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Abstract

We consider a large overlay network where any two nodes can communicate directly via the under-
lying Internet as long as the sender knows the recipient’s ip-address. Due to the scalability requirement,
the overlay network must be sparse: a given node can store at most a polylogarithmic number of ip-
addresses. A notion of distance (locality) in the network is given by node-to-node round-trip times. We
assume that initially the overlay links are random, and hence have no explicit locality-aware properties.

We provide fast distributed constructions for various locality-aware (low-stretch) distributed data
structures, such as: distance labeling schemes, name-independent routing schemes, and multicast trees.
In previous work, such data structures have only been constructed via centralized algorithms. Our con-
structions complete in poly-logarithmic time (and thus induce at most a poly-logarithmic load on every
given node), and achieve quality guarantees similar to those of the corresponding centralized algorithms.

Our algorithms use a common locality-aware, small-world-like overlay framework, constructed via
concurrent random walks. Our guarantees are for growth-constrained metrics, a well-studied family of
metrics which have been proposed as a reasonable abstraction of round-trip times in the Internet.
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1 Introduction

We consider a large overlay network where any two nodes can communicate directly via the underlying
Internet as long as the sender knows the recipient’s ip-address. A desirable property for such network is
locality-awarenessif a given goal needs some communication between the nodes, it is desirable to make
this communication as local as possible. This improves the latency experienced by a given user, and also
reduces congestion in the underlying Internet. Let us give several concrete examples:

e to download a file replicated on multiple nodes, one would like to use the nearest replica.

e if atask (e.g. looking up a name via a DHT) involves traversing several overlay links, one would like
to avoid traversing mankpnglinks.

e if a multicast reaches a cluster of nodes located near one another, we would like this multicast to reach
only one (or a few) nodes in this cluster from outside, and then spread further inside the cluster.

A natural notion of locality in the Internet is given by node-to-node round-trip tinte®ricied. An
active line of research in the networking community studies the distance matrix defined by the node-to-
node latenci€’sand, in particular, provides a number of empirically successful distributed approaches that
reconstruct these distances from a sparse set of observations (e.g. see [15, 20, 11, 26, 9]). The main goal
in this line of work is to improve the performance of overlay networks by making them more locality-
aware. A parallel line of more theoretically inclined research addresses the same concerns via defining
specific distributed data structures that contribute to locality-awareness, such as approximate distance labels
and low-stretch name-independent routing schemes, and proving that such data structures exist and can be
constructed in polynomial time (more details on this can be found below).

In this paper we focus on provable guarantees for very large locality-aware overlay networks. For such
networks polynomial-time constructions are no longer feasible. Moreover, it is feasible to measure distances
among only a linear or near-linear number of node pairs, anchibigven feasible to aggregate this sparse
set of measurements at any one node. We formulate our scalability requirement as follows:

¢ adistributed algorithm iscalableif it completes in time poly-logarithmic in the number of nodes,

and hence induces at most a poly-logarithmic load on every given node.

Our goal is to provide fast distributed constructions for several locality-aware primitives. Our main
contributions concern approximate distance labeling, low-stretch name-independent routing, and locality-
aware multicast trees. Our algorithms use a common locality-aware, small-world-like overlay framework,
constructed via concurrent random walks. We also apply this framework-&bwsest node discovery and
for counting nodes within a given radius. Later in this section we describe these contributions in more detail.

Our setting. We consider a distributed setting motivated by peer-to-peer networks. We assume that any
two nodes can communicate directly (via the underlying Internet), i.e. we assume a complete communication
graph. In order to send, the sender must know the recipient’s ip-address. For the purposes of this paper, an
ip-address is just an abtract node ID that cannot be guessed and reveals no information about the node
location. For simplicity, we assume that initially each node is assigned a unique random ip-address in (say)
a(2logn)-bit space The ip-addresses can either be given in advance, or passed from one node to another.
An ip-address of node stored at node constitutes dink from « to v.

For Internet latencies the triangle inequality is not always observed; however, recent networking research indicates that severe
triangle inequality violations are not widespread enough so that the node-to-node latencies can be usefully modeled by metrics.
2Note that it is prohibitively expensive to find a valid address by random probing.



We model latencies as an underlying distance functigrsuch that any two nodes, v can measure
dm(u,v) by pinging, i.e. exchanging a constant number of packets. We assuméshata metric, i.e.
satisfies the triangle inequality. For simplicity, we separate this distance function from the running times as
follows: we assume that transmitting a unit-size packet takels time, regardless of the destination. In
particular, any two nodes can measure the distance between th@ jrime.

Each node is a sequential processor. Nodes exchange data packets which do not get dropped by the
underlying Internet. Each packet has unit size; it takes a unit time to send or receive a packet. To abstract
away the underlying communication layer, we assume that a packet transmission induces load only on the
sender and the receiver, but not on any other node in the network. In other words, et attcount for
load on the internals of the Internet.

We assume that we start with an existing (non-locality-aware) overlay network that has low degree and
high expansion, which happens e.g. if each node has a few out-links to nodes selected independently at
random in the network. This is a very desirable property for an efficient overlay network regardless of
the locality-awareness issue. The construction and maintenance of such overlay networks is an important
problem that has been addressed in various papers, e.g. [27, 24, 18, 34]. We view this issue as external to
this paper, and instead focus on providing locality-awareness.

Our guarantees are fgrowth-constrained metricsa well-studied family of metrics where doubling the
radius of any ball increases its cardinality by at most a constant factor. Quantitatively, we defgradthe
dimensionof a metric is the infimum of allv such that for any: > 2 the cardinality of any ball is at most
z® times smaller than the cardinality of a ball with the same centeratiches the radius. This abstracts
a useful property ofl-dimensional grids (withh = d + O(1)). Thengrowth-constrained metricean be
defined as metrics of bounded grid dimension. By definition, growth-constrained metrics can be seen as
generalized grids; they have been used as a reasonable abstraction of Internet latencies in the long line of
work on DHTSs started by Plaxton et al. [28] (see the intro of [16] for a short survey). Growth-constrained
metrics have also been considered in the theoretical computer science literature in the context of compact
data structures [17], routing schemes [5, 4], small-world networks [10] and dimensionality in graphs [22].

Approximate distance labeling. In adistance labeling schen{eLs) [14] one assigns a short label to each
node in a graph or a metric so that the distance between any two nodes can be (approximately) determined
from their labels alone. MLs is called(1 + ¢)-approximatef the distance estimates are within a multi-
plicative factorl + § from their respective true values. In a trivial s, the label of node: would encode
the distances to all other nodes exactly, taking(m log A) bits, whereA is the diameter of the metrit.
The work onbLs has been concerned with the trade-off between the approximation ratio and the maximal
label size, see [13] for a survey. In particular, for an arbitrary metric and any odd inteihere exists a
k-approximatepLs with n@(1/%) (1og A)-bit labels, with a nearly matching lower bound [33, 12]. Major im-
provements are possible fdoubling metricsa common generalization of growth-constrained metrics and
constant-dimensional Euclidean metrics. For instance, fovany0, %) there exists &1 + ¢)-approximate
pLs with labels of at most—?(1) (log A) bits, with a complimentary lower bound 6f (1) bits [32]. Both
the objective and the techniques in this line of research differ considerably from our work here: the concern
is with labels of low bit complexity, but the encoding of distances into short labels takes polynomial time
and, in particular, makes extensive use of the full distance matrix.

OuUR CONTRIBUTION: we provide a scalable distributed algorithm which for ang (0, %) w.h.p. con-
structs a1 + §)-approximatepLs with labels of at most —©(®) (logn) bits, wheren is the grid dimension.

3Assuming, without loss of generality, that the smallest distance in the metric is 1.



Low-stretch name-independent routing. In a name-independent routing scherf& 7], each node is
adversarially assigned an id (different from its ip-address), every node stores a pre-coroptitegitable

and there is a distributed algorithm that provides routing of packets from any node to any other node given
the target id. Thestretchof a routing scheme is defined as the maximal stretch of any routing path. (The
stretch of a path fromu to v is the ratio between the length of the path and the true distancedrton.)

The goal is for a given stretch to reduce the maximal amount of routing information stored at a given node.

Recall that we consider a setting with a complete communication graph. For arbitrary metrics, one
can achieve stretc® (k) with O(n!/*10g®") n)-bit storage [2], and stretch 3 with(,/n)-bit storage [3].
Stretch below3 is not possible withv(n) storage even for doubling metrics [1]. For growth-constrained
metrics, one can achieve strettht ¢ with poly-logarithmic storage [5, 4]. All these constructions take
polynomial time and use the full distance matrix. (@onstructa routing scheme means to construct the
routing tables and specify the routing algorithm.)

OuUR CONTRIBUTION: we provide a scalable distributed algorithm which for any (0, %) w.h.p.
constructs &1 + §)-stretch name-independent routing scheme (with a complete communication graph) with
routing tables of at mog—* logn)°(!) bits, wheren is the grid dimension. This routing scheme is a very
simple version of the (more general and more storage-efficient) constructions from [5, 4]; this simplification
may be of independent interest.

Locality-aware multicast trees. A multicast tre€l is a directed tree rooted at some nadghich is used
to disseminate information from to nodes inT in a fast and load-balanced fashion whereby each node
receives information from its parent ifi, and forwards it to its children. Accordingly, a multicast tree
should have low degree (for load-balancing) and low depth (for speed). Several papers in the networking
literature advocate for locality-aware multicast trees (e.g. [21, 8, 36]). While there is no concensus on what
exactly locality-awareness means with respect to a multicast tree, we propose a simple notion of low stretch:
the stretchof a multicast tree is defined as the maximal stretch of any path from the root.

OUR CONTRIBUTION: we provide a scalable distributed algorithm which for any (0, %) constructs a
(14 6)-stretch multicast tree of depth(log n) and degreé () (log? n). We also construct hinary mul-
ticast tree with similar depth and a slightly worse bound on stretch: stretch-ié for all but(% log n)O(a)
nodes closest to the root. To the best of our knowledge, the corresponding existence results have not ap-
peared in the literature. We mention in passing that the first existence result extends to doubling metrics.

Common locality-aware framework. Our algorithms use a common locality-aware, small-world-like
overlay framework calledings of neighbors|In this framework, for each € [log A] each node: has links

to a (small) number of other nodes chosen independently at random in the ball of fedéisroundu.
These nodes are called the¢h ring neighborsof nodew. The resulting overlay network has the following
useful property: for any two nodes v, nodeu has a link(u, w) such thatw is much closer ta than tou.

We construct rings of neighbors via concurrent random walks. Theirimgjghbors provide a graph on
which every node runs several independent instances of a random walk such that each instance selects a new
ring-(i + 1) neighbor of this node. The crux is to define random walks so as to guarantee (i) fast convergence
to the desired distributions, and (ii) load-balancing. For every given node, a large portion of its load here
comes fronothernodes’ random walks, so, essentially, we need to guarantee that no node is overloaded by
helping others.

A similar framework underlies a system for locality-aware node selection presented in [35]. In [35],
the rings of neighbors are constructed via a very different algorithm (which comes without any provable
guarantees), and applied to a different set of problems. Our work here provides further evidence for the
usefulness of the rings-of-neighbors framework.



Other results and techniques. We use the above framework to obtain two other results that are of inde-
pendent interest. Firstly, once the rings of neighbors are constructed, every node can, without any further
communication, estimate the number of nodes within a given radius. Secondly, with some further work one
obtains a scalable distributed algorithm feclosest node discoverywhereby every node discovers (learns

the addresses of) itsclosest nodes.

Our results on distance labeling, routing and multicast use three layers of common functionality. The
first layer is the overlay framework described above. The second layelois-atretch broadcastvhich
spreads on this overlay via low-stretch paths to all nodes within a given radius from the source, and induces
no load on nodes that are far from the source. The latter property is crucial for bounding the running time
in our constructions. The third layer consists of two algorithms: hierarchical beacon selectibrchrsdst
node discovery. Itierarchical beacon selectigrfor eachi € [log A] we use rings of neighbors to select
a set of beacons which is sufficiently sparse on the spa@é, @ind yet sufficiently dense on the scale of
5 2¢. Moreover, we use low-stretch broadcast to ensure that every node receives a low-stretch estimate on
distance to every nearby beacon. In thelosest node discovemlvery node runs distinct instances of the
low-stretch broadcast and discoverstfitslosest nodes.

Related work. First, much stronger versions of rings of neighbors are used in [30] as an underlying data
structure for several node labeling problems on doubling metrics. There, like in most other prior work, the
focus is on existence results, and the constructions take polynomial time and use the full distance matrix.

Second, some scalable constructions for distance labeling have been studied in [19]. They consider
doubling metrics and obtain significantly weaker guarantees whereby a constant fraction of node pairs may
suffer an arbitrarily large stretch. The present setting allows for a much more elegant treatment.

Third, our distance labeling scheme conforms to a stronger modehafulation[19, 30] where a label
of every node. consists of distance estimates to each nodelieacon sefS,,. Then for any two nodes, v
one can use triangle inequality on triples v, b),b € S,, N S, to obtain upper and lower bounds on the true
distance between andv. We obtain a1 + §)-approximatetriangulation where these bounds are within a
factor1 + ¢ from one another and hence providquality certificatefor the distance estimate.

Fourth, let us mention two other variants of the low-stretch routing problem that have been popular in
the literature. The first itabeled routing where the node ids are assigned not by an adversary but by the
routing scheme. This version allows for much nicer stretch-storage tradeoffs (see [30] for a brief summary
of results), but is not applicable to our setting. Indeed, if we assign node ids, then we can put the ip-address
into the node id, which makes the routing trivial. The second variamduting on graphs where we are
only allowed to route along the links of a given graph. Accordingly, the version considered in this paper
is known asrouting on a complete weighted grapbr also agouting on a metric Routing on graphs can
be cast in both name-independent and labeled models. Although routing on graphs is technically a more
restricted setting than routing on metrics, the results tend to be similar.

Fifth, we mention two recent papers [23, 10] that share our focus on distributed construction (with
provable guarantees) of an extra layer of network functionality which is used to solve further distributed
problems. However, the setting and the specific problems that they solve are very different from ours. In
particular, the network decomposition constructed in [23] is trivial for a complete communication graph,
and the algorithm in [10] adds long-range links to a local communication graph (in order to turn it into
a navigable small-world network) whereas we start with a "good” global graph of long-range links and
augment it with local links on progressively finer scales.

Map of the paper. Section 2 gives preliminaries and background. Section 3 develops the rings-of-
neighbors framework and applies it to counting nodes within a given radius. In Section 4 we prove the
central technical result: construction of the rings of neighbors. Section 5 describes the low-stretch broadcast
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and applies it to thé&-closest node discovery. Section 6 manipulates the hierarchically selected beacons and
derives the distance labeling result. In Section 7 we consider low-stretch multicast trees, Section 8 is on
name-independent routing, and in Section 9 we conclude.

2 Preliminaries.

Theload on a given node includes computation, storage, and communication. For simplicity we define it
as a sum of CPU load, storage size, and the number of bits sent and received. We usexhetziton,
so the choice of units does not matter. The (per-node) load of an algorithm is the maximal load on a node.
If the algorithm starts at timé, and terminates at timg, on every given node, then therunning timeis
defined asnax 7,. Recall that nodes exchange unit-size packets which are sent and received in unit time.
Furthermore, we assume that each packet is delivered to destination in constant time.

Let[z] := {0,1,...,[z] — 1}. Denote the underlying metric b¥s. For balls indy use the notation
B,(r) :=={v €V : du(u,v) < r}. Assume thatlyy has minimal distance is 1 and l&tbe the diameter.

We use the grid dimension via a simple corollary:

Lemma 2.1. Supposely is a metric with grid dimensioa. Fix any two nodes, v and letd = dy(u, v).
Then for any positive, r* such that&t” > 2 we have B, (r)| < (££)%| B, (r%)|.

Itis easy to see that < A®. For a givern anda the diameter can be arbitrarily large: e.g. consider a
three-node metric induced by the sub&@t1, A} of a real line.

Say a set of nodesupportsa metricdy, if any two nodesu, v in this set can measurk (u, v) at a unit
cost once they communicate (intuitively, any sughis a notion of distance between the nodes).

Our constructions are highly randomized, and our guaranteewittriéhigh probability, which in this
paper means that the failure probability is at mbst©, for a sufficiently high constant

2.1 Background: expanders and Probability

Let us introduce some background on expander graphs and probability that will be used throughout this
paper. For more details see e.g. the textbook of Motwani and Raghavan [25].

We use Chernoff Bounds, a standard result which says that the sum of bounded independent random
variables is close to its expectation with high probability.

Theorem 2.2 (Chernoff Bounds).Consider the sunX of n independent random variables; € [0, y].
(@) foranyu < E(X)and anye € (0,1) we havePr[X < (1 — €)u] < exp(—€21/2y).

(b) foranyu > E(X)and any3 > 1 we havePr[X > Bu] < [L(e/B3)"] uly,

For a weighted undirected graph, thgpansionis defined asnin '%S')', where the minimum is over
all nonempty sets$' of at mostn/2 vertices, and(.S) stands for the total weight of all edges with exactly
one endpoint inS. For a pre-defined absolute constaxpanderis an undirected graph whose expansion
is at least this constant. Expanders are well-studied and have rich applications. We will use the following
standard result:

Theorem 2.3. Fix a node sef’. Suppose for each nodewe choose three nodes independently and uni-
formly at random froml/, and create undirected links betwearand these three nodes. Then the resulting
graph is an expander with high probability.



The above result extends to near-uniform node selection. For the purposes of thisipppiet, distri-
butionr is callednear-uniformif ||oynit — 7|0 < % whereo i is the uniform distribution.

We will actually need a stronger version where we select nodes from (and construct an expander on) any
given subsef) of nodes, whereas we need the failure probability to be low in terms obt the size of).

Hence we creat®(log n) links per node instead of just three.

Theorem 2.4. Fix node setl” of n nodes, and a subsé&) C V. Suppose for each node € ) we choose
at least3 logn nodes independently from a near-uniform distribution @y and create undirected links
between, and these nodes. Then the induced graphtpis an expander with high probability.

Note that the expanders constructed in Theorem 2.3 and Theorem 2.4 have@égxee).

A graph (V, E) induces a Markov chain o as follows: for any edg€u,v) € E, the transition
probabilityu — v is set asl/ deg(u). In particular, undirected graphs with low degree and high expansion
gives rise to a Markov chains whose transition matrix has high expansion. The following seminal result
from [29] connects the mixing time of a Markov chain with the expansion of its transition matrix; we state
it in a somewhat simplified form which is suitable for the purposes of this paper.

Theorem 2.5. Consider an ergodic time-reversible state Markov chain with a uniform stationary distri-
bution. Suppose that for every node the probability of stalling is at I(%asltety be the expansion of the
transition matrix. Then for any: > O(y~2)(logn) and any initial distribution thek-step distribution of
this Markov chain is near-uniform.

The original formulation of the above theorem extends to arbitrary stationary distributions.

3 The locality-aware framework

In this section we start with an arbitrary communication graph of low degree-expansion ratio, and upgrade
it to a locality-aware one overlay network which will be a foundation for our further constructions. We
formalize the desired "locality-awareness” via the following notions:

Definition 3.1. A directed graplG is calledd-zooming for somes € (0, 1), if has the following property:
for any two nodes:, v, nodeu has an out-lin«, w) such thatw lies within distance dw (u, v) from v.

Definition 3.2. A -hierarchical node labeling obrder & is a labeling of each node by one or more integers
in [log A] such that for each nodeand each label € [log A] the following two properties hold: there is at
least one label-node inB,, (§r) and at most label+ nodes inB, (2r), wherer = A /2.

Theorem 3.3. Consider the following setting. L&V, dy) be ann-node metric supported ol with grid
dimensior and polynomially bounded aspect ratid. Suppose each node knowsandlog(nA) up to a
constant factor. Furthermore, assume that each node has some out-links that collectively indulameee
undirected graph ori” with expansiony such thatd/~v = log®® n, and each node knows that number up
to a constant factof. Letd € (0, 3) be the stretch parameter.
Then there exists a randomized distributed algorithm that in ti@e® log n)°™") w.h.p. constructs:
(a) ad-zooming directed graph ol of degreey—°(® log? n, and
(b) ad-hierarchical node labeling o/ of order §—°(®) log n.

To prove the above theorem, we will define and construct a distributed data structure that virysall
of neighbors Without loss of generality, assume that the metric has smallest distaacd diameter\.

“In particular, this is the case if each node has links to 3 nodes sampled independently and near-uniformly in the network.



DenoteB,; := B,(A/2%). In our data structure, for eache [log A] each node: has links tok other nodes
in B,;. We denote thesk nodes ain? : j € [k] and call them theé-th ring neighborsof nodeu. The
radius of this ring is defined ad /2¢. The numbetk is called thering cardinality.

Suppose we have a randomized algorithm which constructs the rings of neighbors and, consequently,
induces a joint probability distribution on random variab{e)gi?}. This joint distribution is calledan-
domized rings of neighborf:-RRN) if these random variables are mutually independent and distributed
near-uniformly on the respective ball,;.

The crux of the proof of Theorem 3.3 is the following result where we consktr®N in the setting of
Theorem 3.3:

Theorem 3.4. In the setting of Theorem 3.3, there exists a randomized distributed algorithm that for any
givenk € N with high probability construct&-RRN on (V, dy) in time O (k) (2% log n)° ().

The proof of Theorem 3.4 is in the next section. Now let us use this result to prove Theorem 3.3.
We start with a proof sketch. Considern with ring cardinalityk = 6-9(® logn. For part (a),
consider the directed graght = (V, E') such that for each node and indices, j there is an edgéu, v)

with v = Xi?. For part (b), each node assigns labels to itself: specifically, modssigns label if and
only if one of its ring4 neighbors isu itself. This happens, roughly, with probabili(%/|B,(r)|), where
r = A/2". We show that with high probability grapf¥ is 6-zooming, and the proposed node labeling is

o-hierarchical. This completes the proof sketch.

Proof of Theorem 3.3: ConsideRRN with ring cardinalityk = 6—“¢logn, for some constant > 0.
For part (a), consider the directed graph= (V, E'), possibly with self-loops and multiple edges, such

that for each node and indices, j there is an edgéu, v), v = Xi?. We claim that for a sufficiently large

c graphd is §-zooming with high probability. Indeed, fix any two nodesv and choose the smallessuch
thatr := 2! > (1+6) dum(u, v). Then by the growth-constrained property we h@gr) < 6-°() B, (r).
Since (conditioned on;; F;) the ring4 neighbors ofu are distributed mutually independently and near-
uniformly on B, (r), by Chernoff Bounds with high probability at least one of them lie®jr{o7r).

For part (b), each node assigns labels to itself: specifically, naBsigns label if and only if one of its
ring-i neighbors isu itself. We claim that for a sufficiently largewe obtain aj-hierarchical node labeling
with high probability.

Indeed, fix label € [logA] and letr = A/2¢. Consider the probability space induced by threN
construction and conditioned ar.; F;. Recall that in this probability space, all ringieighbors of a given
nodewv are distributed independently and near-uniformly By(r). Define a 0-1 random variablg, by
Y, = 1 if and only if v has label. It follows that

Q(min(1, k/ny)) < E(Y,) < k/n,, wheren, :=|B,(r)|. 1)

Note that by the definition okRN, the variableqY,, : v € V'} are mutually independent. For a node Set
letYs := ) o5 Y, be the number of labelvertices inS.

Fix some node, and letA = B,(r) and B = B, (ér). To prove the claim, we need to upper-bound
Y4 and lower-bound’z. By the growth-constrained property, for any nodee A we have|A| < 2%n,,
so by (1) in expectation we havé, < O(k2%). By Chernoff bounds, for a sufficiently large constant
the same property holds with high probability. Similarly, by the growth-constrained property for any node
v € B we have|B| > §-9(®) n,, so the propertyz < Q(k§°(®), holds in expectation by (1), and with
high probability by Chernoff bounds. Claim proved. O



Counting nodes within a given radius. We conclude with one easy applicationrR®N:

Theorem 3.5. Consider am-node metriq V, dy) with grid dimensiorv and k-RRN. Then with high prob-
ability the following property holds: for any radiusand anys < 1 such thatk > Q(672) log(n) log?(r),
any nodeu can, without any further communication, obtain(a+ ¢)-approximate estimate ¢f3,,(r)|.

Proof Sketch.Fix nodeu and radius-. For every given € [log A], letS; be the radius’ ring of neighbors.
Let p; be the fraction of nodes if; that lie in B, (271). Lett = [logr] and letS = S; N B, (r). Letp be
the fraction of nodes it$ that lie in B, (2!~1). We estimatéB,, (r)| by p* = (pop1 - .- pi—1p) "

By Chernoff Bounds, with high probability eachy is a (1 + %)-approximate estimate of the ratio
pi := | Byu(29)|/|Bu(271)|, andp is a(1 + 2 )-approximate estimate of the ratio:= | B, (r)| /| B.(2"71)|.
Since|B,(3)| = 1, the telescoping produdiuo 1 - .. pue—1 ) ~' equals|B,(r)|, and thus we have the
desired property that* is (1 + J)-approximate estimate 08, (r)|.

Our high-probability guarantee is that the above property holds for all nedakradii » and all param-
etersy at the same time. This is because there are at mdgferent balls centered at a given nodeand
for each such ball it suffices to establish the desired property for a single vabue of O

4 Randomized Rings of Neighbors

In this section we prove Theorem 3.4, the central technical result of this paper. We start with a proof sketch.
Then in Section 4.2 we develop the principal tool in the proof — the load-balanced concurrent random walks
on expanders, and in Section 4.3 we give the full proof.

4.1 Proof Sketch of Theorem 3.4

For eachi & [log A], each node will havés, = 2°(*) log(n) links to some node, .’ € B,,; that we will call

i-service links These links will be chosen randomly so that the random varia%}gg) cjekl,ueV
are mutually independent, and each of them is distributed near-uniformly on the correspondifig ball

Our construction proceeds iog A stages, so that in a given stage handles distances on the scale
of r = A/2%. Specifically, at the beginning of staggthe i-service links have already been constructed.
During stage, we use the-service links to construct thg + 1)-service links and thé& +1)-ring neighbors.

Fix nodeu. Thei-service links induce a degré&(log n) expander on the ballB = By, ;). Nodeu
samples fromB by executing an independent instance of a random walk) oithis random walk is tuned
to guarantee a uniform stationary distribution. We run it for poly-log many steps to obtain a near-uniform
sample. We také + ky such samples. Note that these samples (for all naglese conditionally mutually
independent given theservice links. Moreover, random variabl{aﬁ’i?} (for all nodesu and all indices,

4) are conditionally mutually independent given all service links.

While all nodes are concurrently running random walks as described above, for every given node a large
portion of its load comes fromthernodes’ random walks. Essentially, we need to guarantee that no node
is overloaded by helping others. This requires some care. In particular, for each node we set aside some
7-service links asandom seedsnot to be used as links for the random walks.

4.2 Tools: concurrent random walks

In this subsection we discuss load-balanced random node selection via concurrent random walks on low-
degree expander graphs. We do not invoke the underlying distance fudgtion



We start with a fact on Markov chains which will be essential to our constructions. Consider an undi-
rected grapiG = (V, E). Let )\, be the multiplicity of edgewv, and letd, = ), Ay, be the degree of
nodeu. For anyd > deg(G) let us define the Markov chail/(; 4) as follows:

[ Aw/2d if u# v
M(G,d) (u,v) = { 1 —(dy — A\uw)/2d otherwise @)

It is easy to see that this Markov chain has a uniform stationary distribution. Moreover, by Theorem 2.5 for
graphs of low degree-expansion ratio it has a rapid mixing property:

Lemma4.1. LetG be a connected undirected graph (possibly with loops and parallel edges) with expansion
7. Then foranyd > deg(G) andk > O(d/~)*(logn) thek-step distribution of\/((; ;) is near-uniform for
any initial distribution.

Proof. Let M = M 4)- Note thatM is irreducible since- is connected, and/ is aperiodic since every
node has a positive stalling probability. Therefareis ergodic. M is time-reversible sincéd/ (u,v) =
M (v, u) holds for all node pairs. Sinc&/(u,v) > A, /2d for all node pairs, the expansion 8f (as an
edge-weighted graph) ig/d. Now the Lemma follows from Theorem 2.5. O

In the following result each node runs independent copies of the random walk from Lemma 4.1 in order
to acquire new out-links that are distributed independently and near-uniformly. (Recall that in our model
nodewu has an out-link to node if and only if nodeu knows the ip-address of node) In particular, if
initially the graph induced by the out-links is an expander of poly-logarithmic degree, then each node can
acquire a poly-logarithmic number of new out-links in poly-logarithmic running time.

Lemma 4.2. Consider a node selV where each node has some out-links that collectively induce an
undirected graphG = (V, E). Suppose this graph has expansignand assume that numbeks € N,
d > deg(G) andt > (d/~)? log |V| are known to all nodes.

Then there exists a randomized distributed algorithm whereby every n@gjuiresk new out-links so
that the new out-links (for all nodes) are distributed independently and near-uniformly .omhe running
time and (with high probability) the load a®@(¢)(k + log |V|); the per-node storage i® (k + d).

Proof. By abuse of notation, let us fix some enumeratjoaf IV and treat each node as a unit vector in
the f(u)-th dimension. Let;s be the uniform distribution ofiy.

For anodey, let A, = A,(G, d) be aG-distributed algorithm that starts atand simulates the Markov
chainM g q4) for t steps. Specifically, at every stéfhe Markov chain visits some nod§;, which means the
following: node X; selects one of it&/-neighbors (or itself) according to the distribution (2) and forwards
the Markov chain to this node. The process start& @t= v, and terminates at steégy returning the value
X; to nodev.

Note that by Lemma 4.X; is a random variable with a near-uniform distribution. For simplicity let us
assume that at each stepodesv and X; experience a unit load each. It follows that for a given nadihe
expected load induced by algorithay,, v # w is equal to

PrX; = w] = (M((GJ d)v> w. 3)

The overall algorithm is simple: every nodeinitiates & independent copies of algorithm,,. In the
course of this algorithm, each message processed by a giveniisedelated to a certain step of sormk.
To simplify the analysis of the total running time, let us assume that whenever there is contention, messages
from earlier steps are given higher priority.



Note that the per-node storage requiremeid®{# + d), since at any point in time a given nodeneeds
to store only the addresses of all ldisneighbors, the current step for each of theopies of algorithmA,,.

Let us fix a nodew and a step < [t]. LetY,; be the load induced ow by the j-th copy of algorithm
A,. Then by (3) we have, letting = |V|,

Z E(Y,5) = Z (M((gd) U) ‘w<n (M((gd) 0unif> ~w = O(n oynit - w) = O(1).
vF#W vFEW

Since{Y,;} is a family of bounded independent random variables, by Chernoff Bounds (Theorem 2.2b)
with 1 = ©(max(k,logn)) it follows that (v,5) Yoj < 24 with high probability. In particular, the total
load on any given node (over all steps)¥$tu) with high probability.

To bound the total running time, we claim that the processing of each stampletes, for all nodes, by
time O(iu) with high probability. Indeed, suppose a given stépcomplete by time (iu). Since with high
probability every given node needs to process at mast ;) messages for stept 1, and these messages
have priority over those from later steps, processing them will take at @gst time. Claim proved. O

We also use Lemma 4.2 to construct the out-most rings of neighbors in Section 4.3. For all other rings
we need a more general version of this lemma, where eachsnedeples from some subggt,. To use
such result, we need to bound the expected load on all nod@s in{«} by a small multiple ofl /|@Q,|. In
what follows, for graphG we letG[Q] be the graph induced by a node subget

Lemma 4.3. Consider a node set¥” where each node has some out-links that collectively induce an undi-
rected graphG = (V, E). Fix nodeu € V and consider a subsep C V such that the graplz[Q] has
expansiony. Suppose that:

e after pinging any node € V', nodeu can, at unit cost, determine whetherc Q.

e nodeu knows numberd > deg(G), dg > deg(G[Q]) andt > (dg/v)? log |V,

e nodeu is given arandom seedan address of some node.
Then for anyk € N there exists a randomize@-distributed algorithm (initiated by:) such that:

(a) nodeu acquires addresses df nodesX; € @, where theX;’s are Q-nice random variables. The
running time and the load on nodeare O (kdt).

(b) The load on every other node is at mostO (>°,,.cc: Zv), WhereZ,, is the number of times node
is "visited” by the algorithm? which is at moskt for all v € @, and0 otherwise. If the random seed
was selected independently from a near-uniform distributioon @, then in the probability space
induced by the algorithm and, E(Z,) = O(kt/|Q|) for eachv € Q.

Proof. We use algorithmA, (G[Q], d) defined in the proof of Lemma 4.2, in a slightly modified form.
Specifically, at each stepof this algorithm node. communicates with some nodg € (), asks this node
for a list of its G- neighbors, determines which of these neighbors li@jrand chooses the next nodg, ¢
among those according to the distributibf(), 4), S€€ (2). The process starts\af = v, and terminates at
stept by returningX; to nodeu. During each step nodeincurs loadO(d), and nodeX; incurs loadO(1).°
Given this modified form of4, (G[Q)], d), the overall algorithm is simple: nodeinitiatesk independent
copies of algorithm4,,(G[Q)], d), wherew is the given random seed.

Parts (a) is now trivial. For part (b), we defidg, to be the number of times some copy of algorithm
A, (G[Q], d) selects node as the next step. Let us fix some nade @ \ {u}, and letY;; be the number
of times nodev is visited by thei-th step of thej-th copy of the random walk. Letni be the uniform

SFor each node, the algorithm either does not touch the list ofdisneighbors, owvisitsv: reads the entire list at once.
5Node X; sends a list ofl addresses. However, in practice this list should fit in a very small number of packets.

10



distribution on@, and letM = M((Q[Q] A be thei-th power of the corresponding transition matrix. Note
that Moynit = ounif, SO rows of M have unit sums, sOM 7|« < [|7|lcc = O(1/]|Q]). Consider the

probability space induced by the algorithm andThen
E[Yy] = O (Pr(X; = v]) = O((M7) -v) = O(1/IQ)).
We getE(Z,) = O(kt/|Q|) by summing over ali € [t] andj € [k]. O

4.3 Locality-awareness via random walks: proof of Theorem 3.4

Recall that without loss of generality we assume that the metric has smallest distandediameterA.
DenoteB,; := B,(A/2%). Let us setky = 2°() log(n) such that the following property holds:

(P1) Consider any two ball®, ;11) C B.;. Supposé: nodes are chosen independently from a near-
uniform distribution onB,,;. Then with high probability at leastlogn of them land inB,, ;1)

Note thatin (P1)By;| < 4% B, i41)| by Lemma 2.1, s&, = O(4)[logn| does indeed suffice.

For eachi € [log A] and each node our randomized distributed algorithm will construct-th ring
neighborin?,j € [k] and thei-service linksto somek; nodesYu(;) € By, j € [ko] so that for the families
of random variables '

T, = {Yu(;.) .G e [kol, u € V}

the following properties hold with high probability:

(P2) givenu;; F;, random variables itF; are conditionally mutually independent.

(P3) givenu;.; F;, each random variablk’i? € F; has a near-uniform distribution oB,;.

(P4) givenugy; F;, random variable$X£?} are conditionally mutually independent and distributed near-

uniformly on the corresponding balls,;.

By Lemma 4.2, we can without loss of generality assume that in the initial overlay netwedch node
has links to 3 nodes sampled independently and near-uniformly in the network.

We start by constructing, using Lemma 4.2 applied to this gragh SuchF, clearly satisfies condi-
tions (P2) and (P3). Sind@ is ad-degree expander, in Lemma 4.2 we take O(log®n), so the running
time and (with high probability) the load a@(kqt), and the storage requirement(¥k,). We construct
the ring0 neighbors similarly.

The rest of the construction proceeds in stages, so that in stage) we constructF;.; assuming
that we have already constructéd that satisfies (P2) and (P3). Let us partition the fardilyof random
variables into two subfamilies:
Frek = {x{): uev,jek/2} and Feed= 7\ Frek
We will invoke Lemma 4.3, independently for every nade The underlying graph for the random walks
will come from F"@k and the random seeds will come frgf§e? It is important that the random seed is
independent of~}*2k (conditionally, givenr; ;).

Let us defineG; to be the directed graph induced W"a'k, namely a directed graph dnr, possibly
with self-loops and multiple edges, which contains an edgavhenevery = Yu(;.) for somej € [ko/2].
Let G; be the undirected version @f. In practice, to construats; each node just contacts all of its
Fak-neighbors to let them know that they should store a link tdote thaiG; has a low degree:

11



Claim 4.4. deg(G;) < O(ko 2*) with high probability.

Proof. Condition onF;_; and consider the probability space induced BY2X. For a given node, it
suffices to bound its in-degree @;. Note thatvu € G only if u € B,; or, equivalentlyp € B,;. Each
nodev € B,; haskg links distributed near-uniformly om,,;. Each of these links lands inwith probability
atmost/|B,;|, which is at mos2® /| B,;| by Lemma 2.1. The expected in-degreedh G} is thus at most
ko 2%. The claim follows by Chernoff Bounds since by (P2) all linkifi are independent givef; ;. O

For a given node, let us defing),, = B, ;11)- We analyze the induced gragh|[Q.,]:
Claim 4.5. The induced grapli+;[Q.] is anO(ky)-degree expander with high probability.

Proof. Condition onF;_; and consider the probability space inducedBY2*. Each nodev € Q,, has
ko out-links in G}. Since@, C B,;, by (P3) each of these links lands into a given nede= @, with
probability at mos®/|Q,|. The expected in-degree af in G}[Q,] is thusO(kg). Since by (P2) all links
in G} are independent givest;_;, by Chernoff Bounds the in-degree 6f[Q,] is at mostO(ky) with
high probability, and consequently so is the degreé&/df),]. Moreover, by (P1) with high probability the
out-degree of7}[Q,,] is at leasB logn, so by Theorem 2.4 with high probability;|Q,, is an expander. (]

By (P1) with high probability for each node at least3 log n nodes inF*¢dlie inside Q,,. Pick one
such node at random, denot&jf. For a given node., let A, be the construction in Lemma 4.3 whereby
nodew acquires the addressesoft+ ky near-random nodes. Specifically, we invoke this construction for
subset) = Q,, underlying grapi;, random seet,,, and (by Claims 4.4 and 4.5) upper bounds

d = O(kg2%) anddg = O(ko) andt = O(k3 logn).

The overall construction for stagds simple: each node invokes algorithmA,, and thereby acquires
the addresses aéf = k + k¢ nodes inQ,,, not necessarily distinct. We assign the fitsif these addresses

to the newly constructed ring-+ 1) neighborini.“), j € [k], and the resk to the newly constructed

(i + 1) service IinksYu(J’.H),j € [k]. Clearly properties (P2), (P3) and (P4) are satisfied.

It remains to bound the per-node load and the running time.

Let Z,,, be the quantity from Lemma 4.3(b), the number of times node"visited” by algorithm.A4,,.
Recall thatZ,,, = 0 whenevew ¢ @, or, equivalently, whem ¢ Q,. Let us defineZ, = > Zwu, the
total number of times nodeis visited by somed,,. Let us bound?Z,:

ueV

Claim 4.6. Z, is at mostO(k*t 2¢) in expectation, and at mos§2(k*t 2% log n) with high probability.

Proof. Let us condition onZ;_; and 7@ (i.e. let us assume that those are fixed), and let us consider
the probability space induced by the random choicesFjii®@and in algorithms{A, : v € V}. By
Lemma 4.3(b) and Lemma 2.1, for eacke (), we have

E(Zy) < O(F"t/|Qu]) < O(K"£2%)/|Qq|,

S0 E(Z,) < O(k*t2%). Since the random variablds,,, : © € @Q),,} are independent, the claim follows by
Chernoff Bounds. O

Let us fix some nodey and partition the total load experienced by nadén a given stage intalirect
load induced omw by algorithms.A,,, andindirect load induced onw by algorithmsA,, u # w. By
Lemma 4.3(b) the direct load on nodeis O(k*dt), and the indirect load ow is O (3_,,,cq, Zv)- BY
Claim 4.4 and Claim 4.6, the latter is at m@$tk*kt 4¢) in expectation, and at most

T = O(k*kt 4% logn) = O(k)(2* logn)°™M)
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with high probability. Summing over all stages, the total loa®{g log n) with high probability.

Let us bound the running time for a given stage. Recall that each message belongs to a particular step
of one of the random walks. To simplify the analysis, let us assume that whenever there is contention,
messages from earlier steps are given higher priority, and among messages from the same step, a given node
u gives higher priority to messages related to algoritdm Via the same analysis as above we can show
that during each step a given node receives at rigstmessages. It follows that in tim@(7'/¢) a given
nodeu receives "answers” to all messages sent by a given step of algadthriTherefore the total running
time for a given stage is at mo&k(7'), as required. This completes the proof of Theorem 3.4,

5 Tools: low-stretch broadcast protocols

Our subsequent constructions use essentially the same low-stretch broadcast protocol in several different
settings, each with a different type of desired guarantees. In this section we develop a single broadcast
protocol with provable guarantees that fit all these settings.

We consider a broadcast protocol in which packets spread from the source atwi®g the links of a
directed graplz. We assume thaf is "nice”, e.g.J-zooming (recall Theorem 3.3). Our broadcast reaches
all nodes within a given radiusfrom s via (1 + J)-stretch paths, and does not go too far fré(r).

Let us state the broadcast protocol, which we €éll s, r, §)-broadcast In this protocol, nodes send
packetsP(z), wherex is a [log A]-bit number. Each node may receive the broadcast from multiple
other nodes; it stores the farthest of them, denotg ifties broken arbitrarily), and the distance from it,
dy := duw(v, f,). Initially f, = null andd, = 0. To initiate the broadcast, nodesends packeP(x),

x = dw(s,v) along each out-linKs, v) € G of length at least 11_;5‘5 In a typical step of the broadcast,
nodev # s receives packeP(x) from some node:. If du(u,v) > d,, nodev forwardsP(z) to all its
neighborsw # s such thavd, < dw(v,w) < § du(u,v), and updateg, andd,, accordingly. Node stores
r as an estimate afiy (s, v).” This completes the description of the protocol.

The above protocdhducesa directed grapliz* = (V, E') such that(u,v) € E if and only if nodev
received the broadcast along a link from nadeA path is calleds-telescopingf each subsequent edge
in this path hasiy-length at most times that of the previous one. A directed gra@his called(s, J)-
telescopingf every node is reachable from nodevia a ¢-telescoping path, angk, §)-telescopingf this

property holds for alk. Note that “(x, ¢)-telescoping” is essentially the same aszboming”:

Claim5.1. If § < % then any(x, d)-telescoping directed graph &j-zooming, and any-zooming directed
graph is (x, 24)-telescoping.

Proof Sketch.Fix nodesu, v. If the graph is(x, §)-telescoping, then there existsygelescopinguv-path
whose first edgéu, w) is such thatdy (v, w) < ddu(u,v). Conversely, if the graph i§-zooming, then
repeatedly applying the definition we obtairz&telescoping:v-path. O

Now we can state the provable guarantees for our protocol:

Lemma 5.2. Considerthg(G, s, r, §)-broadcast, for a directed graptr, source node, target radiusr > 0
and stretch parametef € (0; 1). Then:

(a) the broadcastreaches every node B;(r) such thatG contains aj-telescoping path from to v.
(b) any edge in the graph induced by the broadcast lies on sétedescoping path from.
(c) if a nodev receives packeP(x) via the broadcast, them(1 — 0) < dm(s,v) < z(1 + 9).

(d) any node outsidé3, (—55) is not reached by the broadcast, and thus it incurs zero load.

"In fact, the value of: from any packet received hycan be used as an estimatedgf(s, v).
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(e) any node incurs load at moéx(deg G). If each node incurs load L from all algorithms concur-
rently running in the system, then the completion time of the broadcast is at@idslog r).

Proof Sketch.Say that agood path is aj-telescoping path froms that starts with a link of length at most
r 11_—‘255 For part (a), note that amy-zooming path froms to v € B,(r) is a good path. We claim that the
broadcast reaches every nodsuch thatz contains a good path te. To prove this, use induction on the
smallest number of hops in a good path.

For part (b), use induction on the edge length, e.g. via the powers of 2. Part (c) immediately follows
from (b). For part (d), we need a slightly stronger version of part (b) (which is proved similarly): any edge in
the graph induced by the broadcast lies on some good path. In particular, any node reached by the broadcast
lies on a good path. With a simple calculation, this implies part (d).

For part (e), note that each node sends the broadcast at most once along each of its out-links. It follows
that each node receives the broadcast at most once along each of its in-links, so the per-node load is at most
O(deg G). To bound the completion time, note that the broadcast spreads for af lngsi hops, and the

delay between any two consecutive hdpsv) and(v, w) is at most the total load on node O

The k-closest node discovery. We mention one relatively simple application of the low-stretch broadcast,
where each noddiscoverqi.e. acquires the addresses of) itslosest nodes, with respect to the distance
function dy. Here each node initiates its own instance of the (single-souréeglosest node discovery
algorithm, which incurs zero load on all but tB€(®)% closest nodes. We state our guarantees in terms of
log R}, whereR;, is the smallest numbersuch that any ball of radius contains at least nodes®

Theorem 5.3. In the setting of Theorem 3.3, there exists a randomized distributed algorithm such that for
any givenk € N every node discoversitsclosest nodes and incurs the lodd= 2°(®) (k+log? n)(log Ry).
The total running time is at mog(L log® Ry).

Proof. In a pre-processing step, we use the algorithm in Theorem 3.3(b) to cons%ﬂming directed
graphG onV of degree2®(®) log? n; by Claim 5.1 this graph ig«, 1)-telescoping.

Then each node initiates one instancegl; of the following algorithm. In each iteratioh= 0,1, 2, . . .,
run the(G, s, 2¢, %)-broadcast, with a provision that every recipient sends a direct message backtie
algorithm stops after iteratiohsuch that node receives messages from at leastodes inB,(2*). Let S
be the set of these nodes. The outpuipfis thek closest nodes i¥. This completes the algorithm.

Fix a nodes. Letr, be the radius of the smallest ball arousnthat contains at leadt nodes, rounded
up to the nearest power of 2. Let= logr,. Algorithm A, does not stop after each iteratioh (5), 7 < i
because there are less thamodes inB,(2’). By Lemma 5.2(a) in iteratiotd, (i) nodes discovers all
nodes inB;(r,). Since there are at leaktsuch nodes, algorithm stops and, moreover, is correct, i.e. finds
thek closest nodes.

Let us upper-bound the per-node load. Consider one itergtighlog r, of algorithm A,. Letd :=
deg(G) = 29(™1og?n. By Lemma 5.2(de) the broadcast induces laa@l) on each node iB,(27,),
and zero load on all other nodes. The load on nedm®nsists of the load from the broadcast, which is
O(d), and the load from messages sent back by nodes that received the broadcast. Since only nodes in
Bs(2ry) are reached by the broadcast, and each recipient sends exactly one message, the latter load is at
mostO(|B,(27,)|) < 29(@)k. Since there are at motg(R;,) + O(1) iterations, the total load induced by
A, on nodes is 029k + d)(log Ry,).

Consider the total load on a given nodelLet L, be the load induced on by algorithm.4,,. We gave
an upper bound fofL,,,. We also proved that fox # v the loadL,, = O(dlogn) and, moreoverL,, > 0
only if v is such that. € B,(2r,). Let S, be the set of all such nodes Then the total load on nodeis at

B8Ry, is at most the diameter als; however, for smalk and a "well-behaved” metric it may be much smaller, &Xlog k).
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most Ly, + O(]Su|dlogn). It remains to upper-bound,,. Letw = argmax{r, : v € S, }. Then for each
nodev € S,
dv(w,v) < du(w,u) + dy(u, v) < 2ry + 21y < 41y,

It follows that
Sl < [Bu(4ry)] < 20| By (ru/2)] < 29k

Therefore the total per-node load is as claimed.

To obtain the claimed total running time, observe that each ofttieg R;,) iterations of each algorithm
A, completes at mosD(log Ry,) steps of the broadcast such that all communication occurslmetlyeen
these steps. Thus, the maximal delay at each stépasd the total running time i9(L log? Ry,). O

6 Hierarchical beacon network and distance labeling

In this section we bring together the machinery from Section 3 and Section 5 to oljtiainda-approximate
triangulation. We consider the construction from Theorem 3.4 and treat theilabeles in a-hierarchical
node labeling as theeaconscorresponding to a distance scalerof A /2¢. We will make sure that every
nodeu knows the identities of, and good distance estimates to, all such nodes that lie within distesroe
w. To this end, each beacon will run an instance of the broadcast from Lemma 5.2.

Definition 6.1. A J-hierarchical beacon networkf orderk is ad-hierarchical node labeling of ordérsuch
that for each node, each label < [log A] andr = A /2 the following properties hold. Firstly, nodehas
ani-beacon-linkto some label-nodes inB,, (2r), including all label: nodes inB, (). Secondly, for each
such beacon-linku, w), nodeu knowsi, the address ab, and(1 + §)-approximate estimate @fy (u, w).

This definition will also be used in Section 7. It is easy to see that it leads to a triangulation:

Claim 6.2. For any§ € (1;%), anyd-hierarchical beacon network of ordek is in fact a (1 + O(6))-
approximate triangulation of orde© (klogn).

Proof. For the triangulation, the beacon set of a given nea®nsists of all nodes thathas a beacon-link
to. Since for each labele [log A] there are at most such nodes, the beacon set has §i&logn).

Now let us fix a node paifu, v) and consider the distance scaldefined as the smallestc N such
thatr := A/2° > dy(u,v)/(1 - §). Then there exists an labébeaconh € B, (dr). Thendy (u,b) <
dm(u,v) + ér < r, so node is in the beacon sets of bothandv. Let D, (b) and D, (b) be the(1 + 9)-
approximate upper bounds @y (u, b) anddw (v, b), respectively. It follows that

Dy(b) < (1+6)du(v,b) < (1+6)6r < (14 26)du(u,v)
D,(b) < (140 du(u,b) < (1+08)(0r +du(u,v)) < (14 26)du(u,v),
and similarlyD,,(b) > (1 — 20) dm(u, v), proving the claim. O

Theorem 6.3. In the setting of Theorem 3.3, there exists a randomized distributed algorithm that w.h.p.
constructs aj-hierarchical beacon network of ordek = 6—°(®) logn, and hence g1 + §)-approximate
triangulation of orderO(klogn). The total running time is at mo$b— log n)°™).

Proof. Use Theorem 3.4 to obtain(a, ¢)-telescoping directed grapgh* and aj-hierarchical node labeling
L, with, respectively, degree and order= §-°(® logn. Then each label-nodew initiates a distinct

instance of thgG, u, r, §)-broadcast, for = A /2. By Lemma 5.2(ac) each node € B,(r) receives

this broadcast and, moreover, acquired a- J)-approximate estimate afy(u, w). Thus we construct a
o-hierarchical beacon network of order
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Let us bound the per-node load. Fix nadand for each label-nodev let L, be the load induced om
by the(G, u, r, §)-broadcast; = A/2%. Let Li = 0 for any nodev which is not labeled. By definition of
ad-hierarchical node labeling, there are at mb$abel< nodes inB,,2r; let S,; be the set of all such nodes.
Then by Lemma 5.2(de)’,, = O(k) if v € S,;, andL?, = 0 otherwise. Therefore, the total load aris

> (o) Lo < 3, O(K)|Sk| < O(k?log n).

The bound on running time follows from Lemma 5.2(e). O

7 Multicast trees with low stretch

We present two results on low-stretch multicast trees. In the first result, we achieve $ttedchith degree
5_O(a)(log2 n). The second result (which is considerably more involved) construbigary tree with a
slightly worse bound on stretch.

Theorem 7.1. Consider ann-node metriq(V, du) with grid dimensiony; fix a nodes. Then there exists a
multicast tree rooted a# with stretchl + §, depthO(log n) and degreed—°(®) log? n. In the setting of The-
orem 3.3, such multicast tree can be constructed w.h.p. by a distributed algorithm ir{dirfidog n)O(l).

Remark.Firstly, the construction in the above theorem can be madal in the sense that for any given
radiusr we construct a multicast tree on a $ebf nodes such thaB;(r) C S C Bs(2r), and induce zero

load on nodes outsidB;(2r). Secondly, in the algorithm there is a preprocessing step (which is the same
for all s), after which the construction for a givercompletes in timé—(®) log?(n), inducing the per-node
load §—©(«) log(n). Thirdly, we mention in passing that the existence result extendstbling metricsa
much more general family of metrics; we omit the proof from this version.

Proof Sketch.We use a low-degregzooming graphG* provided by Theorem 3.3(a) and th€™, s, oo, J)-
broadcast from Lemma 5.2. This broadcast reaches every nodeysi@@scoping path. Then the directed
graph induced by this broadcast is pruned so that the remaining edges form the desired multicast tree.
Specifically, each node # s removes all in-links except the longest one, ties broken arbitrarily. [

Proof of Theorem 7.1: Let us describe the algorithm. We use the low-degrgeoming grapliz* provided
by Theorem 3.3(a) and thg+*, s, 0o, 0)-broadcast from Lemma 5.2. Lét be the directed graph induced
by the above broadcast. This graph is not necessarily a directed tree and, in fact, not necessarily a DAG. To
turn it into a directed tree, we prune it as follows: each nodé s removes all in-links except the longest
one, ties broken arbitrarily. The sources of the removed in-links need to be notified, which is simple to
implement this as a part of the broadcasting protocol: every time eachmnoelets itsf,, it notifies (the
previous) nodef, that the link( f,, v) is being canceled. This completes the construction.

Call a directed graphbtrongly (s, ¢)-telescopingf it is (s, §)-telescoping and moreover any edge v)
lies on somej-telescopingsv-path. By Lemma 5.2(ab) graph is strongly(s, ¢)-telescoping. We state our
result on the pruning algorithm in terms of strondly ¢)-telescoping graphs, which is cleaner; this result
will also be used for part (b) of the theorem.

Lemma 7.2. Let G be a strongly(s, §)-telescoping directed graph. For every node, remove all in-links but
the longest one (ties broken arbitrarily). Then the pruned graph is stroifgly)-telescoping, and hence a
s-rooted directed tree.

Proof. Letey, ... ,e; be the pruned edges, in some arbitrary order, and define the sequence of graphs
(GQ, ,Gk) byGO:GandGi:G\{el, ,ei}forizl...k‘.
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We claim that each grap®; is strongly(s, §)-telescoping. Indeed, let us use inductionioifhe claim
holds fori = 0. Suppose it holds for somie In particular, suppose that in gragh, any edggu, v) lies
on ad-telescopingsv-path P,,. Lete; 1 = (v/,v) and let(u, v), u # u’ be the longest in-link of) in G;.
Consider some edge;, y) such thai«/, v) € P,,. To establish the claim, we need to show tGaicontains
a 0-telescopingsy-path that contains edger, y) and does not contain edge’, v). Indeed, letP,,[v, y]
be the sub-path of’,, between nodes andy, and let(v, w) be the first edge of this path. Since paths
P,, and P, [v, y] are bothi-telescoping, andw (u, v) > du(uw'v) > du(v,w)/d, the concatenated path
P;y = Py @ Pyylv,y] is the required-telescopingsy-path. Claim proved.

In the pruned graph, the root has no incoming edges, and every other node has exactly one incoming
edge. Since the pruned graph, is strongly(s, 0)-telescoping, each node in it is reachable from the root.
The last two statements imply th&t, is a directed tree rooted at O

So the pruned graph' is a strongly(s, §)-telescoping directed tree rootedatIn particular, all paths
in T are §-telescoping, which implies thal' is a multicast tree with the claimed stretch and depth. The
out-degree off" is upper-bounded by that ¢f*. By Lemma 5.2(e), the per-node load and the total running
time are as claimed in the theorem. O

Theorem 7.3. Consider ann-node metriqV, du) with grid dimensiony; fix a nodes. Then there exists a
multicast tree rooted at with out-degree2 and stretchl + ¢ to all butk, = (% logn)°@ closest nodes.
Furthermore, this tree has depif(logn)(log k). LettingS be the set ok, closest nodes, any path from

s either has stretchl + ¢ or lies entirely inS. In the setting of Theorem 3.3, such multicast tree can be
constructed w.h.p. by a distributed algorithm in tirfilog n) ().

Proof Sketch.The first-draft idea is to start with a multicast tréefrom part (a) and transform it into a
binary tree as follows. Each non-leaf nodediscovers the ses,, of & = log®") n closest nodes (via
Theorem 5.3). These sets need not be disjoint. We break ties to construs} setS,, that are disjoint and
contain sufficiently many’-leaves. Then each nodebuilds au-rooted directed binary tree on thigleaves
in S, and replaces its out-links i by links from the leaves of this binary tree.

To guarantee the desired tie-breaking that constructs sub5getee (essentially) need the nodes at each
level of T to be spread near-uniformly . Unfortunately, we cannot achieve this with the tree from part (a).
Instead, we use a more complicated beacon-based machinery. We conéthietarchical beacon network
via Theorem 6.3, and then use the algorithm from part (a) where instead of the overlay links providéd by
we use all links from the root to the beacons, and some of the links between beacons. Specifically, for each
level< beaconu # s we use all out-going-beacon-links;j > i. We show that such algorithm constructs a
multicast tre€l™ with guarantees as in part (a).

A level-i beacon is calledmportantif the ball B, (A/2%) contains at least nodes. We construct the
desired disjoint setS for all important nodes, and show that they contain sufficiently many non-important
nodes. If a given non-important node does not lie in any of these sets, it is assigsigdoiosome nearby
important node:. Then each node builds au-rooted directed binary tree on the non-important nodes in
S, and replaces its out-links ifi by links from the leaves of this binary tree.

The full algorithm for part (b) uses broadcast protocols in several ways: first, beacons use broadcast to
declare themselves (in Theorem 6.3), then the root uses broadcast to construct the polylog-degree multicast
tree, and then all nodes use broadcast to construct thé&'sétga Theorem 5.3). O

In the rest of this section we give the full proof of Theorem 7.3. The construction proceeds in several
steps. We found it convenient to interleave the construction and the analysis since the subsequent steps of
the construction are explained and justified by the analysis of the preceding steps.

(Step 1) Construct a-hierarchical beacon network’ of orderd—°(®) log n, via Theorem 6.3.
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Recall that in\ every given node is assigned one or more labels from thg@e|. Call this node an
i-beaconwhere; is its smallest label. Also, recall thAf induces a network dfeacon-links This network
has low out-degree, but very high in-degree: e.g. the in-degree of any 0-beacbriVge would like to
use this network for broadcast, so we need to prune it so that it has low in-degree and yet remains useful,
namely, (s, §)-telescoping. We prune the beacon-links as follows: the root keeps all its beacon-links, and
eachi-beacon keeps all its-beacon-links for allj > i.° Call the remaining beacon-linkalid.

Claim 7.4. Each node has at most = 6—°(® log? n valid incoming and outgoing beacon-links.

Proof. Let k£ be the order of\/. The out-degree for all beacon-links (valid or invalid)(¥ klogn) by
definition of \/. The proof for the in-degree is a little bit subtle due to the fact that nodes may have multiple
labels in\. Letr; = A/2% Fix nodev and supposé€u, v) is a validi-beacon-link. Then node has label

i and, moreovery has labelj < i so thatdwv (u,v) < 2r;. In particular, it follows thatlv (u, v) < r;. By
definition of A/, for a given: there are at most such nodes:.. Therefore node has at mosO(k logn)

valid incoming beacon-links. O

Recall from Definition 3.2 that for eachbeacon-link(u, v) we havedy (u, v) < 2r, wherer = A /2%,
whereas it suffices to havebeacon-links of length at most Therefore, for convenience, we remove valid
i-beacon-links of length- r. Let G* be the resulting directed graph.

Claim 7.5. GraphG* is (s, 0)-telescoping.

Proof Sketch.Fix nodew and construct theu-path (s = wg, w1, ... ,w; = u) inductively as follows.
Start withwy = s andj = 1. For a givenw = wj, consider the smallest= i; such thatr := A/Qi >
(1+9) du(w,w). Then there exists a labélrodeb € B, (dr) and, moreover, there exists &fveacon-link
(w, b) such thatim(w, b) < r. This link is valid: forj = 0 this is becausey is the root, and foy > 0 this
is because; < i;_1. Thus this link is inG*. O

(Step 2) Use the(G*, s, 0, §)-broadcast from Lemma 5.2 and the pruning algorithm from Lemma 7.2.

Let G be the directed graph induced by the above broadcast, arfl ke the pruned graph. By
Lemma 5.2(ab¥- is (s, ¢)-telescoping, so by Lemma 7.2 the pruned grdpis strongly(s, ¢)-telescoping,
hence it is a multicast tree rooted gtwith guarantees like in part (a). In particuldr,has out-degree at
mostkr.

7.1 ConvertingT to a binary tree

Fix somek = §°(@) log? n to be chosen later. For each noddet S, be the set of: nodes closest ta, ties
broken arbitrarily, and let,, be the radius of the smallest ball aroumdhat contains at leagt nodes. The
following simple fact is well-known (we prove it here for the sake of completeness):

Claim 7.6. For any two nodes, andv we haver, — r,| < du(u,v).

Proof. Letd = dw(u,v). SinceB,(r,) C By(d+ ry), it follows thatk < |B,(ry)| < |By(d + r4)|. By
minimality of r, we haver, < d + r,. Similarly, we can prove that, < d + r,. O

An i-beacon is calledimportantif and only if A /2 > r,. The following lemma is crucial:

Lemma 7.7. Letu andv be any two nodes, and |6%, be the subtree of rooted atv. Then:
(a) the ballB,(r,/2) contains at moskimp = 6~°(*) log? n important nodes.

°In other words, we keep aftbeacon-link(u, v), u # s if and only if one of the (possibly) multiple labels afis somei < j.
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(b) if nodev is not important, then each node i, lies in S,,.

Proof. For part (a), considei € [logA] such thatr, /2 < A/2¢ < r, and letr = A/2!. Suppose a
j-beacorw € B, (r,/2) is important. Then by Claim 7.6 we have

A/Qj > 1y > 1y — du(u,v) > 1y /2 > A/QHI,

s0;j < i. By Definition 3.2 ballB, (r) contains at mosi—©(®) log? n nodes labeled < i. Part (a) proved.
For part (b), suppose arbeacorv is notimportant. Them := A /2% < r,. Any node inT is reachable
from s via ad-telescoping path, so any nodec T, is reachable fromy via ad-telescoping path. It follows
thatdu (v, w) < 2dm(v, v*), where(v, v*) € T'andw € T,~. Now since the linkv, v*) isin T, it follows
that it was aj-beacon-link for somg > 4, and thusiy (v, v*) < r/2. Thereforedy (v, w) <r <r,. O

Recall from the proof sketch that we want to select disjoint $&tfor all important nodes. Call such
setS; theposseof u.

For nodeu, let N, be the set of all non-important nodesi),(r,,/8). The idea is that each important
nodew selects its "posse” fronV,,. We need to show that not too many other important nodes may sample
from N,. Since we bound the number of important nodes via Lemma 7.7, we need the following claim:

Claim 7.8. SetsN, and N, overlap only ifv € By, (r,/2).

Proof. If setsN,, andN,, overlap, thenly (u, v) < (r,+7r,)/8. From Claim 7.6 we have, < r,+dwu(u, v).
Combining these two inequalities, we obtaig (u, v) < %ru. O

Now we can state our result on posse selection:

Lemma 7.9. Assumek is chosen so thak = 27°“ (kimp + kr) for a sufficiently large constant. Suppose
each important node picks3 k7 nodes independently and uniformly at random (with repetitions) figm
Then w.h.p. for each suchthere are at least distinct nodes that are selected only by

Proof. Fix nodew and letS C N, be the set of nhodes chosen hy Note that by the growth-constrained
property for any constant* there exists a constantsuch that

N := |By(r4/8)] > k/2°®) > ¢* (kimp + k).

It is well-known from elementary probability that for a sufficiently largewith high probability setS
contains at leastkr distinct nodes.

Let K be the number of times any other important node samples fiigmBy Claim 7.8, at moskimp
important nodes may sample froM,,, soK' < 3k kimp. Each of thesd< samples hitsS with probability
at mostl/N. Let X be the expected total number of hits. ThEfX') < K /N, so by Chernoff bounds for
a sufficiently highc* with high probability X < kp. O

From now on, we lek be as in the above claim.
For nodeu, let P, be the path from the root te in 7. Nodew is calledT-importantif each node on this
path is important. If node is notT-important, thdeaderof « is the first node o, that is notT’-important.

(Step 3) Run thek-closest node discovery algorithm from Theorem 5.3. Thus eachmte®nsS,, andr,,,
and also whether it is important. Thercontacts each node i, (r,/4) and thus learnév,. Finally,
via one broadcast from the root down the linkslafeach node learns whether itisimportant, and
(if it is not, then) which node is its leader.
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(Step 4) EachT-important nodeu picks 3 kr nodes independently and uniformly at random (with repeti-
tions) from IV, sends theou-are-chosemessage to each of these nodes, and waits for an answer.
When a nonf-important node receives thau-are-chosemmessage, it repliegesto the first such
message (ties broken arbitrarily), andto all subsequent messages.

For eachl-important node:, let.S;; be the set of nodes that answegyagto its you-are-chosemessage.
Note that by Lemma 7.957| > kp with high probability.

The idea is that eacli-important node: coordinates the rewiring for all nodes &j. Intuitively, this
leaves out nodes that are riBtimportant and have not been selected in Step 4; call such nustgscted
To participate in the rewiring process, these nodes will (essentially) follow their respective leaders.

In order to implement this, each node needs to know whether it is neglected. Now, B-mopertant
node is neglected if and only if it has not received ftoel-are-chosemessage by the time Step 4 is over.
So, it needs to know when Step 4 is over!

This requires explicit synchronization, but, fortunately, this is easy to implement usin@'tree

(Step 5) After eachT-important node receives replies from all nodes chosen in Step 4, and receives the
donemessage from each important childii it sends thelonemessage to its parent . If u is the
root, it sends thall-donemessage down the trde After receiving this message, each node knows
that Step 4 is over.

Now each node knows whether it is neglectednéyglected leadeis a neglected node that is its own
leader (i.e. all nodes precedingn path P, are important). For such node, I8} be the set of all neglected
nodes whose leaderis This is how neglected nodes follow their respective leaders:

(Step 6) Each neglected nodecontacts its leader, callit. If v € S for someT-important nodew, then
w is inserted into the sef . Else, node is aneglected leaderand node. is inserted into the se;;.

Note that sefS; is well-defined if and only ifu is a7-important node or a neglected leader. Note that
(by a slight abuse of the notation) in Step 6 s€fsor some7-important nodes may have grown. Define
(by another abuse of the notation) that S; wheneverS is well-defined. Then by construction the sets
Sy partitionV'. Also, the following important property holds:

Claim 7.10. If S} is well-defined, it is contained iB, (2r,,).

Proof. Suppose € S. Then eithen € N, (and the claim holds), ov € T, for some neglected leader
w € Ny. Inthe latter casely (w,v) < r,, by Lemma 7.7(b), and,, < r, + dm(u,v) < %ru by Claim 7.6.
Therefore,

dv(u, v) < dw(u, w) + du(w,v) < §ry + 3ry = 21, O

Now, finally, we are ready to do the actual rewiring. An edgev) € T is calledproperif and only if
u is T-important, and is eitherT-important or a neglected leader. For simplicity, some of the links*in
will be calledsuper-links

(Step 7) If w is aT-important node or a neglected leader, it builds an arbitiargoted balanced binary
tree onS;, call it 7;. Then each-important nodeu creates, for each proper linku,v) € T, a
super-linkto v from one of the leaves df};, in such a way that each leaf @ is incident to at most
2 super-links.

The edge-set of the rewired grajpti is defined as the union all edges created in Step 7, i.e. the union of
all super-links and all tre€g;;. The way we set up our construction, it is relatively straightforward to show
thatT'« is a directed tree.
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Claim 7.11. GraphT™* is a directed tree rooted a.

Proof Sketch.It suffices to prove that each nodda) is reachable from, and (b) has exactly one in-link.
For part (a), there are three casesis T-important,« is a neglected leader, and neither.ulfis T-
important, consider the path,, note that all nodes oR, areT-important, and use induction on the length
of P,. If uis a neglected leader, théw, u) € T for someT-important nodev. We have already proved that
w is reachable from in 7, and by construction is reachable fronw (via the tre€l’; and the corresponding
super-link tov). Finally, if u is neitherZ-important nor a neglected leader, then by constructian S,
wherew is eitherT-important or a neglected leader. Again, we have already provedittsateachable from
sinT*, and by construction is reachable fromw (via the tre€l’;). This completes the proof of part (a).
For part (b), consider the same three cases. In the first two cases, there ig@,linke T which is
proper, and it is replaced by a unique super-linkihv In the third casey € S}, for somew, sou has a
unique in-link in7};, and no more in-links ™. O

7.2 Bounding the stretch of7™

Let us show that tre@™ has the desired low stretch. L&, () be the radius of the smallest ball around
that contains at leaginodes. LetP; is the path froms to « in 7. We state our bound on stretch as follows:

Lemma 7.12. Letr = Ru(k (N/6)*) for someN = O(logn)(logk). Then:
(@) if du(s,u) > rthen pathP} has stretchl + O(9).
(b) if du(s,u) < r then each node in pat® lies in B,(2r).

Remark.In the above lemmaim (s, u) > r if and only if u is notamong thek; = &k (IN/6) closest nodes
to s. Moreover,| B,(2r)| < 2%k, = (% logn)°@), which is as claimed in the theorem.

Our analysis is based on the following fact about growth-constrained metrics:
Lemma 7.13. For anyy € (0, 1) and any node: we haver, /v < dw(s,u) + Rm(k~y~?).
Proof. Letd = dm(s,u) andr = Ru(k~vy~®). SinceBs(r) C B,(d + r), for anye > 0 we have

wasws(ms|Bu<d+r>|S|Bu<m—e>|(d”) Sk(d”) ,

Ty — € Ty — €
so taking the limitt — 0 we obtainr, < ~(d+ ). O
Recall thatP, and P is the paths frons to nodew in treesT andT™, respectively. For a path, let
dm(p) denote its length with respect to the metiig.
Fix nodeu and letw be theT-important node or the neglected leader such that S;;. Consider the
path P obtained by adding edgev, u) to pathP,. PathP} is obtained by replacing each hép, v') € P

with a vv’-pathp, that goes through tre€* and (possibly) a super-link to’. Since tre€el’ is balanced,
each path ir;; has at mosflog k| hops, so pattP; has at mos©(logn)(log k) hops. So:

Claim 7.14. TreeT™ has depthV = O(logn)(log k).
Moreover, by Claim 7.10, each link ifif has length at mosd(r,). Therefore, for anyy > 0 we have:
dw(py) —dm(v,v') < O(rylogk),
dw(P}) —dw(P,) < O(logk) > r,

nodesve P,
< O(ylogk) Y (Rm(ky™) +dwm(s,v)) 4)
nodesve P,
< O(YN) (Rm(k~y~) + dm(s, w)) ) (5)
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We used Lemma 7.13 to obtain (5). The last inequality (5) holds because by the propertiesiaf pigh
P, is é-telescoping. For the same reason we have

dw(Py) < (14 0(0)) du(s, w). (6)
Now lettingy = §/N andr = Ru(k~v~%), we have
dm (s, w) —dm(s,u) < O(ry logk) < O(ylogk)(r + dm(s, u)) ()
Putting together (5), (6) and (7), we obtain the desired bound(&ty):

dv(Pw) + O(0)(r + dm(s, w))
(14 O(0)) dm(s,w) + O(dr)
(14 0(3)) dm(s,u) + O(dr)
(1+0(9))dm(s,u) aslong asiyv(s,u) > r. (8)

d(Py)

VAN VAN VAN VAN

This proves Lemma 7.12(a).
Let us sketch the proof for Lemma 7.12(b). Assuiigg s, u) < . Then by (7) we have

dm(s,w) < dwm(s,u)+ O(dr) < (1+0(0))r.
For any node € P,, we have

dm(s,v)

Ty

(1+0(9)) dm(s, w) < (1+0O(5)) r

<
< A(r+du(s,v)) < O(6r).

Now for any nodet € P there exists node € P, such that € S. It follows that
dm(s,t) < dm(s,v)+O0(ry,) < (14+0(0))r < 2r,

proving Lemma 7.12(b).

8 Low-stretch name-independent routing

We define a very simple name-independent routing scheme based on more general and more storage-efficient
schemes from [5, 4], and provide a distributed construction for it using the machinery from Section 3.

Theorem 8.1. Consider the setting of Theorem 3.3 and assume that every node has a distinct id. Then there
exists a randomized distributed algorithm that given any 0 w.h.p. constructs &1 + §)-stretch routing
scheme for these identifiers with routing tables of sige®logn)(). In the routing scheme, a packet
header is just the destination id. The distributed running timésis® log n)°).

For a parametelr € N, let us define the name-independent routing sch®&tYe) as follows. Each node

u has a distinctrue id x,; via universal hashing, we may assume without loss of generalityzth#akes
O(logn) bits. Each node: chooses dlog n|-bit virtual id =, independently and uniformly at random. For
a given number € [n], let V;(z) be the set of all nodes such that:} matchesr in the firsti bits. Let
Cliw) andCEk W) be the sets of closest nodes ta among, respectively, the nodeslif(x, ) andV;(z};). Let

% (v) be the closest node toamong all nodes € V' such that;, matchese;; in the firsti bits but not in
the (i + 1)-st bit. The routing tables are defined as follows: for eaeh[logn] and each node € V', node

u stores a link ta?} (u), if such node exists, and moreover, each nodéin, storesr, and a link tou.
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The routing proceeds viprefix-matching Specifically, on the-th step the packet arrives at node
whose virtual id matches the target truexglin the firsti bits. If  has a link to the target, the packet is sent
there directly. Else, we proceed to step 1, using (if necessary) the link to nod&(«) to match the next
bit. (If « = [logn] or the above-mentioned link does not exist, then the routing algorithm cannot proceed
andfails.) This completes the description & (k). The arguments in [5, 4] prove the following theorem:

Theorem 8.2 ([5, 4]). For someky = (6~ log n)?() the routing schem®& (k) with high probability has a
property that routing never fails and has strettht .

Let us outline the distributed construction®{ ko). Say a metric hask-relaxed grid dimension if the
growth-constrained property3,,(2r)| < 2% B, (r)| holds for all ballsB,,(r) that contain at least nodes.

In fact, the constructions in Theorem 3.4 and Theorem 3.3 easily extend to this relaxed setting; the running
time increases by an additive factor of, respectivel§{®% and 6~ °(®k. To connect this observation

with the current section, note that for amyc [n] andi € [logn|, the induced metri¢V;(x), dv) has an
O(logn)-relaxed grid dimension with high probability. Indeed, the idea is to construct (via Theorem 3.3)
ad-zooming directed grap&';(z) on V;(z) for eachz € [n] andi € [logn].

Suppose such graplG;(z) are constructed. This immediately gives the lirks) needed for the
routing scheméR (kg). Now every node: needs to disseminate its "contact information” (its true node id
and ip-address) to all nodes (i}, ,,,. This is done in two phases. In the first phase, every nodses the
prefix-matching routing algorithm to arrive, for every givérat a nearby node € V;(x,). When/if this
happens, node is called ani-friend of v, and nodev records the contact information af In the second
phase, in each sé&f(z) the nodes disseminate information about thehiends. Specifically, every node in
V;(x) disseminates information aboutitriends to thek-closest nodes ii; (), for somek = ky 2°(®). To
achieve this, the séf;(x) uses grapld=;(z) to run ak-closest node discovery algorithm from Theorem 5.3.
We claim that the above algorithm disseminates the contact information of everyuntmlall nodes in
Cli,u)- The proof of this claim is very similar to that of Theorem 8.2.

Now let us show how to construct the graghigz). The idea is that on each node $&tr) we construct
a degree)(logn) expander graph, and then run a distinct instadger) of the algorithm in Theorem 3.3.
(Note that with high probability each node participates in oflflogn) such algorithm instances.) To
construct the desired expander graphs, we use Lemma 4.2.

We use Lemma 4.2 recursively as follows. We start with a de@r@eg n) expander on node sét and
use Lemma 4.2 ol so that each node acquir€glogn) random out-links. Thus for eache {0, 1} w.h.p.
each node has acquir€glog n) random out-links in/; (x), so that the induced graph dn(z) is a degree
O(logn) expander. We recurse dn (0) andVi(1).

9 Conclusions and further directions

This paper considers constructions that combine several ingredients: (i) the setting: distributed construc-
tions in growth-constrained metrics, (ii) the notion of scalability: polylogir(iii) the type of guarantees:
(uniformly) low stretch, (iv) applications: distance labeling, routing, multicast, and (v) the common multi-
layer framework: rings of neighbors, low-stretch broadcast, etc. We believe that these ingredients fit each
other very well and allow for an elegant mathematical treatment. Therefore the high-level contribution of
this paper is bringing these ingredients together.

Our work here provides further evidence for the usefulness of the rings-of-neighbors framework. A
similar framework have been previously used in a system for locality-aware node selection presented in [35].
In future work we hope to incorporate some of the ideas from this paper into related systems projects.
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