX happen, so both are not
transversal matroids o/, we might get a matching i matched yet, but to close a cycle every node in the cycle
that corresponds to cycle @. must be matched (on a cycle bfedges there ark nodes).
To overcome this problem we modify the algorithm foFhus, when the event’ happeng = h(r) arrives after the
transversal matroids as follows: if an edgeu) € E, that sample and will be matched by the algorithm.
corresponds to a left node,, € L will close a cycle inG Finally, note that the algorithm with the defined pay-
(when added to the already matched edge&)init cannot ments creates a truthful mechanism with respect to the val-
be matched (even if it beats the price of one of its endpaintsgs, as exactly the same arguments that prove that the
transversal matroid mechanism is truthful still hold. O
THEOREM.1. For any graphic matroid the algorithm is a

16-approximation. Moreover, the algorithm with the definee Truncations of M atroids
payments creates a truthful mechanism.

Truncation is an operation which decreases the rank of a ma-
Proof. Let T* be a maximum weight tree in the gragh troid by throwing away all independent sets whose cardinal-
with weight w(7T*), and letOPT be a maximum weight ity exceeds a specified limit. In a matroid domain, this corre
matching in the graplz’, with weightw(OPT). As we sponds to a sort dimited-supplyassumption: we modify the
have shown that any tree @ corresponds to a matching inoutcome set by eliminating all outcomes which satisfy more
G, w(T*) < w(OPT). We next boundv(OPT) by the than a specified number of agents. A motivating example is
weight of the matching picked by the algorithm. atruncated partition matroidi.e. the matroid whose ground
As before, for aright node € R, leth(r) be a neighbor set is a set/ partitioned into subsetd;, . . .,U;, and whose
of » with maximum weight. Let? = {h(r)|r € R}, and independentsets are all the subsets which have atnebet
letw(H) = ),y w(l). By Claim 1 in Section 4, we havements and intersect each piece of the partition in at most one
w(OPT) < 2-w(H). element. Truncated partition matroids correspond to the fo
Now let ALG denote the set of edges selected by thaving natural selection problem: a department has the op-
algorithm. To finish proving the theorem, it suffices to prov@ortunity to hire up to- new faculty members, subject to the
thatw(H) < 8- E[w(ALG)], as this implies that constraint that no two new hires should belong to the same
subfield.
w(T*) <w(OPT) <2-w(H) <16 - E[w(ALG)].
DEFINITION 1. Let9t = (U4, Z) be a matroid of rank;, and
In fact, we will prove the stronger assertion that for eadét » be a number less than or equal o The truncation
I € H, with probability at leastl/8, | is selected by the 7,.(9) = (U,7-.(Z)) is the matroid whose collection of
algorithm. independent sets consists of all setsZirwith at mostr
Forl € H, letr € R be a right node witth(r) = [ elements. ID is a matroid domain with outcome st then
(I is the highest weight neighbor e. We show that with 7,.(ID) is the domain obtained by deleting all outcomes 2



which satisfy more than agents. DerFINITION 3. If X is a set andp € [0,1], then X(p)

The following theorem provides a general reductioq]emtes the random subsetXfobtained by sampling each

from the secretary problem for a matréid to the secretary element independently with probabiljty

problem for any truncation dit, at the cost of a constantr,, following theorem is proved by Karger in [9]:

factor in the competitive ratio. Since we know, for example,

that partition matroids have ancompetitive algorithm (run THEOREM6.2. Let 9t be a matroid with ground sei/

an independent copy of the original secretary algorithm which each element has been assigned a real-valued
on each piece of the partition) this implies in particulaveight. Ifp > 0 andT is a maximum-weight independent
that truncated partition matroids have a constant-cortigeeti subset of/(p) then for any numbes > 0, the probability
algorithm. that more than(1 + ¢)r/p elements imprové is at most

THEOREM®6.1. LetM = (U, 7) be a matroid. IALGisa “*P (=e*r/2(1 +2)).

c-competitive algorithm for thél-secretary problem, thenginally, we shall need the following form of the Chernoff
there is another algorithm,. (ALG) for ther, (9)-secretary phound, which can be found in [13].

problem whose competitive ratio is at masix(13c, 400).

If D is a matroid domain and there is a truthful mechanishHEOREM6.3. Let X3, X»,..., X, be independent
for D with approximation ratioc and allocation ruleALG, Bernoulli random variables. Then fok = >, Xj,
then there is a truthful mechanism fog(ID) with approxi- # = E[X], and0 < e <1,

mation ratio at mosiax(13¢, 400) and with alloction rule )
7-(ALG). Pr[X < (1 —e)p] < exp(—pue?/2).

Proof. Without loss of generality, we may assume tAaG Let © be a sample from the binomial distribution
never selects an element whose valué.igOtherwise we B(n,3/4). The subset/ C U consisting of the first el-
may modifyALG, without changing its competitive ratio, byements observed in the input has the same distribution as
throwing away elements with zero value.) We will provehe random subsét(3/4). (Both subsets have cardinality
the theorem by reducing the.(9t)-secretary problem todistributed asB(n,3/4), and both of them are uniformly-
the M-secretary problem using Karger's matroid samplirgjstributed conditional on their cardinality.) L& be the
theorem [9]. This reduction will be achieved using an onlimaaximum-weight independent subsetdin 7,.(91), and let
procedure for mapping any input instance to a modifietldenote the set of all elementsif\ B that improveB in
instance in which each element’s value is either unchange@n). Define the modified value of an elemente I/ to
or reduced td@. With constant probability, the modified inpube:

instance will satisfy three properties: . { w(z) ifzed

wz) =9 g otherwise
1. The value of its maximum-weight basis is at least a

constant fraction of the value of the original maximuni-et OPT,.(97) denote the maximum-weight basisf1).
weight basis of-.(901). The elements dDPT,.(91) improve all independent sets [9];
2. The number of elements with nonzero modified valuetisis fact is an easy consequence of the matroid axioms.
at mostr. ConsequentlyOPT,(9t) € A U B, and the elements
3. Conditional on the modified values of all elementsf OPT,(9t) are randomly assigned to eithet or B,
the order in which they appear in the modified inpundependently, with probabilities/4 and3/4, respectively.
instance is random. This implies the following:

The second property (along with our assumption thiat 1. The probability thaiA N OPT,| < r/6 is at most
never selects an element of valdeensures that the set of exp(—r/72). (By Theorem 6.3 withu = 7,& = %.)
elements selected b&LG will be independent inr.(9t). 2. The probability thajB N OPT,| < r/2 is at most
The first and third properties (along with our assumptiot tha  exp(—r/24). (By Theorem 6.3 with, = 3%, e=1%.)
ALG is c-competitive) ensure that the expected value of the8. The probability that A U B| > 3r/2 is at most
elements in this set is a constant fraction of the value of the exp(—r/144). (By Theorem 6.2 withkx = %.)

maximum-weight basis of, (). _ _ . Assumer > 144 — otherwise we can simply run Dynkin’s
We begin by recalling the following pair of definitionsse .retary algorithm to select the maximum-weight element
from [9]. of U with probability at leastl /e, and this algorithm will
DEerINITION 2. If T is an independent set in a matrdit, have a competitive ratio of at most4e, which is less than
and z is any element of the ground set Bt, we sayxz 400. Given thatr > 144, it means that the probability
improvesT' if = belongs to the maximum-weight independetitat any of the events (1)-(3) occur is at mesp(—2) +
subset o' U {z}. exp(—6) + exp(—1) < 0.51. Let £ denote the event that



none of (1)-(3) occur. Note thaf implies |[B| > r/2 Thereduction from,.(ALG) to ALG preserves monotonicity,

and|A U B| < 3r/2, hence|A| < r. For any integefs, so7.(ALG) will also be monotone. Then we can design a

conditional on the evendNOPT,| = a, the sefANOPT,| truthful mechanismr,. (M) using allocation ruler,.(ALG);

is uniformly distributed over ali-element subsets @PT, the price charged to agentis 0 if the outcome does not

and thereforéE(w(A N OPT,) | a) = (a/r)w(OPT,). satisfyi, otherwise it is the minimum value thatvould have

Hence the expected value of the geth OPT,., conditional to bid in order to get a satifying outcome.

oné&, is at leastv(OPT,)/6. O
Suppose that the elements®t are presented tALG

with their modified valuesi(z), in random order. Lef

denote the set of elements selectedAyG and letR de-

note the maximum-weight independent subseflof(Note References
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A Some Counterexamples of selecting the unsafe element is bounded above by
1 2 H H 2
As evidence that Question 1 is non-trivial, we show tw%r(gi v &), which is at most 7. .
natural generalizations of the secretary algorithm carbaot We have proven that for every constantevery single-
threshold algorithm has competitive ratia(+/C) on the

constant-competitive for general matroids. . - .
) . instance specified above. Hence there is no constant-
A.1 Single-threshold algorithms competitive single-threshold algorithm.

A single-threshold algorithm is any algorithm which has th®8.2 The greedy algorithm
following format. It observes the input without making an
selections until it reaches a stopping timé At time 7
it computes a threshold valuewhich may depend on the
portion of the input observed thus far. After timét selects
every element such that the value aof is at least, andz
is independent of the elements previously selected.

Let m be a large positive integer. L&t = (U4,Z) be
a partition matroid consisting of elements partitioned into
k = [n/C subsetsSy, Ss, ..., Sk, each having siz€' or
C —1. AsetA C U belongs tdZ if |[AN S;| < 1 for all 4.
Assign values to the elementsigfas follows. InS; there is
a single element (thgood elementf valuel /i and all other

¥he natural generalization of the greedy algorithm for the
matroid secretary problem is the following. The algorithm
observes a constant fraction of the elements (the “sample”)
without making any selections. Afterward, it keeps track
of an independent set which is initially a maximum-value
independent subset of the sample. Whenever it is possible
to improve the value of the independent set by incorporating
the current element (and possibly swapping out one of the
elements of the sample) the algorithm selects the current
element and incorporates it into the independent set.

This algorithm is not constant-competitive, even when

! the matroid is a graphic matroid, and next we illustrate a
elements (thdad elemenjshave valuel /C'i. The value of counterexample: we present a family of graphs with size

the maximum-weight basis 1t is H;, = Q(In(n/C)). ametrized bym (n = 2m + 1), such that for any

Suppose we are given a single-threshold algorithm, agrﬁficiently large graph in the family (for large), the

we run this algorithm on the input specified in the preced"éggorithm is notC-competitive for the constart < 1.

paragraph. Let€(v) denote the event that the algorithm ;
) Let G = (V,E) be a graph with vertex st =
sets threshold value. We will show that the eXpeCted%ﬁ,v,whwz,...,wm} and edge sett? — {(u,0)} U
u

value of the set selected by the algorithm, conditioned Jw;), (ww;) | i = 1,2,...,m}. Assume we are given an

event&(v), is at most(% + %) Hy +InC + 1. First, arpitrarily small positive constast > 0. Assign weights to
the combined value of the bad elements selected by the elements of? by specifying thatv(u,v) = m + 1, that
algorithm is at mos{ Hy,. Second, call a good elemesafe ¢ < w(u,w;) < 2¢ for eachi, and thae < w(v,w;) < 3¢
if its value is betweernv and C'v; otherwise call the goodfor eachi. For the pair of edgeg:, w;) and (v, w;), we call
elementunsafe The combined value of the safe elements i%, w;) the light edge of the pair, anfw, w;) the matching
atmosty, ;<10 1/t <14 ln(%) =InC+1. heavyedge of the pair. If the algorithm does not select edge
Finally we must bound the expected value of the goodl = (u,v) then its competitive ratio is at leasf 3¢, since
unsafe elements selected by the algorithm. Sgbe any it can select at most: + 1 other edges and each of them has
piece of the partition whose good elemeny,is unsafe. Let value less thafe.
&} be the event that; is among the final /C | elements of ~ To prove the claim we show that the probability of
S, in the random ordering of the input. Note tHat(£}) < selectinge™ is arbitrarily small (tends to zero when tends
1 f 51‘1 does not occur, then either there are fewer thi infinity). The idea is to show that conditional ef not

= 4 . : : in the sample, the following event has high probability and
¢ elements of; which remain unobserved at time sures that* is not picked by the algorithm. The event

— in which case the algorithm has already failed to seledt

2/3 ;
; — or there are at leasy’C' elements ofS; which are IS that then®/® elements coming after the sample do not

unobserved at time. In this latter case, lef? be the event m_clude e* and incl_ude a pair of matching edges tha_t are
thatz; is the next element of; observed after. Note that Picked by the algorithm. To show that this eventis very ykel
Pr(522|§) ° 1/\/5. " neithelré’? nor £! oceurs, then, to happen we use the “Birthday Paradox” and show that with

will not be selected by the algorithm. This is because o irgh probability then?/* elements coming after the sample
assumption that; is unsafe implies that either > 1/4, in are going to include a pair of light and heavy edges, coming
which case the aigorithm can not selegtor thaty < 1/'02. in this order, and no light edge that has higher weight than
in which case the first element &f observed after time' Fhe light edge pfmaximumweig_htyvith matching heavy edge
is selected instead af;. We conclude that the pmbabi"t)/r:;Z?r:Sr?Pvl/eeilzr?tbl?gerr]\t/eeddgaessﬂ\]/:/sr:lf)r;t et?l’%?slse%r;i%ﬁsmiat a
pair of matching edges is picked by the algorithm, preventin
9Note we allow the possibility that the algorithm uses infation about e* to be selected
the elements observed up to timén deciding whether it has reached ’




