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Abstract

Running several sub-optimal algorithms and choosing
the optimal one is a common procedure in computer
science, most notably in the design of approximation

algorithms. This paper deals with one significant flaw

of this technique in environments where the inputs are
provided by selfish agents: such protocols are not nec-
essarily incentive compatible even when the underlying
algorithms are. We characterize sufficient and neces-
sary conditions for such best-outcome protocols to be
incentive compatible in a general model for agents with

one-dimensional private data. We show how our tech-
niques apply in several settings.

Introduction
Decision making under incomplete information have re-

(Motwani & Raghavan 1995). In mechanism design, how-
ever, this method cannot be directly applied, since taking the
maximum over a set of algorithms does not preserve incen-
tive compatibility. Namely, even when the underlying al-
gorithms obtain their results in a truthful dominant-strategy
equilibrium, there is no guarantee that their maximum will
remain truthful. The goal of this paper is to devise a gen-
eral characterization of algorithms whose maximum can be
implemented in dominant strategies.

When considering a single algorithm, a full characteriza-
tion of algorithms that are dominant-strategy implementable
is known. This characterization holds when the agents
have one-dimensional private data (e.g., a real number),
and claims that thenonotonicityof the algorithm is a suf-
ficient and necessary condition for incentive compatibility.
Roughly speaking, a monotone algorithm chooses a "bet-
ter” output for a certain agent after the type of this agent

ceived much attention in computer science in recent years. was raised (a formal definition will be given later). Given
In such systems, the decision maker does not have direct 3 monotone algorithm, the payment scheme that supports

access to the input of the protocol, which is private infor-

a dominant-strategy equilibrium is uniquely defined. The

mation of a set of selfish agents. These agents may ma- gytcome of each algorithm is associated with seueial

nipulate the protocol by misreporting this data if it is ben-

valug and the maximum of several algorithms chooses the

eficial for them. In the presence of selfish agents, systems gutput of the algorithm with the highest social value. This
should therefore guarantee that the desired outcome is ob- paper studies requirements from algorithms that guarantee

tained in equilibrium. Using standard economic terminol-
ogy, we then say that this outcome (e.g., maximizing the so-
cial welfare or the mechanism’s profit)implementableln
many settings, determining the optimal outcome is compu-
tationally hard, even without taking incentive considerations
into account, and approximation algorithms or other ad-hoc

that their maximum can be implemented in dominant strate-
gies. We study this question in a general model that was
recently introduced by (Blumrosen & Feldman 2006). This
general model does not assume that the agents divide the
possible outcomes to "losing” and "winning” outcomes; in-
stead, they can rank the possible outcomes in arbitrarily deli-

heuristics should be developed. One fundamental technique cate way. Also, the model allows general objective functions
for constructing such algorithms runs several algorithms and an( it is not limited to maximizing social welfare.

chooses the result that is achieved by the best algorithm.

In the design of approximation algorithms, this technique

is usually used for balancing the worst-case performance

of several extreme scenarios. See, e.g., (Mua’lem & Nisan
2002; Dobzinski, Nisan, & Schapira 2005; Briest & Krysta
2006; Babaioff & Blumrosen 2006) for few recent papers
that use this popular technique for approximating economic
objectives. Another prominent use of this technique is in the
design of randomized algorithms, where algorithms are run

repeatedly for boosting their success probability, see, e.g.,
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Our contribution

We present two characterization results. The first is a nec-
essary and sufficient condition for the implementability in
dominant strategies of the maximum over a set of algo-
rithms. Informally speaking, this characterization observes
the algorithms as collections of functions that map the type
of one of the agents to an alternative, fixing all other types.
Each algorithm is defined by the points at which these func-
tions switch between alternatives as the private type of the
particular agent increases. It turns out that these are exactly
the points that are vulnerable to manipulation when a maxi-



mum is taken over the algorithms. This discontinuity of the plementable in multi-parameter domains is not well under-
output of the algorithms requires us to use somewhat sophis- stood. The only general characterization which is known is
ticated notations for defining these points. We are then able of VCG mechanisms, which can only implement a particular
to define thecrossing pointsof every pair of algorithms — objective function (maximizing social welfare) and, more-
these are profiles of types whed#ferentalgorithms max- over, require finding an exact optimal solution (e.g., (Nisan
imize social value when the type of some agent is slightly & Ronen 2001)).

increased or slightly decreased. Finally, we show that the

maximum over the algorithms is dominant-strategy imple- The Model

mentable if and only if the alternatives chosen near these
crossing points change monotonically.

The above characterization describes how the decisions of
two algorithms should interact to guarantee that their maxi-
mum is incentive compatible. We would also like to devise A 5aneral Mechanism-Design Model
a safety condition for a single algorithm, saying that maxi- i }
mum over algorithms for which this condition is met mustbe ~ Consider a set of alternativesLT' = {a, ..., a,,, } and a set
dominant-strategy implementable. Our second characteriza- Of » agents. Each agent has a privately known tgpec
tion result therefore provides a general class of algorithms [0, 0;] (wheref,,0; € R, 8, < 6;), and a type-dependent
for which this safety property holds. This property says that Vvaluation function;(¢;, a) (continuous and differentiable in
at every point that is potentialcrossing point with another ;) for each alternative € ALT.! In other words, agent
algorithm, the algorithm should choose the alternatives in a ¢ with type 6; is willing to pay an amount of;(6;, a) for
"safe” manner. alternativea to be chosen. We denote a profile of types by

Finally, we demonstrate our results in two auction set- ¢ = (61, ...,6,) and the set of all possible type profiles by
tings. We first consider an auction for rectangular bundles © = x?_,[6,,6;]. We use the notatiofi_; to denote the
on the plane (e.g., in real-estate auctions). For this set- type profile excluding;, and we will also use the notation
ting, (Babaioff & Blumrosen 2006) presented a dominant- 6 = (6;,0_;). The utility of each agent is quasi-linear.
strategy incentive-compatible mechanism that achieves the The social value that the social planner gains from each
best approximation ratio currently known for this algorith-  alternative depends on the types of the agents and is given
mic problem when the agents asimgle mindedi.e., each by asocial-value functiory : © x ALT — R. Typically,
agent is only interested in one particular bundle). However, the social planner aims to choose alternatives that maximize
the fact that an algorithm is monotone for single-minded bid- social value. We assume that for every alternatiyehe
ders does not imply that it will also be monotone for more function (6, a) is continuous with respect to al. Note
general valuation classes. We use our general characteriza-that thesocial valueis a general concept, and it does not
tion to construct an incentive-compatible mechanism for this necessarily refer to theocial welfarg(which equals the sum
problem in environments where each bidder is interested in of the valuations of the agents).
several bundles with different values. Note that we still con-
sider a single-parameter model, hence all of these values are
functions of the type of that agent, linear functions in our ® A:© — ALT is the algorithm (the allocation rule).
case. e p: © — R" is the payment scheme (i.@;(0) is the

Although our second characterization result seems to be  payment to théth agent given a declared type profég
quite restrictive in the general setting, it turns out to be useful
for identifying "safety” properties for specific environments. The MAX Operator for Algorithms

We apply this result to combinatorial-auction settings, and  gjen the above definitions, we can formally define the max-
show how it can easily derive the neat class of "bitonic” al- imum over a set of algorithr"ns

gorithms introduced by (Mua’lem & Nisan 2002). o i )
Definition 2. Given a set of algorithmsA,, ..., A, let

Related Work maz{Aj, ..., Ay} denote an algorithm that chooses alter-

Single-parameter domains in mechanism design have beenntives that maximize social value, that s, for eviéry ©
recently extensivgly stud!ed in computer spience..ExampIes max{Ay,..., Az }(8) = A;(6)

include work on single-minded combinatorial auctions (e.g.,

(Lehmann, O’Callaghan, & Shoham 2002; Babaioff, Lavi, wherej € argmaz;cqi,... x39(Ai(0),0).

& P?VIOV 2005)),hauct:‘ons for d'g.'tﬁ.l goods (Sﬁe ((?oldberg One subtle issue is the tie-breaking rule used by the MAX
et al. 2006) and the references within) and scheduling (€.9., gperator. Our results hold for any consistent (deterministic)

(Andelman, Azar, & Sorani. 2005)). The closest resultin  jg preaking rule. Given a tie breaking rule, the above MAX

spiritto this paper is by (Mua’lem & Nisan 2002), who stud- e rator is uniquely defined. To simplify the presentation of
|e_d the monotonlcny_of the_ maximum of two algorlyhms f(_)r the rest of this paper, we will assume that the social-value
single-minded combinatorial auctions. A further discussion

of similar operators was given by (Kao, Li, & Wang 2005). 'For example, in a standard auction settifig, is the value
The focus on single-parameter domains is owing to the fact of Agent 1 for the item, andv:(6:,”1 wins”) = 6; and
that the space of algorithms that are dominant-strategy im- v (61,72 wins”) = 0.

In this section, we describe a general mechanism-design
model for single-parameter agents and discuss dominant-
strategy implementation.

Definition 1. A mechanism is a pair of functions where:



curvesg(-, 6_;) do not coincide in any interval, except pos- g@®, )1
sibly crossing at a finite number of points. This assumption
can be easily relaxed by simply taking the tie-breaking rule 1
into account when comparing the social value; for example, T
if we write thatg(A;(6),0) > g(A2(0), 6) it means thatd,

achieves higher welfare, or in case of a tie, the tie-breaking
rule breaks the tie in favor od; . 1

a o N

Dominant-Strategy Implementation +

Definition 3. An algorithm A is dominant-strategy imple-
mentable (or just implementable) if there exists a payment o- o 6
scheme such that reporting the true type is the best decla-
ration for each agent, regardless of the declarations of the = Algorithm 1 === Algorithm 2
other agents. That is, for every agenith a true typed;

and for every declaration/, and for every profile of types ~ Figure 1: This figure describes the decisions made by two algo-
§_, of the other agents Wé have that: rithms for the combinatorial-auction instance in Example 1. The
i ;

45° curves are equivalent with respect to aggrend that alterna-
v; (0, A(0)) — pi(0) > v;(0, A(0},0_,)) — pi(0;,0_;) tivesa: — a4 are equivalent (but inferior) for this agent. However,
.. . . 0;* is a non-monotongotential crossing point for Algorithm 1
For characterizing the set of implementable algorithms, since the maximum of Algorithm 1 and an algorithm that chooses
we will require a structural assumption on the preferences of g, in the right neighborhood af;* would be non monotone.

the agents. This assumption, known as $hegle-crossing

conditionin the literature (or the Spence-Mirrlees condi-

tion), claims that unless two alternatives are "equivalent”, the social value(or the social welfare in this example) as
the value of the agent for one alternative grows faster then a function off; when all other types are fixed to their true
its value for the other alternative. One consequence of this values. Note that the when agent 5 loses, the social welfare
assumption is that the curves representing these values as s also independent of his type, and therefore such alterna-
function of the type of a particular agent will cross at most tives are illustrated as horizontal lines; for winning alter-
once. This assumption is made, implicitly or explicitly, inal-  natives, the welfare increases linearly with the agent's type,
most every paper on mechanism design in single-parameterand therefore it is depicted as 45 degree lines.
environments. The following definition is a variant of sev- It turns out that for dominant-strategy implementability,

eral properties suggested by earlier papers (see, €.9., the disyhe gecisions of the algorithms should be aligned with the
cussion in (Edlin & Shannon 1998)), designed for environ- single-crossing preferences.

ments with a discrete space of alternatives and a continuum
of types.

Definition 5. A mechanism isnonotoneif when agenti
_ raises his reported type, and fixing the types of the other
Definition 4. A valuation functiony; : [0,,0;] x ALT — R agents, the mechanism never chooses an inferior alternative
is single crossingf there is an order-; on the alternatives, for . That is, for anyd_; if 0, > 0, then A(0,0_;) =;
such that for any two alternatives >; a; we have that for A(0;,60_;). (We denote by =; b cases where either ~; b

everyd,, ora~b.)
Oi(0i,a5) _ dvi(li, ) For single-crossing preferences, monotonicity is a neces-
00; 00; sary and sufficient condition for dominant-strategy imple-
and if neithera; ; a; nor a; ~; a; (denoted by; ~ a;) mentation. We refer the reader to, e.g., (Hermalin 2005;
thenv; (-, a;) = v;(+, a;) (i.e., the functions are identical). Mookherjee & Reichelstein 1992; Segal 2003) for the for-

Example 1. (Single-minded combinatorial auctiongfon- mal details. _ _
sider an auction for 3 items, y andz among 5 agents. Each ~ Proposition 1. Assume that the valuation functions
agent is only interested in a single bundle. Specifically, as- vi(f:, A) are single crossing for every agent An algo-

sume that agent 1 is willing to pay 3 for the bundig, de- rithm A is dominant-strategy implementable if and only if
noted byv, (zy) = 3. Similarly, v2(zy) = 6, v3(yz) =5 A'is monotone.

andus(yz) = 7. We also know that Agent 5 is interested ] )

in the bundlez. There are 8 alternatives (here: feasible al- Implementing the Maximum

locations of the items) in this modet; ="1 wins”, a»="3 We will first present a technical notation for the neighbor-
wins”, a3="2 wins”, as="4 wins”, as = "5 wins”, ag = hood of a profile of types. Such a neighborhood is a set
"1 and 5 win”, a7="2 and 5 win”, and also ap="no one of similar profiles in which the type of one of the agents is
wins”. For every alternative in which agent 5 loses ¢ a4), slightly changed.

the value of agent 5 for this outcome does not depend on pefinition 6. Consider an agentand a type profilé € ©.
fs. When agent 5 wins, the welfare is linear in his type, e The set of type profiled, C © is called aleft i-

vs(as, 0;) = 0;. Clearly, these functions are single crossing : ! :
(the slope of the winning alternatives is higher than the slope neighborhood of, if there exists > 0 such that

of the losing alternatives at every point). Figure 1 describes L={(0;,0-) | 0; =0 <0; <0:}



e The set of type profiles C © is called aright i-
neighborhood o#, if there exist$ > 0 such that

We will now formally define crossing points between al-
gorithms. As mentioned, the decisions made by such al-
gorithms will typically be discontinuous. The following
definition thus captured crossing points of continuous and
discontinuous functions. We will assume, for simplicity,
that every algorithm admits a countable number of points
in which it shifts between alternatives (for every fixgd,),
and also that the algorithm do not have such shifts on single-
ton points?

Definition 7. Two algorithmsA and B cross a¥) € © with
respect to ageritif there exists a left-neighborhoodl and
arighti-neighborhoodR to # such that one of the following
holds for every’ € L and evenyd” € R:

G(A@),0) > g(BWE),0) and (1)
g(A(0").0") < g(B(8").0") @)
o g(A@).0) < g(B@).0) and  (3)
g(A@8"),6") > g(B(0"),0") (4)

For example, consider the combinatorial auction setting
described in Example 1 and in Figure 1. The thick curve

and the dashed thick curve in the figure describe the choices

made by two algorithms denoted, respectively, as Algorithm
1 and Algorithm 2. The algorithms are crossing at, for ex-
ample,(6F,6_;) and(8;*,0_;) (wherei = 5). For6}, Algo-
rithm 1 gains higher social value on its right neighborhood,
and Algorithm 2 does so on the left neighborhood.

By definition, in the left neighborhood of the crossing
point, one algorithm obtains a higher social value choosing
some alternativer, and in the right crossing point this is
done by the other algorithm choosing an alternativé the
alternativeb is at least as good for agenasa (according to
the priority that was defined by the single-crossing structure,
i.e.,b =; a) then this crossing point isonotone.

Definition 8. Consider two algorithmsA and B that are
crossing with respect to agemntat § € ©O. If there exist
left and righti-neighborhoods with the same properties as
in Definition 7 such that for ever§’ € L and6” € R,
we have thatB(6"”) »=; A(¢’) (when Equations 1,2 hold)
or A(0") =; B(¢") (when Equations 3,4 hold) thethis a
monotone crossing point of and B with respect to agerit

For example, in Figure 1, the algorithms are crossing at
the point(¢;,6_;). This crossing point is monotone, since
the alternative chosen by the algorithm with the higher wel-
fare in the left neighborhood:() has smaller priority ac-
cording to>; than the alternative chosen by the higher-value
algorithm on the right neighborhood).

If all the crossing points are monotone, then two algo-
rithms aremonotonically crossing

20ur results hold even without these assumptions, but this adds
to the complexity of the presentation.

Definition 9. Two algorithms A, B are monotonically
crossing if for every agent, all the crossing points ofi
and B with respect to agentare monotone.

We can now present a necessary and sufficient condition
for the implementability of\f AX { A, B}:

Theorem 1. Consider two monotone algorithmd, B.
max{A, B} is implementable if and only ifi and B are
monotonically crossing.

Proof. (sketch) Assume that and B cross non monoton-
ically. That is, there exists a type profifiefor which there
is some point’ = (6., 0_;) in the lefti-neighborhood o#,
and a poin®” = (6/,6_;) in the righti-neighborhood ob
such that (w.l.o.g.)

9(A(9"),0") > g(B(9"),0)
g(A(Q//),HH) < g(B(O”),G”)

and alsoA(¢') >; B(#”). Due to the definition of
max{A, B}, the alternativeA(#’) will be chosen for the
type profile ', and B(6") will be chosen ford”. Since
0, < 07 and A(0") »; B(0"), the algorithmmax{A, B}
is not monotone and therefore it is not implementable.

Conversely, assume thad and B are monotonically
crossing. Now, lef be a type profile for whicly(A(9), 0) >
g9(B(6),0) and leta = A(#). Denoted” = (0,6_;), where
0! =sup{z | Yy € [6;, 7],
g(A(ya 9—i)7 (97 9—7)) > Q(B(% 0—i)7 (y7 0—1))}

We will show thatM AX (A, B) is monotone wherd;
increases. %) = 6;, we are done. If there is a right
i-neighborhood of¢” where both algorithms choose the
same alternative, then this decision is monotone by the
monotonicity of A and B. Else, §” is a crossing point
betweenA and B: it has a righti-neighborhoodR and
for every type profiled* in R we haveg(A(6*),0%) <
g(B(6%),0%).2 Denote the alternative chosen in this right
neighborhood as. Since the algorithms are monotonically
crossing,r has a higher priority with respect to agent
than the alternative in the left neighborhood, and sirce
is monotone we clearly also have that-; a. Since the
number of crossing points is countable, this argument in-
ductively derives that the maximum of the algorithms is also
monotone. O

and

Corollary 1. Choosing the best outcome over every subset
of monotone algorithmsly, ..., A, is implementable if and
only if every two algorithms are monotonically crossing.

Safe Algorithms for the MAX operator

Our next goal is to describe a property of algorithms such
that the maximum of algorithms with such property always

results in a monotone algorithm. We denote such algorithms
asMAX-safealgorithms.

Definition 10. Algorithm A is MAX-safe, if for every set
of algorithms{A4;, ..., Ay}, if MAX{Aq,..., Ay} is imple-
mentable thed/ AX{A4,, ..., Ay, A} is also implementable.

3Here we use the assumption that we made, for simplicity, that
the algorithms switch between alternatives over intervals and not
over singletons



Again, we will be interested in points that may potentially
turn into crossing points between algorithms.

Definition 11. A profile of type® € © is apotential cross-
ing point for algorithmA with respect to ageritif there exist
a lefti-neighborhood., a righti-neighborhoodr for ¢, and
two alternatived,r € ALT, such that for every two points
0" € L,0" € R we have that either

g(A(0'),0") < g(1,0") andg(A(6"),0") > g(r,0")  (5)
or
g(A(0),0') > g(1,0') andg(A(0"),0") < g(r,0")  (6)

Definition 12. Consider a potential crossing poirét for
algorithm A with respect to agent. 6 is non-monotong

if there exist left and right-neighborhood<. and R with

the same properties as in Definition 11, such that for every
two type profile®)’ € L and#” € R we have that either

1 >; A(8") (if Equation 5 holds) orA(#’) >, r (if Equation

6 holds).

Definition 13. An algorithm A has monotone potential
crossing point#, for every agent, A does not possess non-
monotone potential crossing points with respect to agent

For example, Algorithm 1 in Figure 1 has a non-monotone
potential crossing point with respect to agéat 6;*: there
is an alternativeg,, that achieves a higher value on the right
neighborhood, but the higher-priority alternativeachieves
the higher value on the left neighborhood. The next theorem
shows that the property of having monotone potential cross-
ing points actually characterizes MAX-safe algorithms; in
our example, Algorithm 1 is not MAX-safe, and indeed, the
maximum over Algorithm 1 and an algorithm that always
chooses the alternativa is non-monotone.

Theorem 2. An algorithm is MAX-safe if and only if it is
monotone and it has monotone potential crossing points.

Proof. First, we show that if an algorithm,; admits non-
monotone potential crossing points, then it is not MAX-safe.
Assume thafl is a non-monotone potential crossing point for
algorithm A, with respect to agerit Then, there is a left-
neighborhood L, a right-neighborhoodr, and two alterna-
tivesl =; r such that for every’ € L andf” € R we have
thatg(A(0"),6") < g(1,0")andg(A(0"),0") > g(r,0”) and

I »; A(8"). (The proof for the other type of non-monotone
crossing points (Definition 8) is similar.) Consider now an-
other algorithmA, that chooses the alternativdor every
point in L. and chooses for every point inR. By definition,
the algorithmM AX {4;, As} will clearly choose the alter-
nativel at any point inL, and choosel(6") at every pointin
R. Sincel »-; A(6"”), thenmaxz{A;, A2} is not monotone,
and thus non-implementable.

The other direction is an immediate corollary of Theorem
1. if an algorithm has monotone potential crossing points,
then, by definition, it monotonically crosses any other algo-
rithm, so their maximum is implementable. O

Applications
This section presents applications of Theorems 1 and 2.

Auctions for Rectangular Bundles

Consider the following problem: a seller wishes to sell
properties on a 2-dimensional plane and agents have pri-
vately known values for different axis-parallel rectangles.
The (NP-hard) objective of the seller is to allocate disjoint
rectangles to agents such that the total sum of their val-
ues (the social welfare) is maximized. (Babaioff & Blum-
rosen 2006) showed how a variant of the "Shifting” algo-
rithm by (Khanna, Muthukrishnan, & Paterson. 1998) forms
a dominant-strategy incentive-compatible mechanism that
guarantees af (log R) approximation to the social welfare,
where R is an upper bound on the ratio of any two edges
of rectangles. A central assumption made by Babaioff et
al. is that the agents are single minded, that is, each agent
may be interested in a single rectangle only, and her value
for any bundle that does not contain this particular bundle is
zero. Here we show that the Shifting mechanism is incen-
tive compatible in a more general setting where each agent is
interested in an unlimited number of bundles with different
values. Since we remain in the single-parameter domain, all
these values are linear functions of the type of agent

Definition 14. An agenti has an OR-linear valuation if
there exist bundles, ..., S,, and coefficientsyy, ..., a,,
such that for any bundI& the agent’s value for receiving

is v;(T) = maxy Zje, a;0;, where the maximum is taken
over all the index set$ such that for every # j € I,
Sj,Si - TandSi n Sj = (.

Note that such valuations clearly generalize single-
minded preferences (the agents are single minded when
n; = 1 anday = 1 for every agent). It is easy to see that
such valuations are single crossing.

The Shifting mechanism actually runs several separate al-
gorithms, and chooses the result that achieves the highest
social welfare. Therefore this algorithm provides a good en-
vironment to demonstrate our techniques.

Proposition 2. There exists a mechanism with a polynomial
running timé that achieves a9 (log R) approximation to
the optimal welfare and is incentive compatible for agents
with OR-linear valuations.

The description of the shifting mechanism is involved and
requires many details. Due to lack of space, we will only
mention an outline of this algorithm and of the incentive-
compatibility proof.

The Shifting mechanism (outline)

Divide the rectangles ttog n classes according to their
heights (e.g., all the rectangles up to height of 2, up to 4, 8
etc.). Run the following algorithm on each class, and output
the solution for the class with the best solution:

1. Superimpose a set of parallel horizontal lines (distances
between lines are class specific). Ignore all the rectangles
that are intersecting these lines

. For each slab (area between consecutive lines), project
all the rectangles in it on the x-axis. Find the set of dis-
joint projections that maximize the sum of values (using

dynamic programming). Sum up the results of all slabs.

“The runningime is polynomial in the size of the input repre-
sentation, i.e.,in . n,.

i=1



3. Shift all lines, and perform the above stages for every
shift. Output the solution of the shift that obtained the
highest result.

We now illustrate how the algorithms that run on any two
shifts (in stage 2) are monotonically crossing. We use the
following trick. For every ageni with OR-linear valua-
tion functionv;, we create a set of dummy single-minded
agents for each one of his desired bundigswith a value
of a;;60;. We then run the mechanism of (Babaioff & Blum-
rosen 2006) on the dummy agents, and allocate the winning
rectangles to the original agents accordingly.

Proof. (Of Proposition 2 — sketch)

The atomic algorithms are those described at stage 2 of
the above algorithm — that run for every particular shift of the
horizontal lines and for each class of rectangles. The mech-
anism takes the maximum over such atomic algorithms. The
main observation here is that fixing the typgs; of the
other agents, the output (in terms of social welfare) of each
of these atomic algorithms is a piecewise linear continuous
function of #;.> Once we show this, each pair of these al-
gorithms will be monotonically crossing, since continuous
piecewise-linear functions cross only when one curve has a
higher slope than the other. A higher slope implies a "bet-
ter” alternative for agent(according to the order; implied
by the single-crossing structure), and therefore this crossing

must be monotone (the social-value curves have, in our case,

the same slopes as the valuation functions). O

Single-Parameter Combinatorial Auctions

We now show by example how the MAX-safe property eas-
ily derives the bitonicity property introduced in (Mua’lem &
Nisan 2002).

Consider again the combinatorial-auction instance in Fig-
ure 1. In such combinatorial auctions, each agent has win-
ning alternatives (here, with 45 degree slope) or losing al-
ternatives (with a slope of zero). We saw eatrlier that if the
algorithm shifts from choosing one winning alternative to a
winning alternative with a lower social value at some par-
ticular profile of types, then this may cause a non-monotone
potential crossing point (e.g., moving frarato a5 by Algo-
rithm 1 in the poin®;*). On the other hand, it is easy to see
that moving upwards between winning alternatives (like Al-
gorithm 2 moves fronag to a7) cannot create non-monotone
potential crossing points. Similarly, moving downwards be-
tween losing alternatives (like from, to a,) is safe, while
moving upwards between losing alternatives is not. It fol-
lows that an algorithm that moves downwards (w.r.t. the
social value) while the particular agent loses, and moves

5To see the intuition behind this argument, consider an agent
that does not win a particular rectangle in a particular shift. Since
the optimal allocation is calculated for the projections of the rec-
tangles on the x-axis in each slab, for high enodgtthe optimal
result in this slab can be either achieved with this rectangle or with
another allocation in which this rectangle still loses. For higher
0,'s, this rectangle will clearly win. Therefore, the transition from
an outcome where this rectangle is losing to an outcome where it
wins is continuous.

upwards when this agent wins, will be MAX-safe. This is
exactly the definition of bitonicity.

Theorem 2 can similarly identify similar conditions for
more complicated environments, e.g., for OR-linear valua-
tions, and even for non welfare maximizing settings, like
minimizing the makespan in job scheduling.
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