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A POWER LAW OF ORDER 1/4 FOR CRITICAL MEAN FIELD
SWENDSEN-WANG DYNAMICS

YUN LONG, ASAF NACHMIAS, WEIYANG NING, AND YUVAL PERES

ABSTRACT. The Swendsen-Wang dynamics is a Markov chain widely used by physi-
cists to sample from the Boltzmann-Gibbs distribution of the Ising model. Cooper,
Dyer, Frieze and Rue proved that on the complete graph K, the mixing time of
the chain is at most O(y/n) for all non-critical temperatures. In this paper we show
that the mixing time is ©(1) in high temperatures, ©(logn) in low temperatures and
9(n1/4) at criticality. We also provide an upper bound of O(logn) for Swendsen-

Wang dynamics for the g-state ferromagnetic Potts model on any tree of n vertices.
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1. INTRODUCTION

Local Markov chains (e.g. “Glauber dynamics”) are commonly used to sample from
spin systems on graphs. At low temperatures, however, their mixing time becomes
very large (sometimes exponential in the size of the graph), making it computationally
harder to sample from the equilibrium measure. In some cases, “Global” Markov
chains, which allow moves like cluster flipping, yield much faster mixing and those
are the algorithms of choice when practitioners actually sample (see for example [31],
[32], [33] and [36]; see [17] for a different polynomial time algorithm for sampling from
the Ising model). The Swendsen-Wang (SW) algorithm for the g-state ferromagnetic
Potts model and its variations are frequently used in practice. Gore and Jerrum [15]
discovered that for any ¢ > 2, on the complete graph K, there are temperatures where
the SW dynamics has mixing time of order at least exp(£2(y/n)). Borgs, Chayes, Frieze,
Kim, Tetali, Vigoda and Vu [5] proved a similar lower bound on the mixing time of
the SW algorithm at the critical temperatures, on the d-dimensional lattice torus for
any d > 2 and ¢ sufficiently large.

The natural question remaining is how does the SW algorithm perform when ¢ = 2
(i.e., for the Ising model). The first positive result in this direction is due to Cooper,
Dyer, Frieze and Rue [7]. They proved that the SW algorithm on the complete graph
on n vertices has mixing time at most O(y/n) for all non-critical temperatures. In
this paper we show that the mixing time is ©(1) in high temperatures, ©(logn) in low
temperatures and ©(n'/?) at the critical temperature. The study of the mixing time
at criticality is the main effort of this paper. Heuristic arguments for the exponent 1/4
at criticality were found earlier by physicists, see [30] and [27].

It is instructive to compare these results with the mixing time of Glauber dynamics
for the critical Ising model on K,,. In [20], the authors show that this mixing time is
@(n3/ 2). Since in the SW dynamics we update n vertices in each step, the number of
vertex updates up to the mixing time is @(n5/ 4), that is, it performs faster by nl/4

than Glauber dynamics.

2. STATEMENT OF THE RESULTS

The mixing time of a finite Markov chain with transition matrix p is defined by

Tnix = Thix(1/4) = min{t : Hpt(az, D =7()|lrv < 1/4,for all z € V} )
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where || — v|py = maxacy [pu(A) — v(A)| is the total variation distance. Before
describing the Swendsen-Wang (SW) algorithm on a graph G = (V, &), let us first
describe its stationary distribution, also known as the Ising model. This is a probability
measure (also known as the Boltzmann-Gibbs distribution) on the set Q = {1, -1}V

where the probability of each o € € is

eﬁ Z(u,u)eg o(u)o(v)
Z(G) ’

P(o) =

where € [0, o0] is a parameter usually referred to as the inverse temperature, and the

partition function Z(G) is defined by

Z(G) = Z 66 2uwee ow)o(v) ‘

oceN

For o € Q, let G™ (o) be the graph spanned by the vertices of G which are assigned 1 by
o and similarly let G~ (o) be the graph spanned by the vertices of G which are assigned
—1 by 0. The SW dynamics on a graph G with percolation parameter p € [0,1] is a
Markov chain on 2. Given the current state of the chain o, we obtain the next state

oy+1 by the following two-step procedure:

1. Perform independent p-bond percolation on G (o) and on G~ (0y) separately.
That is, retain each edge of G*(0;) and G~ (o) with probability p and erase
with probability 1 — p, independently for all edges. Call the obtained graphs
G} and G, respectively.

2. To obtain gy41, for each connected component C of G;,’ and of G, with prob-
ability 1/2 assign all vertices of C the same sign 1 and with probability 1/2

assign them all the sign —1, independently for all these components.

It is easy to show using Fortuin and Kasteleyn’s Random Cluster model [14] (see
Edwards and Sokal [I1] for this derivation) that the Ising model measure is invariant
under the SW dynamics when p = 1 — e=28. Moreover, the SW dynamics is clearly
an aperiodic and irreducible Markov chain. Hence from any starting configuration
09, the law of oy obtained after ¢ updates, converges in distribution to the stationary
Ising measure. Cooper, Dyer, Frieze and Rue [7] investigated the mixing time of the
SW dynamics on the complete graph on n vertices. They showed that if p = = when
¢ € (0,00) \ {2} is some constant independent of n, then the mixing time of the
dynamics is at most O(y/n). The following Theorem improves their result by giving

the precise order of the mixing time at all temperatures.
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Theorem 2.1. Consider the SW dynamics on the complete graph K, on n vertices,
with percolation parameter p = +, where c is a constant independent of n. Then,
(i) If ¢ > 2 then Tmix = ©(logn).
(ii) If ¢ = 2 then Tix = O(n'/*).
(iii) If ¢ < 2 then Thix = O(1).

The g-state ferromagnetic Potts model with parameter 5 > 0 on a graph G = (V&)
is a probability measure on the set Q = {1,2,--- , ¢}V where for each o €

P wmee Lio(w=o()}
Z(G) ’
and the partition function Z(G) is defined by

P(o) =

Z(G) = Z P wmee Liow=ow)

oe)
We can similarly define the Swendsen-Wang dynamic with parameter p € [0,1] on G
as the Markov chained defined by first performing p-bond percolation on the graphs
spanned by the vertices of each state {1,...,q}, and then color all the components
obtained this way uniformly from the ¢ colors and independently for each cluster. In

a similar fashion the Potts model is the stationary measure for this chain.

Theorem 2.2. The mizing time of the Swendsen-Wang process for the q-state ferro-
magnetic Potts model at any temperature on any tree with n vertices is O(logn), where

the constants may depend only on the temperature.

2.1. Random graph estimates. Due to the percolative nature of the dynamics we
require several estimates about the random graph G(m,p) in non-critical case when
p = % where 6 # 1 is a constant and the near-critical case when mp = 1+ o(1). We
were not able to find such estimates in the vast random graph literature so we provide
them in this paper. In the following we highlight some of these estimates which are
interesting for the random graph community.

It is a well known result of Pittel [28] that for G(m,p) when p = % where 6 > 1 is
(G| —fm

Jm

a constant we have that converges in probability to a normal distribution, 3

is the unique positive solution of the equation
1—e % =g,
This does not imply, however, the moderate deviation bound on |C; — Sm|

P(|[C1] — Bm| > Ay/m) < Ce=o4 | (2.1)



A POWER LAW OF ORDER 1/4 FOR CRITICAL MEAN FIELD SWENDSEN-WANG DYNAMICS 5

for any A > 0, which we prove here, see Lemma [5.41

The study of the random graph “inside” the phase transition was initiated by Bol-
lobéas [3] where it is shown that if p = H—GT(m) when €(m) is a positive sequence sat-
isfying e(m) > m~/3logm, then with high probability [Ci| = (2 + o(1))em. The
logarithmic corrections were removed by Luczak [22] and this statement holds when-
ever ¢(m) > m~1/3. A stronger result was recently proved by Pittel and Wormald
[29]. They show that in this regime of p, the distribution of Wﬁ converges to a
normal distribution (this is a corollary of Theorem 6 of [29], but in fact the authors
prove much more than this statement).

Surprisingly however, the above results do not give good estimates on E|C;| and
on moderate and large deviations of |C1| — 2em. These are crucial in our analysis of
the Swendsen-Wang chain since these determine the moments of the increments of the

chain. In Section [l we prove several such estimates, for instance
E|Ci| = 2em + O(e72 + €2m),

see the more accurate inequality in Theorem (.8 Another interesting estimate is a

bound on the deviation of |Cy],

P<‘|C'1| - 2em‘ > A\/?> < CemA,

for any A satisfying 0 < A < ve3m. See Theorem (.9

3. MIXING TIME PRELIMINARIES

Lemma 3.1. Suppose (X, Y:) is a coupling of two copies of the same Markov chain
with Xo =z, Yo =y. We have

[P (z,-) = Py, )lrv < P(X; # V7). (3.1)
One can apply triangle inequality to (B.I]) to get
IP*(z,) = 7()llrv < maxP(X; # V4),
and by taking maximum over all z, we have
max [P'(z, ) = ()lry < maxP(X; £ 1)) (3.2)

This gives the following theorem, which we will use as a main technique to get the

mixing time.

Lemma 3.2. If for every two state x,y € Q, we could couple {X;, Y} with Xy = =z,
Yy = y with a constant probability € > 0 after L steps. Then, Thix(X,1 —¢€) < L.
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As long as one can obtain the order of an upper bound of Tp,ix(1—¢€), the same order
of upper bound holds for Tiyix(1/4). We refer Section 4.4 and 4.5 of [21] of detailed

discussion on this.

4. OUTLINE OF THE PROOF OF THEOREM [2.1]

Due to the length of the proof of Theorem 1] we provide here a “road-map” of
whole argument. The reader is advised to follow this outline to get the general idea of
the proof and go to the main contents for further details whenever needed. Let {o;}{2
be the SW Markov chain. Consider the chain X; defined by

X, = ‘Zat(v)‘ . (4.1)

Since the underlying graph is complete, {X;} is a Markov chain with state space
{0,...,n}. Given Xy, the random variable X; is determined by two independently
drawn random graphs G(%XO, =) and G(”‘TXO, <). If we denote by {C;-r}jzl and
{Cj_ }j>1 the connected components of the corresponding two random graphs, then X
is distributed as

PICTHED I

5>1 j>1

) (4.2)

where {¢;} and {¢;} are ii.d. random variables taking 1 with probability 1/2 and
—1 otherwise. This is the reason that the moments and large deviation estimates of
random graph component sizes are useful in our approach.

Frequently, to obtain upper bounds on the mixing time of the SW chain we will
obtain a bound on the mixing time of the chain X; and then use the following lemma,

which appears in [7] and is based on the path coupling idea of Bubley and Dyer [6].

Lemma 4.1. Suppose {o¢} and {o}} are two SW chains such that Xo = X|,. There
exists a coupling of the two chains such that with probability at least % the two chains

meet after O(logn) steps.

4.1. Outline of the Proof of Theorem [2.7] (i). By Lemmas and [A.1] it suffices
to show that we can couple two copies of the magnetization chain X; and X such that
they meet in O(logn) with probability ©(1) which is uniform over all initial values x
and z(. It turns out that the stationary distribution is concentrated in a window of
length \/n around ~gn for some vy = p(c) € [0,1]. In fact, the one step evolution of

X, essentially contracts the second moment of | X; — von|. That is, we have

E(X; — yon)? < 8(zon — yon)? + Bn, (4.3)
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for some constants 0 € (0,1) and large B. See Theorem It follows quickly that
there exists an interval of values I = [yon— Av/n, yon+ Ay/n] for some large constant A
such that for any initial value z¢ we have that X; € I with probability (1) whenever
t = O(logn).

Once the two chains are both in the interval I one can show that they can be coupled
to meet in the next step with probability €2(1). This is the content of Theorem
The main idea of that argument is that the random graph G(n, +) has ©(n) isolated
vertices with high probability and that the difference of the sums of the spins of the
two chains before we assign spins to the isolated vertices is O(y/n). Thus, we one
can couple the two chains to correct the O(y/n) error by assignment of those isolated
vertices. This follows from the classical local central limit theorem for the simple

random walk.

4.2. Outline of the Proof of Theorem [2.7] (iii). Since we need to prove an O(1)
upper bound we cannot use Lemma [Z1] here. However, the study of X;’s evolution
will still be useful. As in the supercritical case, the stationary measure is concentrated
in a window of width ©(y/n), but this time around 0 and mixing occurs much faster.

We will show, as before, that we have contraction, that is,

E(X7|Xo) <6X3+ Bn (4.4)
for some constants 6 € (0,1) and large B and for all zy € [0,1]. Moreover, if 0 < X <
% — %, we have

EX? < Bn, (4.5)

see Theorem[T2l The first inequality implies that X; will be in the window [0, (1 —1)n]
in O(1) steps with probability €(1). The second inequality implies that from this
window X; jumps into [0, Ay/n] with high probability in just one more step. This gives
the mixing time upper bound on the chain Xj.

To go further and obtain a mixing time of the SW chain one needs to consider
the following two-dimensional chain. For a starting configuration og, let G; denote the
vertices with positive spin and Go be its complement. Let (Y;, Z;) be a two-dimensional
Markov chain, where Y; records the number of vertices with positive spin in G and
Zy records the number vertices with positive spin in G3. By symmetry, the probability
of the SW chain of being at ¢ at time ¢ is the same for all ¢ which have the same
two-dimensional chain value. Consequently, the total variation distance of o; from
stationarity is the same as the total variation distance of the two-dimensional chain

from its stationary distribution. By Lemma [3.2] it suffices to provide a coupling of
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such two-dimensional chains so that they meet in O(1) steps with probability Q(1).
By our previous argument, Y; 4+ Z; will be in the window [§ — Ay/n, § + Ay/n] within
O(1) steps. One can show that once inside this window, such a coupling does exist.
See Proposition [T.3l The idea is similar to the proof of part (i) by considering the

isolated vertices in the two random graphs.

4.3. Outline of the Proof of Theorem [2.1] (ii). We again use Lemma 1] and
Lemma[3.2] to bound the mixing time of the magnetization chain. However, to simplify
our calculations, we will consider a slight modification to the magnetization chain X;.
Instead of choosing a random spin for each component after the percolation step,
we assign a positive spin to the largest component and random spins for all other
components. Let X] be the sum of spins at time ¢ (notice that we do not take absolute
values here), that is,

X{1y = max{|Cf (#)], |67 (8)[} + emin{|Cf )], 107 B} + Y 61 O]+ D &le; ()],

j>2 i>2
(4.6)

where as usual ¢, {¢;} and {€;} are independent mean zero + signs. This chain has
state space {—n,...,n} and its absolute value has the same distribution as our original
chain X;. As a consequence, any upper bound on the mixing time of X, implies the
same upper bound on the mixing time of X;. For convenience, we will now denote
this modified chain by X;. Let X; and Y; be two such chains such that X; start from
an arbitrary location Xg and Y; starts from the stationary distribution. We will show
that we can couple X; and Y; so that they meet in O(n'/*) steps with probability Q(1).
It will become evident that it suffices to restrict the attention to Xy € [0,n]. We will
divide this into two subcases:

(i) Xo € [n%/4,n),

(i) Xo € [0,n%/4],
and consider them separately, let us begin with case (i). In this case the coupling
strategy is as follows.

Consider the first crossing time of X; and Y;, that is, the first time ¢ such that
sign(X; — Y;) # sign(Xy—1 — Y;—1). We will show that this is likely to occur only
when the two chains take values @(n3/ 4) and, more importantly, the distance between
the chains one step before the crossing time is of order n®/8. This is the content of
Theorem The fact that one time step before the crossing time is not a stopping
time is problematic and requires an overshoot estimate stating that the two chains are

not likely to cross each other from distance larger than O(n®/®). For random walks,
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these kind of estimates are classical (see for instance [19]). The key estimate here is
Theorem [R.8]

Next we show that when the chains take values @(n3/ 4) they satisfying a local cen-
tral limit theorem in scale n®/8. In particular, the chain has probability Q(n_5/ 8) to
move to any point z in an interval of size ©(n°/8) around the starting point. We use
the standard characteristic function technique to show this, see Lemma BT19 Now
we are ready to conclude the proof in this case since we know that a step before the
crossing time the chains have already been at distance O(n°/8) from each other, so the
local CLT provides a way to couple them in a few additional steps after the crossing
time. See the proof of Theorem [B.11

Let us consider now case (i) in which Xy € [0,7%/4]. To handle this case define

I = [-An?/®, An?/3] and proceed in two steps.

(1) With high probability X; will visit the interval I by time O(n'/*). This is
proved in Theorem and is based on the fact that the drift of the chain | Xy|
in this regime is approximately —n!/2 (this is a small negative drift).

(2) Once the chain is inside I, it will be pushed above Q(n3/4) within O(n'/4)
steps. See Theorem [8.231

Thus, with these two claims we see that in at most O(n!/*) steps the chain is pushed
into the n®* regime and we may use the theorems of case (i) to conclude. Let us
briefly expand on the proofs of (1) and (2).

The proof of (1) relies on the fact that the chain has a negative drift of magnitude
Q(nl/ 2) as long as X; ¢ I. This follows rather easily from the random graph estimate
Theorem Note, however, that Theorem estimates the expected size of the
cluster discovered in time dem in the exploration process for some small § > 0 and not
of the largest cluster C;. We denote the former cluster by Cse,, and remark that it has
high probability of being the largest. However, we were unable to prove the estimate
of Theorem for C; but only for Csep,. This is the reason we need to consider yet
another slight modification of the magnetization chain: instead of giving a plus sign
to C; and drawing random signs for the rest of the clusters, we give the plus sign to
Csem and the rest receive random signs. From this point on the proof of (1) is rather
straightforward.

For the proof of (2) one has to show that when X; is in I, even though the drift is
negative there is still enough noise to eventually push X; to the n3/4 regime. We were

unable to pursue this strategy since it involves very delicate random graph estimates
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we were unable to obtain. Instead we use the following coupling idea. Since the
stationary distribution normalized by n3/4 has a weak limit with positive density at 0,
the expected number of visits to I by the stationary chain before time 7T is @(Z;—ﬁT).
In Lemma we show that when T' = ©(n'/*) the actual number of visits to I is
positive with high probability. Next, to show that X, is pushed upwards we start a
stationary chain Z; and wait until it enters I. We then couple X; and Z; such that
they meet inside I and from that point they stay together. The only technical issue
with this strategy is how to perform the coupling of Z; and X; inside I. This will

follow, as before, from a uniform lower bound stating that for any x,x¢ € I we have
P(X,=2 | Xo=mz0) >en 23,

This estimate is done inside the scaling window of the random graph phase transition
and so the proofs are different from the previous ones and require some combinatorial
estimates. See Lemmas [8.26] and Lemma [8.27]

5. RANDOM GRAPH ESTIMATES

In this section we prove some facts about random graphs which will be used in
the proof. These lemmas might also be of sperate interests in random graph theory.
Recall that G(m,p) is obtained from the complete graph on m vertices by retaining
independently each edge with probability p and deleting it with probability 1 — p. We
denote by C; the j-th largest component of G(m, p).

5.1. The exploration process. We recall an exploration process, due to Karp and
Martin-Lof (see [18] and [23]), in which vertices will be either active, explored or neutral.
After the completion of step t € {0, 1,...,m} we will have precisely ¢ explored vertices
and the number of the active and neutral vertices is denoted by A; and N; respectively.
Fix an ordering of the vertices {v1,...,v,}. In step t = 0 of the process, we declare
vertex v; active and all other vertices neutral. Thus A9 = 1 and Ng = m — 1. In step
t € {l,...,m}, if A,_; > 0, then let w; be the first active vertex; if A;—1 = 0, let
wy be the first neutral vertex. Denote by 7; the number of neutral neighbors of w; in
G(m,p), and change the status of these vertices to active. Then, set w; itself explored.

Denote by F; the o-algebra generated by {n,...,n:}. Observe that given F;_1 the

random variable 7, is distributed as Bin(N;—1—14, ,—0},p) and we have the recursions
Nt - Nt—l — N — 1{At71=0} ) t < m, (51)

and
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Ay 1+ —1, A 1>0
A, = t—1 T Tt t—1 (5.2)
Mt At_1:0, t<m.
As every vertex is either neutral, active or explored,
Nt:m—t—At, t<m. (53)
At each time j < m in which A; = 0, we have finished exploring a connected

component. Hence the random variable Z; defined by

-1
Z = Z Lia;=oy -
j=1

counts the number of components completely explored by the process before time t.
Define the process {Y;} by Yy =1 and

Yi=Y1+n—1.

By (52) we have that Y; = Ay — Z;, i.e. Y; counts the number of active vertices at step

t minus the number of components completely explored before step t¢.
Lemma 5.1. For any t we have
Y; % Bin(m — 1,1 — (1 —p)") +1—¢, (5.4)
and
YtgBin(m—t—l,l—(l—p)t)—l—l—t. (5.5)

Proof. For each vertex v at each step of the process we examine precisely one of its
edges emanating from it unless the vertex is active or explored at this step. Thus,
all the vertices for which the process discovered an open edge emanating from them
between time 1 and ¢ are active, except for at least ¢t of them which are explored. The
probability of a vertex having no open edges explored from it between time 1 and t is
precisely (1 — p)t. This shows (5.4)).

The reason this bound is not precise is that it is possible that a neutral vertex turns
to be active because there were no more active vertices at this step of the exploration
process. This, however, can only happen at most ¢ times between time 1 and ¢t and
this gives the lower bound (B.5)). O
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At each step we marked as explored precisely one vertex. Hence, the component of
vy has size min{t > 1: A; = 0}. Moreover, let t; < t5... be the times at which Ay, = 0;
then (t1,te —t1,t3 —ta,...) are the sizes of the components. Observe that Z; = Zy; +1
forall t € {t; +1,...,tj11}. Thus Vy,,, =Y, —landift € {t; +1,...,t;41 — 1}
then A; > 0, and thus Y3, , < Y;. By induction we conclude that A; = 0 if and only
if Y; < Y, for all s < ¢t. In other words A; = 0 if and only if {Y;} has hit a new
record minimum at time t. By induction we also observe that Y;, = —(j — 1) and
that for t € {t; +1,...t;41} we have Z; = j. Also, by our previous discussion for
t € {t; +1,...t;41} we have ming<; 1Ys = Yy, = —(j — 1), hence by induction we
deduce that Z; = —ming<;—1 Ys + 1. Consequently,

A=Y — sléltlillys +1. (5.6)

Lemma 5.2. For all p < % there exists a constant ¢ > 0 such that for any integer

t>0,
P(Nt §m—5t) <e .

Where we recall Ny is the number of neutral points in exploration process at time t.

The proof of Lemma [5.2] can be found in Lemma 3 of [24].

5.2. Random graph lemmas for non-critical cases. Let G(m,p) be the random

graph where p = %.
Lemma 5.3. Suppose 8 < 1 is a constant. Then we have
m
E(YICi) < T4 (5.7)
Jj21

Proof. Observe that }_ ., IC;|? = >, |C(v)| since in the right hand side each compo-

nent C(v) is counted precisely |C(v)| times. Hence

EQ)IG1?) =E)_[C(v)] = mE|C(v)]. (5-8)

i1 v
In the exploration process, we can couple Y; with a process W; with i.i.d. increment
of bin(n,0/m) — 1 and Wy = 1 such that W; > Y;. Thus, the hitting time of 0 for Y;
which equals to |C(v)] is bounded from above by the hitting time of 0 for W;. For Wi,
we have ET = 1/(1 — 6) by Wald’s Lemma. This concludes the proof. O
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For 6 > 1 let § = B(#) be the unique positive solution of the equation
1—e % =g (5.9)

In [28] it was proved that ‘C”% converges in distribution to a normal distribution.
We were unable to deduce from that result moderate deviation estimates, and we

provide them in the following lemma.

Lemma 5.4. There exists constants ¢ = c¢(0) > 0 and universal constant C such that

for any A > 0 we have
P(||Ci| — Bm| > Ay/m) < Ce™N. (5.10)

Proof. Assume A < ,/m otherwise this probability is 0. Let £ = £(6) > 0 be a large

constant that we will determine later. We will show that for some ¢ > 0

P (Y s m > —cAVm) < e, (5.11)
and that

P( U Y, < 0) < Ce=A”. (5.12)
cAy/m<t<pm—EA/m
If these two events do not occur, then there exists a component of size in [Sm — (£ +
¢)Ay/m, Bm + Ay/m]. The remaining graph is a subcritical random graph and it is a
classical result that the probability that it contains a component of size ©(m) decays
exponentially in m, and this will conclude the proof.
The proof of (5.11]) is based on the stochastic upper bound of Y; in (5.4]). Plugging
in t = fm + Ay/m and using the fact that 1 —z > e~ =% for small enough x we get

P (Bin(m,1— (1 — %)B"H'Am) > Bm + (1 —c)Ay/m)

IN

P(Ygpiaym > —cAVm)
< P(Bin(m, 1 — ¢ 08— Am2=A0m= 5 gy L (1— ) Avm) .

A quick calculation using the fact that 1 — e~ = g gives that the expected value of

this binomial random variable is at most
Bm + Afe %P /m + 0(1).

Since #e~% < 1 it follows that we can choose ¢ so small so that this expectation is
less than Sm + (1 — 2¢)Ay/m, and then Azuma-Hoeffding inequality (see for instance
Theorem 7.2.1 of [I]) gives that

P(Yﬁm-‘rcA\/ﬁ > —A\/T_TL) < e_CA2 .
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We now turn to prove (5.12]). For this we will divide [cA/m, Bm — £Ay/m] into two
subintervals [cAy/m,d8m] and [68m, fm — EAy/m| where 6 > 0 is a small constant
that will be chosen later. For convenience write oo = % For any t € [cA\/m,§Bm] we
have by (5.5) and the fact that 1 —z < e~ for all > 0 that

ﬁ)am) < am)

P(Yi<0) < P(Bin((1-a)m,1-(1- ) <

< P(Bin((1 - a)m,1-¢)) <am).

Since 1 —e™® > z— 22 for all z > 0 we deduce that the expectation of the last binomial

is at least
(1—a)@a —6%a%) > a,

since § > 1 when a =t/m < § and § = §(#) > 0 is chosen small enough. By a standard

large deviation estimate (see for instance, Corollary A.1.14 of [1]), we have that
P(Y; <0) <e ™,
for some ¢ = ¢(f) and all ¢t € [cAy/m,Bm]. It follows from the union bound that

P( |J Yi<0)=0( M), (5.13)
cAy/m<t<§fm

For the interval [68m, Bm — £ Ay/m] we will use the process Y; which approximates
Y; introduced by Bollobas and Riordan [4]. We write

Dy = E(n; — 1|F-1),

and define
Ay =mny —1— Dy.

Let yy = m —t —m(1 — p)! and define the approximation process by
Yi=y+ Y (1-p)'A;. (5.14)
i=1

In [4] Lemma 3 it is proved that for any p > 0 and any 1 < ¢ < n we have
Y, — Y| < ptZ,. (5.15)
Put 7 = min{t > 608n, Ay = 0}. We have

P(r < Bm —EAVm) < P(|Y, —Y;| > 0Aym)
+ P(Y,; — Y| < 0AVm, T < fm — EAVm).  (5.16)
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By (5I5) the first term has the upper bound
P(|Y; — Y.| > 0Aym) < P(Z; > Ay/m) = O(e~ V™),

since Z, > Ay/m implies that there exists at least one time ¢ in [A\/m, §3m] such that
Y; < 0. The bound follows immediately from our estimate in (5.13)).

To bound the second term of (5.16]) observe that on [08m, fm — £A\/m], the mini-
mum of y; is attained at the right end of the interval with value (1 —f0e=%%)¢A/m(1+
0(1)). Thus if we choose ¢ = £(0) large enough such that (1 — fe=%%)¢ > 0 and write
c=(1—0e9)¢ — 0, we have

T

P(|Y; — Y;| < 0AVm, T < fm — EAVm) <P(D (1 —p) 'A; < —cAvm), (5.17)
i=1
since Y; < 0 by definition. Notice that 7 is at most m, thus it suffices to bound from

above
t

( max ( Z p)TIA) > CA\/E).

1<t<m ‘
=1

Notice that (1 —p)! = ©(1), hence it is equivalent to bound

~+

( max ( Z ) > cA\/—>

1<t<m -
=1

Let a > 0 be a small number (eventually we will take a = ©(m~'/2)). Direct compu-
tation and the fact that 1+ z > ™ for negative  when |z| is small enough and

some Taylor expansion yield
E(e® P M F ) = (14p(e0P7 - 1))Ni71_1{“i*1:°}e“(l_p)fip(Ni’l_l{AH:O})

> e‘#Tp(Ni—l_l{Aiflzo})(l_p)iw >1, (518)

when a is small enough. Thus we conclude e~ iz (1-p)' A g o submartingale. By

Doob’s maximal inequality (see [10]) we have

E( max e~¢2i=1(1-p)'A ) < 4Re—20 2L (1-p)" A
1<t<m

On the other hand, the fact that 1 4+ x < e” for all x yields
E(e=20-7 "84 ) < % HO@PNini =104, y=op)(1=0) % (5.19)
Since Ny < m we get

Ee—2@ S (1-p)iA,; < 4eCma2

)
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where C'= C(0). By Markov’s inequality, we have

o~

ma ZA > cA < eCma —2acA\/7
P (-2 (1-» Vi)
Choosing a = C’é\/m to minimize the right hand side, we conclude

~+

lgltzgn Z ) > 0Aym) < de”

i=1

for some ¢ = ¢(#) which is a continuous function of 6, and this concludes the proof. [

Corollary 5.5. Suppose 6§ € [a,b] where a > 1. Then, there exists a constant C' =
C(a,b) such that for G(m, %) we have

E[Ci] - B(0)m| < Cv/m, (5.20)
Proof. It follows immediately by integrating Lemma [5.41 d

Corollary 5.6. Suppose 0 € [a,b] where a > 1. There ezists a constant C = C(a,b)
such that for G(m, %) we have

E(Z IC;1%) < (E|Cy))? + Om. (5.21)
j>1
Proof. Notice that
ES ICI? - (BlGi))? = (E\clyQ (E|C1)) )+EZyc 2. (5.22)
Jj=1 j>2

We have that
EICyf? — (BICi])? = B(C| — BICi])? < E(IC| — fm)?.
By integrating Lemma [5.4] we get
E|C|* — (E|C1])? < Cm.

For supercritical random graph G(m ,m), it is a classical result that |C1] € ((8 —
e)m, (8 + €)m) with probability at least 1 — e~ €™ for fixed e. Conditioned on this and
the vertex set of C1, the other components are distributed as G(m — |Cy|, £) (which is
subcritical) restricted to the event that it does not contain any component larger than
|C1|. This event happens with probability at most e~“". Thus we obtain

;\C’ (1+o(1 ))m7
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Lemma 5.7. Let M = ) 14y is isolateay be the mumber of isolated vertices in
G(m,0/m) where 6 > 0 is a constant. There exists a constant C > 0 such that

P(M>Cm)=1- O(%).

Proof. We have

EM = Z P(v is isolated.) = m(1 — E)m_l,

m
veV

and

EM? = Z P(v is isolated.) + Z P(v,w are both isolated.)
veV v,weV

= m(l _ %)m—l + m(m _ 1)(1 _ %)2771—3‘

Thus, we obtain
E(M —EM)? = O(m).
By Markov’s inequality,

E(M -EM)? 1

1
P(M < SEM) < P((M _EM)? > @~ O

> i(EMF) <

Since EM = ©(m), we finished the proof. O

5.3. Random graph lemmas for the near-critical case. In [29], Pittel and Wormald

study the near-critical random graph G(m,p) where p = € with € = o(1) but
|C1]—2€m
/m/€

converges in distribution to a normal random variable (see also [4] for a recent sim-

e3m — co. A direct corollary of Theorem 6 of [29] shows that in this regime

ple proof of this fact), and that a local central limit theorem holds. Unfortunately,
once cannot deduce from that precise bounds on the average size of |C1| and moderate

deviations estimates on |C1| — 2em. The following two theorems give these estimates.

Theorem 5.8. Consider G(m,p) with p = € where e = o(1) and there ezists a large
constant A > 0 such that e3m > Alogm. Then we have that

8
E|C1| < 2em — gezm + O(3m),
and there exists a constant C' > 0 such that

E|Ci| > 2em — C(e72 + €*m).
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Theorem 5.9. Consider G(m,p) with p = € where e3m > 1. Then there exists

P(jlci — 2em| > 4,/ = 0,

for any A satisfying 2 < A < Ve3m/10.

some ¢ > 0 such that

Corollary 5.10. Consider G(m,p) with p = & where 3m > 1, then

m

E‘]Cl\ - 2em(k < C<T>k/2.

€

Theorem 5.11. For any large constant A and small § > 0 there exists a constant
q1(A,0) > 0 such that the following hold. Consider G(m,p) with p = llme where
€€ [A\m~ V4 Am=14], then

P(ICy| € [2em — sm®/®, 2em + 5m5/8]) >q1>0.

Theorem [5.11] is a direct corollary of Theorem 6 of [29] which provides a central limit
theorem for the giant component. Next we provide some moment estimates of compo-

nent sizes in the subcritical and supercritical regime.

Theorem 5.12. Consider G(m,p) with p = 1% Then we have
1) E> o1 IC;|k = O(me=2k+3) for any fized k > 2,
(i) B, GIIC1? = O(m?e™?),
(iii) If €m > 1, then E> o1 IC;|? > eme™t.

Theorem 5.13. Consider G(m,p) with p = % with € > 0 and €m > 1 for large m.
Then we have
(i) ElC(v)[* = O(FTtmF), for any fized k > 2.
(i) EY 5o C; ¥ = O(me=2k+3),
(i) EYS; 550 [GiPIC; = O(m?e™?).

Theorem 5.14. Consider G(m,p) with p = =€ where € € [A7Im~/4, Am~1/4].

Then, for any small positive constant &, there exist K = K(A,d) and g2 = q2(A,9)
such that

P( Yol Km5/4) > go > 0.
C;|<by/m
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In the following theorem we derive estimates on the expected cluster size valid as
long as €3m > 1. We believe these estimates should hold for C; but we were not able to
prove that. The difficulty rises because when e3m is large but does not grow at least
logarithmically, it is hard to rule out the possibility that C; is discovered after time den
for some fixed 6 > 0. Luckily, for the main proof it suffices to have these estimate for
Csem, that component discovered at time dem, rather than C;. This becomes evident
in the proof of Theorem

Theorem 5.15. Consider G(m,p) with p = 1Lm€ and assume €3m > 1. For some fized
0 > 0 let Csern be the component which is discovered by the exploration process at time
dem (in other words, the length of the excursion of Y containing the time dem). Then
there is some small value of 6 > 0 such that

(i) E|Csem| < 2em —ce™2.

(i) EXo¢ ey, G < Cme 3 for k=24,

where C' and c are positive universal constants.

Before proceeding to the proofs of the theorems stated in this section, we first require

some preparations about processeses with i.i.d. increments.

5.3.1. Processes with i.i.d. increments. Fix some small ¢ > 0 and let p = llme for some

integer m > 1. Let {3;} be a sequence of random variables distributed as Bin(m,p).
Let {W;}+>0 be a process defined by

Wy =1, Wy=Wi1+ 68 —1.
Let 7 be the hitting time of 0, i.e.
T = mtin{Wt =0}.
Lemma 5.16. We have
P(r = oc) = 2 — 262 + O, (5.23)

and there exists constant C,c > 0 such that for all T > e~2 we have
—27—3/2 _ (€T
P(T§T<oo)§C(e T=3/2e= "2 ) (5.24)
We say that g is a record minimum of {W;} if W, > W, for all ¢t < ¢.

Lemma 5.17. Denote by Z" the number of record minima of Wy. Then

6_1

EZ" = —-+0(1), and E(Z")* = O(¢7?).
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Lemma 5.18. Denote by v the random variable
v =max {t : ¢ is a record minimum of W;}.

Then we have

Ey = O(e7?).
For the subcritical case we have the following.

Lemma 5.19. Assume e < 0 in the previous setting. There exists constant Cy,Co, c1,co >
0 such that for all T > ¢~ 2 we have

and
_ (62+0263)T>
2

P(r>T)>c (6_2T_3/26
Furthermore, for any fixed k > 1
Er* = O(e %1y,

The proof of Lemma [5.19] can be found in [24] Lemma 4.
For the proof of Lemma [5.16] we will use the following proposition due to Spitzer
(see [34]).

Proposition 5.20. Let ag,...,ap_1 € Z satisfy Zf:_ol a; = —1. Then there is precisely
one j €{0,...,k — 1} such that for all r € {0,..., k —2}

T

Za(j—l—i) mod k = 0.
=0

Proof of Lemma Let 8 be a random variable distributed as Bin(m, p) and let
f(s) =EsP. It is a classical fact (see [2]) that 1 — P(7 = 00) is the unique fixed point
of f(s)in (0,1). For s € (0,1) we have

m € 2 — S 2 € 3 — S 3
FsB — [1_1)(1_3)} = 1—(1+e)(1—8)—|—(1+ )2(1 y_(+ )6(1 ) +O<(1—s)4),

2 3.3

since (1—2)" =1—maz+ m22:c — 2 4 O(m*z?). Write ¢ =1 — s and put Es” = s.
We get that

1 9 2 3
1—(1+6)q+%—%+O(q4)+0(eq3)+0(62q2):1—q.

Solving this gives that that g = 2¢ — %62 + O(€?), as required.
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We now turn to proving (5.:24). By Proposition 520, P(r = t) = 1P(W, = 0).
Since Z;zl B; is distributed as a Bin(nt,p) random variable we have
t
P(W; =0) = (tm 1)1)“1(1 —p)mt==Y
Replacing t — 1 with ¢ in the above formula only changes it by a multiplicative constant

which is always between 1/2 and 2. A straightforward computation using Stirling’s

approximation gives

1+ e)t(m—l)} .

m

P(W, = 0) = @{t—1/2(1 + e)t(l + Ly(m_l) (1

— (5.25)

~1 ~1
Denote z = (1 + 6)(1 + %)m <1 — ¥>m , then
1
t

P(r>T)=Y P(r=t)=

t>T t>T t>T

This sum can be bounded above by

T7-3/2 th _ T—3/2i _
= 1—=z

Observe that as m — oo we have that = tends to (1 + €)e €.

find that

By expanding e~ € we

:E:(1+€)(1—6+§)—|—@(63):1—§—|—®(63).

Using this and the previous bounds on P(7 = oo) we conclude the proof of (5:24]). O

Proof of Lemma [5.17l This follows immediately since Z¥ is a geometric random
variable with success probability p = P(7 = 00) = 2e— §¢2 4+ O(€?) by (5.23) of Lemma
0. 10l O

Proof of Lemma [5.T8l At each record minimum the process has probability ©(e) of
never going below its current location by (5.23]) of Lemma It is a classical fact
that the expected size of each excursion between record minimum, on the event that
it is finite, is O(e~!). Thus, by Wald’s Lemma

E(y) < Ce 'EZY = O(e72).
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5.3.2. Ezploration process estimates. In this section we study the process Y; defined

in Section [5.1] and provide some useful estimates.
Lemma 5.21. For p = 1:2—6 we have
P(Y; = —45¢%m forall 1<t < 3em) > 1 — 55,
Proof. Denote by v the stopping time
v =min{t : Ny <m — 15em},

and consider the process {W;} which has i.i.d. increments distributed as Bin(m —
15em,p) — 1 and Wy = 1. Then we can couple the processes {Y;} and {W;} such that
Yiny = Win, and hence on the event v > 3em we have

min Y; > min W;. (5.26)

t<3em = t<3€m

Note that the expectation of the increment of W is —15¢ —15¢2, thus for any positive
a > 0 the process —aW; is a submartingale whence exp(—aW;) is a submartingale as
well. We put a = 8¢ and apply Doob’s maximal L? inequality (see [10]) yields that

E[ max 6_166Wt} < 4E [6_166W35’"] .
t<3€m -

Since Waep, is distributed as Bin(3e(1 — 15¢)m?, p) — 3em + 1 we obtain by direct
computation that

3
E[ max e—lGEWt] < 4¢672€%m

t<3€m
Markov’s inequality implies that

P(Elt < 3em with W; < —4562m) < P(t1<113ax e 16EW: > e720€3m> < fe—48€’m
<3em

Note that if there exists ¢t < 3em with Y; < —45¢2m then by (5.28) either v < 3em or
there exists ¢t < 3em such that W; < —45¢2m. Lemma shows that P(y < 3em) <
e—48€3m)

—c€Em

€ = o and this concludes the proof of the lemma. O

We now use the estimates of the previous lemma to amplify Lemma
Lemma 5.22. Forp = 1:2—6 there exists some fized ¢ > 0 such that have that

P (375 < 3em with Ny <m —t — 5Oe2m> < 9e—c€'m
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Proof. Let o; be independent random variables distributed as Bin(m, p) and we couple
such that 7; < «a; for all i. By (5.1]) and the fact that Z; is non-decreasing we have
that for t < 3em

t
Nyz2m—1-Y o~ Zsem- (5.27)

i=1
Observe that if for some positive k£ we have Y; > —k for all ¢t < T then Zp < k. Thus,
Lemma [5.2T] together with the fact that {Z;} is increasing implies that

P(dem > 4562m) < e—48€%m

We have that >'_, a; is distributed as Bin(mt,p) and has mean t 4 et. The same

argument using Doob’s maximal inequality, as in the proof of Lemma [5.2]] gives that
t
P (at < 3em with Z a; >t + 462m> < gemeE’m
i=1
for some fixed ¢ > 0. The assertion of the lemma follows by putting the last two

inequalities into (5.27)). O

Lemma 5.23. Assume that p = 1:)2—6

¢ > 0 such that for any a satisfying 1 < a < Ve3m we have

P(Yt >0 for all an/m/e <t < 2em — a\/m/e) >1-— 9e—ca” |

Proof. Denote by v the stopping time

and that €3m > 1. Then there exist a constant

v =min{t : N; <m —t— 50e*m} .

Lemma [5.22] states that
!
P(y < 3em) < 9e €™,

for some constant ¢ > 0. Let {W;} be a process with independent increments dis-
tributed as Bin(m — ¢t — 50€>m,p) — 1 (note that the increments are not identically
distributed) and Wy = 1. As usual we can couple such that Yj\, > W;s, for all ¢.
Hence, if v > 2em and there exists t < 2em with Y; < 0 then it must be that W; < 0.
We conclude that it suffices to show the assertion of the lemma to the process {W;}
and this is our next goal.

For any a > 0 we have

E e—a(Wt—WtA) ’ Wt—l] — ea[l —p(l _ e—a)]m—t—soém.
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We use 1 —2 < e™® with z = p(1 —e~®) and 1 —e~* > a — o? for a small enough (we

will eventually take v = O(€)) to get

E[emo0VWiod) | 1,y ] < e (040-a(e 040 -30€1+0) (5.28)

Thus, we learn that the process

2
e—aWte—(1+e)a2t—(1+e)a;—m+6at(1—5oe(1+e))

)

is a supermartinagle. Write

(l—i-e)a'

f(t) = t[ -1+ 6)a2 + ea(1 — 50€e(1 + e))] _ 2 Ny

We apply the optional stopping theorem on the stopping time 7 = min{t > y/m/e :
Wy = 0} and get that
Eel/ (M) < 1.
Direct calculation gives that when we put a = %e the function f attains its minimum
on the interval [ay/m/e,em] at 7 = ay/m/e for any a € [1,Ve3m/3]. Hence
P(a\/m/e <7< em) < P(ef(T) > ef(“\/m/e)).

An immediate calculation shows that f(av/m/e) > cavme3 and we learn by Markov’s
inequality that

2

P(a\/m/e <7< em) < e @ me® < g—ca , (5.29)

since a < vVme3.
We are left to estimate P(em < 7 < 2em — ay/m/€). To that aim we define a new
process {X;}t>0 by Xt = Wem+. By (5.28)), for positive o we have that

E[e—a(Xt_thl) ‘ Xt—l] < ea2(1+6)—a(6—#(14—6)—5062(1-‘1-6)) '
This together with a straight forward computation yields that the process

2
Cax, —0%t(+€)-a <%+5562t>
e e ,

is a supermartingale. Write 7 for the stopping time
7 =min{t >0 : X; =0}.
Optional stopping yields that

[6_a2T<1+e>—a(;Ti+5562(w4em>>] - E[e_axo} < ea2€m<l+€>‘“<627m‘5563m) , (5.30)
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where the last inequality is an immediate calculation with (5.28]) and the fact that
Xy = Wep,. Observe that the exponent on the left hand side of the previous display is

f(r) = —a27(1 +e)— a(72/2m + 55627') ,

which is a non-increasing function of 7 on [0, 00). Hence, for any a € [1, Ve3m] we get
that

P(T <em—a /m/e) < P<ef(7) > ef(Em—a\/m/E)) ) (5.31)

We have that
9 em 145 4 3
flem —av/m/e) > —2a em — a(T —av/em + 3% €+ 55¢ m) .

We use Markov inequality and (5.30) to get

P<ef(7) > ef(Em—a\/m—/G)> < e4o¢26m—o¢(a 6m—%a26’1—11063m)

2€m—
S e4a €Em caa\/€m7

where in the last inequality we used our assumption on a and . We choose a =

—1/2 that minimizes the last expression. This yields

P(ef ™ > ef<€m—a\/m_/e>> < o

a(em)

We put this into (5.31]), which together with (5.29]) yields the assertion of the lemma.
g

14+€
m

Lemma 5.24. Assume that p = . Write 7 = min{t : Y; = 0}, then for any small

a > 0, we have

I[E[eO‘YE*2 | 7> 6_2] < (el +ate™?

Proof. We have that P(7 > €72) > ce. To see this we perform the usual argument of
bounding Y; below by a process of independent increments (until a stopping time, using
Lemma [5.2)) and using Lemma This has been done in this section several times
so we omit the details. Thus, it suffices to bound from above Ee®Ye-21 {r>€-2}. Since
we can bound Y; by a process W; which has i.i.d. Bin(m,p) — 1 increments, it suffices
to bound the same expectation for W;. Write v = min{t : Wy = 0 or W; > 6_1}. We

have

EeaW€72 1{726—2} S EeaW€72 1{7’2672,72672} + EeaW€72 1{T2€72,’\/<€72} .
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2

For the first term on the right hand side we note that on v > € ° we have that

We-2 < 6_1, SO
—1
EeaW€72 1{7_26—2’72672} S Ceeae
For the second term we condition on {7 > e¢72,v < €2} (which implies W,, > ¢~! and

v < €2) to get that
Ee®We 21 52 -2y < P(W, > € DE[e e We2=W) | W, > 7!,y < € %(5.32)

We have that P(W, > e7!) = O(¢) by Lemma 7 of [26]. We condition in addition on
W, and ~ and pull out the e®W factor. By the strong Markov property we have that

conditioned on all these, the random variable We-2 — W, is distributed as the sum of

¢ 2 — 7 i.i.d. copies of Bin(m,p) — 1 random variables. Thus,
Ele"™e2 =) | Wy y < @ < e L p(e — 1™

Furthermore, Lemma 5 of [25] states that conditioned on W, > ¢! and v < €* the

distribution of W, — ¢! is bounded above by Bin(m, p), whence
E[eWr | W, > e 'y <e?] < e ' [1+ple® —1)]™.
Putting this back into (5.32]) gives
EeWe 210 e 2 e 2y < Cee €7D 4 p(e® — 1)](E€ 7+
Putting all these together we get

E[ane,g | > 6_2] < Oea€*1 + Oe—a(€*2—€*1)[1 +p(ea o 1)]m(6*2+1)

< Qe Cemal€ P (1+E) (ata?) (€2 41)

The lemma follows now by an immediate calculation. O

Lemma 5.25. Let p = % and assume €3m > 1. Then for any £ > 0, we have

7022(2€m+l)

P(IC(v)| > 2em +{) < Cee™  m?

Proof. We assume that ¢ > 2,/m/e since otherwise the exponential is of constant
order and the assertion of the lemma follows simply from Lemma [5.16 Recall that
|C(v)| is distributed as the first hitting time 7 of Y; at 0. We put 7' = 2em + ¢ and

condition on Ye 2 and on 7 > e¢~2. That is,

P(r>2m+0) =P(r > e )E[P(r > T | Ye2,7 > € ?)]. (5.33)
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Since Y; is bounded above by a process with increments distributed as Bin(m,p) — 1,
we learn by Lemma that P(r > € 2) = O(¢). The second term will give us the
exponential in the assertion of the Lemma simply because Y has small probability
of being positive at this time. Indeed, since the increments of Y; are stochastically

bounded above by Bin(m — t,p) — 1 we have that for any small o > 0

E[ea(Yt—thl) | Y;t—l] < e—oe[l _|_p(eo¢ _ 1)]m—t < e—a+(l+€)(o¢+a2)(1—t/m)

Y

since e — 1 < a + o? for small enough . Summing this over ¢ ranging from ¢ 2 to T

gives

2 —4
B[ | Yeayr 2 %] € oo H040mrat) (T-e 2= T5E0) o s

2 -4
a2T(1+6)—a[T € —ET] Ve

e €2,

Hence,

Y; -2 Y, —2 a2T(1+€)—a[T25674 —ET}
E[e®T |7>€?] < Ele™e?|7>c7e "

2m

2 —4
2 (T+€2)(146)—a {T —€ —6T—26’1]
< Ce ’

where the last inequality is due to Lemma Hence, by Markov’s inequality this is
also an upper bound on P(Yy > 0 | 7 > €~2) which is what we aim to estimate. We
now choose «
T22—n§*4 — €l —2¢ 1

2(T +€72) ’
which is positive and of order ¢/m since ¢ > 2,/m/e and minimizes the above expec-
tation. We get that

o =

9 _ cT(T—2€m)?
PYr>0|7>e¢°) <Ce mZ

for some ¢ > 0 by a straightforward calculation, concluding our proof. O

5.3.3. Proof of near-critical random graph theorems. We are now ready to prove the
Theorems stated in Section [(.31

Proof of Theorem [5.8. We begin by proving the upper bound on E|C;|. For any
positive integer £ define by X, the random variable
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Observe that if |C1| > ¢, then we must have that | X,| > |Ci|. Thus for any positive

integer ¢ we have
E|Cl| < EP(|Cl| < f) +EX,. (5.34)

We take ¢ = s-em and since Lemma [5.23] implies that P(|C;| < ¢) < Cec€’m
and €3m > Alogm we have that the first term on the right hand side of (5.34) is
0(1). We now turn to bound the second term on the right hand side of (5.34]). Since
EXy, = mP(|C(v)| > £) it suffices to bound from above P(|C(v)| > ¢). Recall that |C(v)|
is the hitting time of the process {Y;} at 0. Let {I¥;} be a process with independent
increments distributed as Bin(m,p) — 1 and Wy = 1, as in Lemma Let 7 =
ming{W; = 0} be the hitting time of W; at 0, then it is clear that we can couple W,
and Y; such that |C(v)| < 7. Thus

P(IC(w)|>0) <P(r>0)=P(r=00)+ Pl <7 < 0).
We now apply Lemma with T'=/¢= %em and get by the previous display that

P(IC(v)| = em/20) < 2e-— 262 +O0(e%) + Che T2 =3/2¢=€m/4

= 2e— 262 +0(€%),

as long as €3m > Alogm for large enough A. We conclude that
EX, < 2em — gezm +0(3m) ,

which together with (5.34]) concludes the proof of the upper bound on E|C;|.

We turn to the proof of the lower bound on E|C;|. Recall that at each record
minimum of the process {Y;} we are starting the exploration of a new component.
Write

v = max {t <em : Y, is at a record minimum} ,

and
7 =min{t > 0 : Yem+st < 0}.

Then we have that
ICi] > em —~v+ 7. (5.35)

Thus, in order to complete the proof we will provide an upper bound on Ev and a lower
bound on E7. Let {W,;} be a process defined as in Lemma .18 with i.i.d. increments
distributed as Bin(m(1 — €/2),p) — 1. Define the stopping time S by

/8 :mln{t : Nt < m(l _6/2)}7
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then it is clear we can couple {Y;rg} with {W;s5} such that the increments of the first
are larger than of the latter process. This guarantees that every record minimum of

the first process is also a record minimum of the second, and thus if we put

~* = max {t : W, is at a record minimum} ,

then we get that we can couple such that

Yo record minima at times [em/10,em]} = 7Y+ emlig<em 0} -

Lemma [5.23] shows that the probability that there is a record minimum at some time
between em/10 and em decays faster than m~2 provided that e3m > Alogm for A
large enough. Hence, taking expectations on both sides and using Lemma [B5.I8] and
Lemma [5.2] gives that Ey = O(e™2).

We now turn to give a lower bound on E7. We begin by estimating E72. As before,
define the process {X;}i>0 by X = Yen4+ and note that Xy — Xy = nepmye. For any
t such that Nyiep > m — (t + em) — 50e2m we have

t(l+e€)

E[Xi1 — X; | Fi] > — — 55€2.

Thus the process {Xiar + %
defined as

+ 55¢2(t A T)} is a submartingale, where T is

T =min{t —em :t>em, Ny < m —t — 50e*m} .
Optional stopping yields that

110e2m
€

2
E(r AT)? > %(EXO —EXyar) — E[r AT]. (5.36)
€

By Lemma [5.23] we have
P(r < em —ay/m/e) < e’
Also by lemma [5.23] one can deduce
P(t > em+aym/e) < P(r>em+ay/m/e,Y; >0for te [g\/m—/e, em|) +e
P(|Cy| > 2em + %\/m—/e) 4

CCL2

< P(X2Ema\/m—/6/2 > 2em) +e

2

IN

where X2Ema\/m_/€/2 is the number of vertices v such that |C,| > 2em + §/m/e as
defined in the beginning of the proof. By Lemma [5.25] we have

CCL2

EXsemayfmpese < Cmee”
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Plugging this into the previous inequality and using Markov’s inequality shows that
E[r AT] = O(em) and

P(|r — em| > ay/m/e) < Ce . (5.37)
Lemma shows that P(T < 2em) < m~2, and so EX,; a7 = o(1) and E(7 A T)? =
E72 + o(1). We get that
Er? > 2mEYe, — o(1).
We bound from below EYg,, using the approximating process }7} defined in (5.14]). We

have that EYe,, = €2m? + O(é*m) and using (5.15) and Lemma we deduce the
same estimate for EYg,,. This yields that

Er? > 2m? — Cedm?,

for some C' > 0. Inequality (5.37) gives that for some C' > 0 we have

Var(r) < E[(T - em)2] L om

€

We conclude

Er = /E72 — Var(1) > emy/1 — Ce — 3im > em — Ce*m — Ce 2,
€

since /1 —x > 1—x for x € (0,1). Using this and our estimate on E+v in (5.35]) finishes
the proof. O

Proof of Theorem Since component sizes are excursions’ length above past

minima and Yy = 1, Lemma [5.23] immediately yields the bound

P(\Cl\ < 2em — A, /%) < e~oA (5.38)

valid for any A satisfying 1 < A < Ve3m. For the upper bound we use Lemma [5.25]
stating that

P(|C(v)| > 2em + Ay/m/e) = O(ee ).
Write X = |{v : [C(v)| > 2em + Ay/m/e}| so that EX = O(eme™4*). As usual we

have
P(|C1| > 2em + Ay/m/e) < P(X > 2em) = O(e_CA2)7

by Markov’s inequality, concluding the proof. O
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Proof of Corollary Part (i) of the corollary follows immediately from Theorem
by integration. Indeed,

EH|C1| - 2em‘k] = Zﬁk_lPﬂCl —2em| > {)

< Zek Ly Z PrLe=5S

\/_ {>€Em
where we bounded the second sum on the right hand side using Theorem and the
last sum using Lemma (which is valid for all £ > 0 and not limited by £ < Ve3m)

and the usual Markov inequality on the variable X = |[{v : |C(v)| > 2em + £}|. A quick
k/2

calculation now shows each term is of order at most (m/e)"/#, concluding our proof. [

Proof of Theorem We begin by proving (i). As before, |C(v)] is stochastically
dominated by the random variable 7 defined in Lemma [5.191 This Lemma gives that
for any fixed £ > 1

E[C(v)|F = O(e~2FF1).

Number the vertices of G(n,p) arbitrarily vy, ..., v,, and observe that
m
k k—1
YolelF ="l
§>1 i=1

because each component C; is counted in the sum in the right hand size precisely |C;]

times. By symmetry we learn that
EY 16" = mEIC(v)[F! = O(me+9),
Jj=1

finishing the first assertion of the theorem.
We proceed to prove (ii). Recall that 3 IC;|> =3, 1C(v)]. Thus,

E(>_IC1%) = EZ IC)IC(w) 1gew)—cqwyy +E D IC@WIC(w) 1) rew)) -

j v,W

The first term on the right hand side is simply > E|C(v)|> which equals EY ; IC;13
and is upper bounded by O(me~3) by part (i) of the theorem. For the second term we
note that we can write E3,  [C(v)[|C(w)|L1icw)zcw)y as

EY [Cw) Y IC) gy =EY_[Cw) > [C)|.

{vgC(w)}
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Conditioned on C(w) the distribution of the rest of the graph is also subcritical random
graph with €’ bigger than e. Thus the estimate of part (i) of the theorem (together
with the fact that }_, |C(v)| =3, IC;|?) can be applied and we may bound

E Y 1CW)IC(w)[liewsemy < Cme'EY_ [C(w)| = O(m?e?),

which finishes the proof of (ii).
To prove part (iii) of the theorem, let W; be a process with i.i.d. increment dis-
tributed as Bin(m — 572, 1-€) — 1 and Wy = 1. Let

m

7 =min{t : Ny < m — 5¢ 2}.

As usual we can couple such that Yin; > Wiar. Let v = min{t : Wy < 0}. For any T
We have

Py>T) = Py>T,7<T)+P(y>T,7>1T)
< P(r<T)+P(IC(v)| =2 T),
which implies
P(Cw)| >T)>P(rv>T)-P(r <T). (5.39)

Put T = =2 we have by Lemma [5.2] that

P(r<T)< e €
Furthermore, Lemma [5.19 shows that

P(y>¢?) > ce,

for some constant ¢ > 0. Thus, by (5.39]) we get that

P(|C(v)| > €2) > ce—e €7,

which implies E|C(v)| > ce~! and concludes the proof. O

Proof of Theorem [5.13l The proof of (i) is a calculation using Lemma (251 We

have

€2 10eEm m

Bl = 3 0TIP(CW) 2 0+ Y ATIP(CW)] 2 0+ Y] ATP(C) 2 b).

(=1 f=€—2 {=10€m
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For the first sum we use the estimate P(|C(v)| > 1) < O(e + £~/?) appearing in the
proof of Proposition 1 of [26]. We get

€2 €2
S TIP(C) = ) < CY et 072 = O(e )
=1 =1

For the second sum, since Y; is bounded above by a process with i.i.d. increments
Bin(m, p)-1, each term is of order ¢ by Lemma [5.16l This gives the main contribution
of O(éFT1m*). Lastly, the third sum we bound using Lemma [5.25] to get

m m

S FTP(Cw) = k) <Ce Y e

(=10€m (=10€m

253

2/3

Since €3m > 1 we may bound the sum above by summing from m?/? to m. A straight-

forward calculation then gives that

> TIP(IC(v)] 2 k) < Ce(em)fTIm?E = O mb)
(=10€m

which finishes the proof of (i). We proceed to prove (ii). We have that
EY ICIF=E> 1Ci1* 1 e <15emp +E D IC1FLye, 5 1.56m) (5.40)
j>2 Jj>2 Jj=2
For the first term of (5.40) we apply FKG inequality to get
EY 1 e <rsemy < E Y 1C (e, j<15em) < P(IC1] < L3em)E Y [C;1F.
j>2 Jj>1 Jj=1

By Theorem [5.9] we have
P(|C1| < 1.5em) < Ce €™

and so
EY 16 Lcyj<rsemy < Ce M mEIC(w)[*"
Jj=2
By part (i) of the theorem this is at most CeFmFe €™ which is O(me 2+3) since
€ > m~'/3. This shows the required bound for the first term of (5.40).

To take care of the second term of (5.40) we condition on C; and note that the
graph remaining is distributed as G(m —|C;|, p) conditioned on the event of not having
a component larger than |Ci|. But since |C;| > 1.5em this random graph is in the
subcritical regime, and the probability of having such a component is smaller than
1/2 (in fact, it is exponentially small). The required estimate follows by part (i) of
Theorem This finishes the proof of (ii).



34 YUN LONG, ASAF NACHMIAS, WEIYANG NING, AND YUVAL PERES

The proof of (iii) goes in similar lines of (ii). We have
EQ 1G5 =EOQ _1C1) 1ie <15emy + EO G2 Lgiey s1.56m) -
Jj=2 Jj=2 Jj=2
As in the proof of (ii), to control the first term we use FKG inequality, extract
P(|C1] < 1.5em) and bound the rest by E(3_,~, IC;|?)? (instead of j > 2). The anal-
ysis performed in the proof of part (ii) of Theorem shows that E(>_;5, IC;]?)? is
controlled by (E>_;~; IC;|?)%. We get that
B G111y j<15em) < Ce™CMmlet = O(m?e2).
Jj=2
To control the second term, as in the proof of (ii), we condition on C; and use part (ii)
of Theorem to estimate the remaining subcritical graph. This is done identically
to part (ii) and we omit the details. O

Proof of Theorem [5.14l We will use a second moment method. First we show that

E > G =em®,
ICj|<ov/m

for some ¢ = ¢(d) > 0. Indeed, we have

0 )
E|C(U)|1{\C(v)|§5\/m} > E|C(U)|1{%\/m§|c(v)\§5\/m} > EﬁP(a\/ﬁ < [C(v)| < 6v/m).

(5.41)
We proceed further by restricting to the case that C, is tree. Indeed, we have
5 ovm
P(5vm < [C(v)| < ovim) > > P(C(v)| = k,C(v) is a tree)
k=6/2/m
5y/m ) .
_ Z <7]7;_—1 > kk—2pk—l(1 _ p)k(m_k)+(2)—(k_1)_
k=6/2/m

A quick calculation using Stirling’s formula gives that for all such k, each summand is
of order ©(m~*/3) and so the probability is of order at least m~'/* and the expectation

in (541) is of order at least m!'/*. This gives the first moment estimate since

E Y lGP=E Y |cw).

IC51<év/m v:|C(v)|<ov/m
We continue with the second moment estimate. By Theorem [5.12] the second moment

satisfies

E[Y [P = 0(m*?),

J
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and so the assertion of the Theorem follows by the inequality (see [10])
(EV — a)?
EVZ

valid for any non-negative random variable V and a < EV. O

PV >a)>

Now we turn to the proof of Theorem (.15l Recall that Z; counts the number of

record minima of {Y;} before time t¢.

Lemma 5.26. For any fized § € (0,1/10), there exists an universal constant C > 0

such that as long as € m > 1 we have

1
<
Esen < 31— 55 580y T O

and

EZZ,, = O(e7?).
Proof. Define the stopping time 7 by
7 =min{t: Ny <m(1 — 50¢)},

and {IW;} to be the process with increments distributed as Bin(m(1 — 5d¢),p) and
Wy = 1. As usual we can couple such that Y;a, > Wi, and that the increments of the
first process are always larger than of the second. This guarantees that the number
of record minimum of Y;,, is bounded from above by the record minimum of Wia.
Denote by Z% the number of record minima of the process {W;}, then by the above

discussion we have

EZsem < 5emE1{T<56m} +EZY.

The order of the first term can be arbitrarily small since P(7 < dem) is exponentially
small in em by Lemma Lemma [B.17] bound the second term by the required
amount. This concludes the bound on EZg¢,,. For the second moment estimate, note

that by the same argument, we have
EZ52€m < 52€2m2E1{—r<66m} + E(Zw)27

and the exponential decay of P(7 < dem) and Lemma [5.17] concludes the proof. [

Lemma 5.27. For any fized 6 € (0,1/10) denote by 75 the stopping time

Ts = min {t is a record minimum of Yt} — dem.
t>5€m
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Then
1

42’

Proof. Define the process {X;} by X; = Ysemt so that

Ers < (2—0)em —

Ts=min{t >0 : X4 = —Zsem}-

Let {W;} be a process defined by Wy = Xy and with independent increments dis-
tributed as Bin(m—t—dem, p)—1 and let 7 denote the stopping time mtin {Wy = —Zsem}-
As usual, X; can be stochastically bounded above by W; and hence E1s < E7 and we

are left to estimate E7. We have

EW; = Wi | Fra] = (1= 6)e - W — 52 (5.42)
Put
1) = % — (1= d)et — (0 — 62/2)e*m — d€*t + W
= 2= Q)em]” HLt O + of?

_ o 5.2
= o + €[t — (2 —9)em] — o€t + 5 ,

then by (5.42]) we deduce that M; = W; + f(t) is a martingale. A direct calculation
with (4] gives that

EWy = EYsem < —dem + 6e’m — 62¢>m/2 4+ O(e>m) ,

and so we deduce that EMy < Ce3>m. Furthermore, we have that Er = O(em) since
after time 2em the process becomes subcritical with drift —e. Put 7 =7 — (2 — §)em,

then by the above and optional stopping if follows that

E—2
alll + €B7 — EZser, < Cem.
2m
This and Lemma [5.20] gives that
1 E7?
EF < — L 1 0(m). (5.43)

2[(1 — 50 — 5oe)e]  2em
Next, we wish to derive a lower bound on E72. Put T' = ém, then for t < T' we have
that
E|(M; — Mi1)?| 216,
hence the process
My — (1=8)(tAT),
is a submartingale and optional stopping gives

(1-0)E[r AT] <EMZ. . (5.44)
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We now bound IEMfAT from above. We have

Wit = —Zsem1r<ry + Wrlisry

Thus,

EW2,; <EZ%,, +O(m*)P(r >T).
Since after time dm/2 the process is subcritical with constant negative drift we have
that P(7 > T) decays exponentially in m. Lemma .17 now yields that EW?, , =

EZZ., +o(l) = O(e7?). Next we estimate Ef%(r AT). Write pp = (2 — §)em and
simplify f(t) to get

— 2 — € € € € €
ft) = %—i—(t )|:6—56 —|—12—; 'u—]—&z,u—kl;_ u—%,uz
Z02(1 — €
(t N;Trgl )+(t—y)[€+0(62):| +O(€3m).
Hence
f2(t) — (t_lu’)4(]‘ - 6)2 + (t _M)3(€+O(E2)) + (t —,U)2€2(1 —I—O(E)) + (t—,u)O(e4m).

4m? m
Lemmas [5.23] and [5.25] imply that E7* is of order (m/e)*/? and hence the third term

on the right hand side is dominant so,
Ef2(r AT) = (1+ o(1))e2E [(T AT — M)ﬂ : (5.45)
We also use Cauchy-Schwartz to estimate

‘EWTATf T AT) ( < \JEW2, /EFA(r AT) = O(y/mje) = o(Bf2(r AT)),

since EW?2,, = O(e72) and y/m/e = o(em). We put this and (5.45) into (5.44) and
get that

(1 o()CE[(r AT = u] > (1= 8 — (1= OBl AT — ] = (1+0(1)(1 ~ D),

1

since E7 = O(e”'m) and P(7 > T') decays exponentially in m. We learn that

E72 > (1 — o(1))(1 — 8)(2 — §)2

€
Putting this into (5.43)) gives that if > 0 is chosen small enough (but fixed) and m is
large enough

1
P )
concluding the proof of the lemma. O

EF < —
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Proof of Theorem [5.I5l Part (i) follows immediately from Lemma [5.27] since
|Csem| < dem + 75. To prove (ii) we proceed as in the proof of Lemma [E.I0] and

write
E Z G| =E Z \Cj\kl{cge,ngl.sm} + EZ ’Cj’kl{cgemZLSGm} :
Ci#Csem Ci#Csem j>2
Lemma [5.23] shows that P(Csen < 1.5em) < Ce=°€™ and so FKG inequality gives
E Z Ci" e, <15em} < CG_CG%EZ 1C;IF = O(me2+3)
Cj7éC5€m .]

by part (i) of Lemma[5.13] The second term is handled as in the proof of Lemma [5.10]

by conditioning on Cse,, and using Lemma[5.13]for the remaining subcritical graph. [

6. SUPERCRITICAL CASE

In this section we show that the mixing time of the Swendsen-Wang chain is ©(logn)
in the supercritical case ¢ > 2. This is part (i) of Theorem 2.1l Let {X; = zon}i>0 be
the one dimensional chain defined in (4.1]). For = > % — 1 (so that M > 1), define

o) :ﬂ<c(1;—x))1—|2—x7

where (-) is defined in (5.9). Since 8 : RT™ — R we have that ¢ : [-1,00] — R. We

begin with some preparations for the proof.

(6.1)

Lemma 6.1. For ¢ > 2, there exists an unique fized point v9 € (1 — 2,1) of ¢(x).

c?

Furthermore, we have
1
3 < ' (z) <1 for x> 27! — 1, (6.2)

and there exists a constant 6 € (0,1) such that for every x € [0,1] \ {10} we have

1 _
2 T =0
Theorem 6.2. There exist constants § € (0,1) and B > 0 such that
E(X1 —von)? < §(Xo —von)? + Bn. (6.4)

Proposition 6.3. We have

2
E(X1 — ¢leo)n | Xo € hon.n]) = O(n).
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Proposition 6.4. If X is distributed as the stationary distribution of the magnetiza-

tion Swendsen-Wang chain, then
E(X — ~on)? = O(n).

Theorem 6.5. Suppose Xg,Yy are two magnetization Swendsen-Wang chains such
that Xo,Yp € [yon — Ay/n,yon + Ay/n| where A is a constant, we can couple X1 and
Y1 such that X1 =Yy with probability Q(1) (which may depend on A).

Proof of part (i) of Theorem [2.Jt Rearranging Theorem and taking expecta-
tions gives
B

n < (5[E(Xt —~on)? — ——n]

E(Xt41 —yon)* — 1-9¢

1-96
for all t. We apply this inductively and get

B B
E(Xciogn — yon)? — mn < §Clogn [E(Xo — yon)? — . 671} )

Hence, when C' = C(9) is large enough we get that

E(XC'logn - ’70”)2 = O(TL) )

and so Markov’s inequality gives

>~ w

P(|Xc1ogn —yon| < Avn) > (6.5)

for some large constant A. Let X] be a magnetization SW chain starting at stationarity.

By Theorem and Markov’s inequality we have

P(Xbriogn —onl < AvA) > (6:6)
for some large constant A. Now, to couple X; and X/ we first run them inde-
pendently until time C'logn. By (65) and (G.6), we have that XCIOgT“X/C'logn €
[yon — Ay/n,von + Ay/n] with probability at least 1/2. By Theorem [6.5] we can cou-
ple X¢iogn+1 and X/Clogn—l—l such that Xciognt1 = X(’JlognJrl with probability €(1).
Then by Lemma [A], we have that {o;} and {o}} can be coupled such that oy = o} in
O(logn) steps with probability ©(1). The upper bound of mixing time follows from
Lemma

For the lower bound, we will show that if Xy = n, then

HXalogn - XT('”TV > 1/4
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for some small constant o > 0, where X, is the stationary distribution of magnetization
Swendsen-Wang chain. By (6.3]), we have that

SO(Xi/n)n — 0m)

= P(Xers — 6(Xu/mn < S (ron — 6(Xe/mm))

When X; > qon we have that ¢(Xy/n)n > ~on by (63]), hence Proposition [6.3] and
Markov’s inequality imply that

1
P(Xt+1 —yon < Z(Xt - 70”)) < P(Xt—l—l —yon <

O(n)
(¢(X¢/n)n —yon)>’

Furthermore, if X; — yon > n%, then ¢(X¢/n)n — yon > n%/Q by ([@3]). Plugging this
into ([G1) gives

1 3 1
P<Xt+1 — yon > Z(Xt —n)| Xy —on > ni) >1-0(n"2). (6.8)

1
P(Xis1 —0n < 7(Xe = 70m) | X; > 0m) < (6.7)

Starting from Xy = n, by applying (6.8) iteratively we have
P(Xalogn —Y%n = n%) > (1 - O(n—%))alogn =1- 0(1) ) (69)

when o > 0 is small enough constant. On the other hand, by Proposition and
the Markov’s inequality, we have P(]Xﬂ — yon| > A\/ﬁ> < 1 for some constant A.

Putting the two inequalities together, we get
3 1
”Xalog4n - X7THTV > Z - 0(1) > Z, (610)

which gives a lower bound on the mixing time of magnetization SW chain X;. This
concludes the proof since any lower bound of the mixing time of X; implies the same

lower bound of mixing time of oy. O

Proof of Lemma By the definition of 3(-) in equation (5.9]), we know ¢(z) is
the positive solution of

2
1— e @) = jffl) (6.11)

for all x > % — 1. Taking derivative of both sides yields

2z +1)¢' —2¢
(x+1)2

ce ¢ =

By plugging in x + 1 = IA we get

—e—c9P

1—-2 —co —2c¢
¢ = ¢ _*e (6.12)
2(1 — e7% — cpe?)
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By (6.12]), we have that % < ¢’ if and only if e7¢® > 1 — c¢ which is true for all c¢ > 0.
We also have that

¢ <1 <= c¢ < sinh(cg) (6.13)

which holds for all c¢¢ > 0.

Since ¢ > 2 (which implies 2 — 1 < 0), we have that ¢/ < 1 for all « € [0,1]. Since
¢’ is continuous, we have a constant d; € (0,1) such that ¢'(z) < é; for all z € [0, 1].
Note that ¢(0) = 38(5) > 0, ¢(1) = B(c) < 1 and ¢ is strictly increasing in [0, 1],
we have by Rolle’s theorem that there exists an unique point 79 € (0,1) such that
#(¥0) = 70- By plugging in x = 1 — 2/¢ into (6.I]) and the definition of 5(-), we get

p(1—-2/c)>1—-2/c & 5(6—1)>1—$

—(e=2) _ _1

= e <
c—1

which is always true for ¢ > 2. It follows immediately that g > 1 — % d

Recall that given Xy = xgn, we have that X; is distributed as in ([£2]). To prove

Theorem we first state a useful lemma.

Lemma 6.6. Let ¢ > 2.
(i) There exists a non-negative function h(-) with h(e) — 0 as € — 0 such that if
o — (1 — 2)| < ¢, then E(zjzl |cj—|2) < h(e)n?.
(ii) For any fized € > 0, if xg € [0, (1 — 2 —¢)], then E<Zj21 |C]_|2> < (¢ (—m0) +
o(1))n2.
(ili) For any fized € > 0, if zo € [1 — 2 + ¢, 1], then E(Zj21 \CJ_]2> < 0O(n).

Proof of Theorem By (2]), we have

EX2 = E(Z ycjﬂ?) +E(Z ycj—P) (6.14)

j>1 j>1

and

EX, — E‘Zeﬂcjﬂ +Ze§-IC{|( =E‘€1(Z€jlcj~+| +Z€9|Cj_|)‘
i>1

j>1 Jj=>1 Jj=1
> E(a(Xalcf |+ )
j=1 j=1
- E[ycfy+q<zejyc;\+Ze;ycj—\)} — E|C] ). (6.15)

j=22 j=21
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Combining (6.14]) and (G.13]), we get

E<X1 - 'yon)z < E(Z \CjP) v E(Z \cj—\?) — 2yn-EICf | +48n%.  (6.16)
j=1 j=1

The random graph G(H%n,%) is supercritical with 8 = 1"'29”071% > 5> 1 By
Corollary [5.6l we have

E(Y 16 P) < (Elef)) +om). (6.17)
i>1
Plugging (6.I7) into (6.16]), we get
E(X1— o) < (BICF—on) +E( X167 12) +Ofm). (6.18)
j=1

By Corollary [5.5, we have ‘E]Cﬂ — (ﬁ(azo)n‘ < O(y/n). Thus,
2 2 2
(BIct| = 2on) < [BICF| = éwo)n| + [é(zo)n — 20n]
+ 2|EIC] | - dlwo)n][é(z0)n — 0]
< ‘(ﬁ(azo)n — 'yon‘z + O(\/ﬁ)‘qﬁ(xo)n - ’yon‘ +O(n). (6.19)
Applying Lemma [6.7] gives that

2
(E\Cﬂ — ’yon) < 5%]3;0 — 70]2712 + |zp — 70]0(n3/2) + O(n). (6.20)

If |zg — 0| = O(n_%), then |zg — 70|n*? = O(n). If |z — ’yo]n% — 00, we have
|20 — 70|0(n*?) = o(|zo — Y0|>n?). Plugging these back into ([6.20), we get

E(Xy —y0n)? < (8 + o(1))[a0 — 0*n? + O(m) + E( DI 12).  (6:21)
j>1

To estimate E< >is11C |2), choose a small constant e such that 624 h(e) < 1 where
h(-) is defined in part (i) of Lemma If (g — (1 — %)‘ < €, we have that
E(X1 —yon)® < (67 + h(e))|zo — 0[*n* + O(n) (6.22)

by plugging part (i) of Lemma into (G.21]).
If 29 € [0, (1 — 2 — ¢)], we have that |¢(z¢) — 7o/ is uniformly bounded from below

2
by Lemma 6.l As a result, we have that <E]Cﬂ — ’yon) < (¢(w0) —0)*n? +O(n) in
(619). Plugging this and part (ii) of Lemma [6.6] into (6.19) gives

E(X1 —70n)* < ((¢(x0) — 70)* + ¢°(—x0) + 0(1))n* 4 O(n). (6.23)
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By Lemma and Rolle’s Theorem, we have

P(20) — d(—20)

2%0

>

9

N =

2
which leads to ¢?(—zg) < ((ﬁ(azo) — x0> . This gives

(6(z0) —0) "+ *(~a0) _ (8(w0) ~20) + (0lao) )
(zo — 70)? = (zo — 70)?

<1, (6.24)

since g < ¢(z9) < 0. The left hand side of ([6.24]) is smaller than 1 for all zy €
[0,(1 — 2 — B)], so it is smaller than some constant d» < 1 uniformly. Plugging this

into ([6.23)), we get
E(X1 —~on)? < a(x0 — 70)*n” + O(n). (6.25)
If 29 € [1 — 2 +¢,1], we plug (iii) of Lemma [6.6] into (6.21]) and obtain
E(X1 —70n)* < (6 + o(1))|zo — 70[*n* + O(n). (6.26)

Combining (6.22),([6.25]) and (6.26]) concludes our proof. O

Proof of Lemma We begin with case (ii). In this regime, the random graph
G(l_;on, <) is supercritical with # > 1+ <. In the same way we obtained ([G.I7) we

also have

B(Y 16 P) < <1E|c;|)2 +0Mm). (6.27)

i>1
By Corollary 5.5l we have that |E|C; | — ¢(—zo)n| < O(y/n) showing that
2
E(YIC71?) < (d(=z)n+0(vn)) +0(m)
Jj=1
< ¢*(—zo)n® + O(n) + ¢(—20)O(n*?)
= (¢*(—z0) + o(1))n?, (6.28)

since |¢(zp)| is uniformly bounded from below, as required.

We now prove case (i). Note that we have

s(Xe) - ()

j=1
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as in (5.8). Since E|C,| is decreasing in xg, we have that E(Zj>1 ]CJ_P) reaches its
maximum at xg =1 — % — €. Plugging in this value into (6.28) gives

(ZIC | ) (B*(1+ 2)+o(1))n2 (6.29)

j>1

Note that S(z) — 0 as * — 1, so we can take h( ) =B21+ %)+ o(1).

c(1— xo)

To prove case (iii) note that <1 — %, so the random graph G(1 Fon, o) is

subcritical in this regime with 6 bounded from above away from 1. Applying Lemma

5.3 we get
E[Z ycj—P] = O(n). (6.30)
Jj=1

O
Proof of Proposition Note that (6.18)) is valid for all vo € [0, 1] and in particular

for ¢(xp). Thus,

2
E(X) — s(aon) < (BIcT| ~ son) +E(XIC7 ) +0(m). (631
j>1

Recall that 29 > 79 > 1 — 2. By Corollary we have that (E|C]| — ¢(m0)n)2 =
O(n). The random graph of G(15%2n, £) is in regime (iii) of Lemma Plugging

([E630) into (E.31), we get

E<X1 - ¢(m0)n)2 — O(n), (6.32)

as required. O
Proof of Proposition If Xy follows the stationary distribution of the magneti-
zation SW chain, so does X;. Taking expectation of both sides of (6.4]) gives

E(X1 — yon)* < 6E(Xo — yon)® + Bn,

as required. O

To prove Theorem we need the following lemma.

Lemma 6.7. Let Y and Z be two random variables distributed as the sum of n in-
dependent random =+ signs. Then for any fixed constant a, there exists a constant
k(a) € (0,1] such that for any —ay/n <y < ay/n, we can couple Y and Z such that
Y —y = Z with probability at least k.

Proof. Direct corollary of the local central limit theorem of simple random walk. [
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Proof of Theorem To couple X7 and Y7, we first apply the percolation step
of the Swendsen-Wang dynamics in both chains independently. By Lemma 5.7 with
probability 1 — O(%), the number of isolated points after percolation is bigger than
3%71 in both chains. Conditioned on this, we assign each component a 4+ spin using
the following procedure.

First assign the spins of components independently in descending order of their size
until there are 3—icn components left. Note the remaining components are all isolated
vertices. Denote by X; and Y; as the absolute value of the sum of spins at this time
respectively.

Note that (6.I5) and (6.I6]) are still valid if we replace X; by X;. Consequently,
Theorem is also valid if replacing X; by Xi. Hence, since | Xy — von| < Ay/n we
have

E(X1 —vn)* = O(n).

By Markov’s inequality, there exists a constant A; such that

P(|%1 —0nl > A1vin) < 7, (6.33)

-

and similarly
(6.34)

=

P(|% —yonl = A1vi) <

Consider the event
A= {|X1—0n| < AivnIn{|[Y1i—on| < A1v/n}n{There are at least 5% isolated vertices} .

By (6.33) and (6.34) we have that P(A4) > 1.
Conditioned on A, we have |X; — Vi| < 24;y/n. Denote by X; and Y; the sum

of spins of the rest of the components (all of them being isolated vertices) of the two

chains respectively. Note X, and Y; are i.i.d. sums of + spins. By Lemma we can
couple Xl and Yl so that Xl + X = Yl +Y; with probability Q(1). Finally, notice
that X3 @ | X1+ Xl\ and Y, @ Y7 + Yll, concluding the proof. O

7. SUBCRITICAL CASE

In this section, we prove that in the subcritical case ¢ < 2, the mixing time of
Swendsen-Wang chain is ©(1). This is part (iii) of Theorem 2.11

Lemma 7.1. For ¢ € (1,2) there exists a constant 6 € (0,1) such that for all x €
[% —1,1], we have

o) -

where ¢(+) is defined in (G1).
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Theorem 7.2. There exist two constants 6 € (0,1) and B > 0 such that
E(X7? | Xo) < 6X§ + Bn. (7.2)

. 11
Moreover, if 0 < xo < ¢ — 5, we have

EX? < Bn. (7.3)

To get the constant upper bound of mixing time we need to consider the following
two-dimensional chain. Let G; be a fixed subset of the vertices and G5 its complement.
Let (Y3, Z;) be a two-dimensional Markov chain, where Y; record the number of vertices

with positive spin in G; and Z; record the number vertices with positive spin in Gs.

Proposition 7.3. Let (Y;, Z,) and (Y;, Z;) be two two-dimensional chains as defined
above. Suppose Yo+ Zo and Yo + Zo lie in the window I = [5 — Ay/n, § + Ay/n] where
A is a constant. Then we can couple (Y1, Z1) and (Y1, Z1) such that (Y1, Z1) = (Y1, Z1)
with probability Q(1) (which may depend on A).

Proof of part (iii) of Theorem [2.1} For any starting configuration o, let G; be the
vertices with positive spin and G5 be its complement. Let X; be the magnetization
chain and (Y, Z;) be the two-dimensional chain as described above. Let 7 be the
stationary distribution of Swendsen-Wang chain and 7 be the stationary distribution
of (Y3, Z;). By symmetry, configurations with same two-dimensional chain value have

same distributions for any ¢. Consequently
loP’ —al|rv = ||(IG1], 0)P*, 7|7y . (7.4)

Thus, by Lemma it suffices to couple the chains (V;, Z;) and (Y;, Z;) such that
they meet with probability €2(1) in time ¢ = O(1). By Lemma [T.2] we have
B B
2 y_ DB - [ n_ D ]
E(Xt+1) 1— 577‘ — 0 E(Xt) 1— 5”

Applying this inductively we get

E(X?) — i B 5N < STR(X2) < 8tn?.
1011
For t > 2logs (¢ — 5) and large n, we have
1,1 19
E(X2) < (= — =)2n2
( t)_4(c 2)

P(Xt > (% - —)n) < i. (7.5)
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By Theorem [7.2 and Markov’s inequality, if X; € [0, (%

[

—2)n], then X;41 € [0, Ay/n]
with probability at least 1/2 for some large constant A. Combining this and (7.5), we
have that after constant number of steps, the chain X; will jump into the window
I = [0, A\/n] with probability ©(1).

For any two Swendsen-Wang chains ¢ and &, Let X; and )A(:t be the correspond-
ing magnetization chains. Running the two Swenden-Wang dynamics independently
first, by the argument above, we have that X; and E both jump into [0, Ay/n] after
constant steps with probability €(1). By Proposition [T.3] we can couple the two two-
dimensional chains so that (Y;, Z;) = (Y3, Z;) with probability ©(1), which concludes
the whole proof. O

Proof of Lemma [T7.1t Note ¢ is differentiable on [2 — 1, 1]. Recalling (6.13), we have
¢/ <1 for all z > 2 — 1. By Rolle’s Theorem, we have ¢(z) —0 < z — (2 — 1) for all
x > % —1. So

2

2 -1 2
ﬂél_c Sl—(——l)

T T c

for all z € [§ —1,1]. O

Proof of Theorem We use the fact that (6.14]) is still valid. The random graph
G(l_%n, <) is subcritical with 6 = (%n)% = £. By Lemmal[5.3] we have

E(Z ycj—P) = O(n). (7.6)

j>1

If ¢ < 1, the random graph G(3%n, £) is subcritical with 6 = (1£2n)
Lemma [5.3] we have

<c<1. By

<
n

E(Z yc;P) = O(n). (7.7)
Jj=1
If ¢ > 1, then let € > 0 be a small constant that we will determine later and consider
the following three cases.
(i) 0 < x9 < 2 —1— e In this case, the random graph G(152n, £) is subcritical
with # <1 — %. By Lemma[(.3]

E(Z yc;P) = O(n). (7.8)

Jj1
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(ii) % —1+4+e<x9<1(in case ¢ > 1). In this case, the random graph G( 1+2$°n, <)
is supercritical with 6 > 1 + % By Corollary (.6l we have

E(D 1) < (ECF))* +O0m)

j>1

- <¢(:Eo)n)2 + <E|Cfr| - ¢(:Eo)n> <E|Cf| + ¢(:n0)n> +0(n).

By Corollary [5.5] we have ‘E|Cf|—¢(:p0)n‘ = O(y/n). By LemmalZ.1], we have ¢(zg)n <

dxon. So we have

E(Z|cj|2) < 82222 + 0(n3?) < (6% + o(1))a2n?.
Jj=1
(i) 2—1—-e<zg<2-1+e€(orl—e€<z<1incasec=1). Recall that
E<2j21 |C]+|2> = HEpE|C,|. So E<2j21 |C]+|2> reaches its maximum at zy =
2

c—1+eforl <c<2orxg=1forc=1. In the former case, by the estimate in case

(ii), we get
B(Y e/ P) < @ +0(1))(% 1t
i>1

2/c—14€
2/c—1—€

2
Now we choose € to be small enough such that 52( > < 1, then we choose a

2
constant d; such that 52<§§§:1f§> < 61 < 1. Then We have

E(Z ]C;FP) < dxin?.
i>1

In the latter case, by Theorem 1 of [25], we have that

The Lemma follows from combining case (i), (ii) and (iii). O

Proof of Proposition [7.3t Suppose without lost of generality that |Ga| < |Gy].
Since Yy + Zy € I, the random graphs G (Y + Zo, =) and G(n — (Yo + Zp), &) are both
subcritical for large n. The same is true for the chain (57},/2:) In the first chain after
the percolation step, denote by {A;};>1 and {B;};>1 the components with vertices
completely in G7 and G2 respectively. Note that there are also components that have
vertices in both G and Ga. Denote such components by {C;};>1. In the second chain,
we denote by :4?,25’; and C~] to be these components. Lemma 5.7 implies that for some
¢ > 0 with probability (1) we have that the number of isolated vertices in {4;} is at
least ¢|G and at least ¢|Gy for {:4; }. Denote this event by A.
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Furthermore, by Lemma [5.3] we have

EQY AP+ 1C;NGil) = O(IGul) (7.9)

j>1 j>1

E> 1B+ 16N Gal*) = O(|Ga)) (7.10)
j>1 j>1

E 1417+ 16, nGi*) = O(IGh)) (7.11)
j>1 j>1

E(D IBIP+ > 16N Gal*) = O(|Gal). (7.12)
j>1 j>1

Now, we first assign spins to all components except the isolated vertices in {4;}
and {:4;} independently in both chains. Let M;, N1 be the sum of spins in G; and
G- respectively in first chain before assigning the rest of the spins, and similarly ]\Z,
N be the same for the second chain at this time. By ([9)),([710),(11),([C12) and

Markov’s inequality that we have

LAJAﬁr—jZJZ:O(V|G1DJAH-—5E|ZZO(V|G2D}

occurs with probability ©(1). Then by Lemma [6.7] we can couple the sum of spins in
both G; and G so that they are the same in both chains with probability €2(1). This
gives the required coupling of (Yi, Z1) and (Y7, Z1). O

8. CRITICAL CASE

In this section, we prove that the mixing time for the Swendsen-Wang dynamics in
the critical case ¢ = 2 is of order n'/4. This is part (ii) of Theorem 211

Let X; and Y; be two magnetization chains such that X; starts from an arbitrary
location and Y; starts from the stationary distribution. To prove an upper bound of

order nl/4

to the mixing time we show that we can couple X; and Y; so that they meet
in time O(nl/ 4) with probability €(1). For a high level view of this coupling strategy
we refer the reader to Section 43l

Consider the following slight modification to the magnetization chain X;. Instead
of choosing a random spin for each component after the percolation step, we assign
a positive spin to the largest component and random spins for all other components.
Let X/ be the sum of spins at time ¢ (notice that we do not take absolute values here),
that is,
X4y £ max{|Cf (1)), 7 (O]} + emin{[C (1)), ICT (O]} + Y e51C5 (O] + D &l¢; (#)],

Jj=2 Jj=2
(8.1)
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where as usual €, {¢;} and {€;} are independent mean zero + signs. This chain has
state space [—n,n| and its absolute value is distributed as our original chain. As a
consequence, any upper bound on the mixing time of the modified chain implies the
same upper bound on the original chain.

The bulk of this section is devoted to the proof of the upper bound on the mixing time
(the corresponding lower bound is much easier to prove and this is done in subsection
R3). To ease the notation, in this section we will refer to this modified chain by X
and Y;. The only exception to this in this section is Theorem where another
modification to the chain was required for the proof.

The upper bound asserted in part (ii) of Theorem 2] will follow immediately by
the following two theorems. Though their statement is almost identical, the difference
in the starting point Xg give rise to completely different proof methods so we chose to

specify them as two separate theorems for convenience.

Theorem 8.1. Let X; and Y; be two SW magnetization chains such that Xo > n3/4
and Yy < w. Then we can couple X; andY; so that they meet each other within O(n1/4)
steps probability (1).

Theorem 8.2. Let X; and Y; be two SW magnetization chains such that 0 < Xy < n3/4
and Yy < w. Then we can couple X; andY; so that they meet each other within O(n1/4)
steps with probability Q(1).

Proof of the upper bound of part (ii) of Theorem [2.3t Theorem [R1] and
Theorem give that for any Xy > 0 we can couple X; and Y; so that they meet
within O(n'/*) steps. If Xy < 0, then by (&) and symmetry we have that

1

so we may apply Theorem [B.I] and Theorem again. This shows that the mixing
time of X, is bounded above by O(n!/*). Note that | X;| and the original magnetization
chain has the same distribution. Now Lemma [.1] gives the required upper bound and

concludes the proof.. O
8.1. Starting at the [n3/% n] regime: Proof of Theorem 8.1l

Theorem 8.3. [Crossing and overshoot| Let X; and Y; be two SW magnetization
chains with Xy > n3/* and Y, 2 . Put

T =min{t: X;,V; € [A7 '3 An3/Y and | X, — Y| < hn5/8} ,
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for some constant h > 0 and large constant A. Then we can choose positive constants

h,q, K depending only on A such that
P(T < Kn'/*) >q.

Theorem 8.4. [Local CLT| For any constants A > 1 and h > 0, there exist constants
§=06(A,h) >0 and k = k(A,h) € N such that for any xo € [A~ 034, An®/4] and any
x € n+ 27 with |z — x| < hn®®, we have

P(Xk = LZ"X() = xo) > (577,_5/8.
Proof of Theorem Bt By Theorem B3, the event 7' < Kn'/* occurs with prob-
ability at least q. By Theorem [8.4] and the strong Markov Property we learn that

there exist 6 > 0 and k € N such that for any 2 € n + 27 with |z — X7| < hn®/8 and
|z — Y| < hn®/8, we have

P(Xpyp=x | T < Kn'%) >6n70/8,

and
P(Yryp =z |r < Kn'/*) > on=/8.

Thus, for any such x we can couple X; and Y; so that X7 = Yy, = x with proba-

bility at least on~5/8. We have at least h”;/g such z’s so in this coupling we have that
Xryk = Ypo, with probability at least hd/2. Lemma concludes the proof. O

8.1.1. Crossing and overshoot: Proof of Theorem [8.3l For any two magnetiza-
tion chains X; and Y;, define J; = X; — Y;. Let 7 be the first time the two chains cross
each other, i.e.
7 := min{¢ : signJ; # signJp}. (8.2)
The following theorem implies Theorem [R.3] immediately.

Theorem 8.5. Let X; and Y; be two independent magnetization SW chain with Xg >

34 and Yy 2 1. There exists positive constants §, K, A and h such that
P(T < Knt: X, 1, Yeq € [A" W34 An¥4Y; g, < hn5/8) >4,
To prove Theorem we will use the following results.

Theorem 8.6. The stationary distribution w of the modified magnetization chain sat-
isfies

3/4 3/4 L[ L 4
lim w[ain®/*, agn®4] = E/a exp(—ﬁx )dz

n—oo
1
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for any constants as > a1 > 0 where Z = fooo e:np(—%x‘l)d:z: is the normalizing con-

stant.

Lemma 8.7. For any constant A > 0 there exists N such that for all n > N we have
that if Xo € [A™'n3/*, An3/4], then the following hold:
(i). —Cn'/? <EX; — X, < 0.
(ii). E|X; — zo|F < Cn®*/® for k =2,3,4.
(ii)). EY ;5 [C5 |2 > en®/t.
where C' = C(A) and ¢ = c(A) are constants.

Theorem 8.8. Let X; and Y; be two independent magnetization chains with Xg, Yy €
[b1n3/4, byn®/4] for constants by > by > 0. Put h = “0=8> and suppose that h > 0 and

that h = o(n'/®). Let T be the crossing time of X; and Y; defined in (83). Then there

exist positive constants M and § which only depend on by and bs such that

P(r < Mh?) >34.

Lemma 8.9. Let X; be a magnetization SW chain and I = [a1n3/4, a2n3/4] where
az > ap > 0 are two constants. Let h € (0,a1) and € [0,a1/4] be two constants.
Then for any b € I, we have

P (sign(X; — b) # sign(Xo — b) | Xo > —&n®/*,|Xo — b| > hn®/*) < Dn=1/3,
where D = D(aq,az, h,§) is a constant.

Theorem 8.10. For any fixed constants bs > by >0, ¢ <1 and K > 0, there exists a
constant B = B(by, ba, q, K) such that for every Xo € [byn3/*, byn3/4], we have

P(X; < Bn® for all t € [0, Kn'/])) > q.

Theorem 8.11. Let X; be a magnetization SW chain with Xy > an/* where a > 0
is a constant. Define 7, = min{t : X; < an3/4}. Then for any positive constant b > 0
we have

6
e

We begin by showing how these results imply the main theorem of this subsection.

P(7, > bn'/*) < (8.3)

Proof of Theorem Let a1, K and C be three positive constants to be selected
later. Define
71 :=min{t: X} < a1n3/4},

and define A to be the event that
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(1) Yp € [4n3/*, an®4] and
(2) 71 < Kn'/* and
(3) Yy, > ayn®/* and
(4) Y; < Cn?/* for all t < Kn'/%,
First we determine constants aj,d, K and C so that P(A) > § > 0. By Theorem [86],

there exists a constant g > 0 such that

3/4
P<7rn € [nT n3/4]> > q.
By Theorem again, we can choose a; > 0 such that

P<7Tn € [-n, a1n3/4]) <Z

[\

Since X; and Y; are independent we have that Y 2 7,. Thus

3/ 3/4 3/4 q
P(Y, € [—2 0 Y > an®t) > 5

By Lemma BTT] there exists a constant K = K (a1, q) such that

n3/4 q
P(Y, € [7,713/4],1/}1 > an® T < Kn1/4) > 7 (8.4)
By Lemma BJ0] there is a constant C' = C(K, q) such that
P(Y}SCn?’/‘l for alltSKn1/4> > 1—%. (8.5)
Combining (84) and (83) shows that P(A) > . Note that if A occurs, then
<7 < Kn'* (8.6)

Next we show {JT_l < %n?’/ 4} N A has positive probability. We do this by proving
J_1 < %n?’/‘l occurs with high probability on A. Note that {JT_l < %n?’/‘l} nA
implies X,_1,Y;_; € [A~'n%*, An3/4] for some large constant A.

If {Jr—1 > “2—1713/4} N A occurs, then there exists some ¢ < Kn'/* such that .J, >
2n3/* and Ji1q < 0. This implies that there is a point y € [2n3/4, (C + 4 )n*/4] with
| X —y| > %n?’/‘l and |Y; —y| > ‘2—1713/4 and at least one of X;11 and Y;y; crosses y.
Suppose first that Y;_q > —&n3/* where € is a small positive constant. Then Lemma
and the union bound give that

P(A, Jro1 > %n3/4,YT_1 > —£n3/4> < Dn~YBKEnYA = o(1). (8.7)



54 YUN LONG, ASAF NACHMIAS, WEIYANG NING, AND YUVAL PERES

Next suppose that Y,_; < —&n3/%. Then there is a t € [0,Kn1/4] such that Y¥; <
—&n3/4. By (&), for any starting location, we have
P(X; < —&n?) < P<emin{]CJr (@), 1Cy ( ]}—FZ ¢CS (t H—Z elc (1) < §n3/4>.
j>2 j>2
By Theorem [5.13] we have that
E(emin{lcf (0], Cr ()]} + Y le; ]+ 3 ley (0]) = 0w, (68)
j>2 j>2

so Markov’s inequality gives that
P(X, < —&n®Y) = 0(n=1/3). (8.9)
The union bound implies now that
(A Jr_1 > 21 n3/4 Y. 1 < —§n3/4> < O(n_l/?’)Knl/4 =o(1),

and so together with (87) we conclude that {A, X, _1,Y,_; € [A~'n3/4 An®/*]} occurs
with probability 2(1) for some constant A. We denote this event by B.

It remains to prove that {J,_1 < hn®/8} N B occurs with probability Q(1) for some
constant h > 0. Suppose first J,_; > n?/32. Notice that {B,.J,_1 > n?3/32} implies
there is a t < Kn'/* such that X,,Y; € [A_1n3/4,An3/4], Jy > n?/32 and J < 0.
This implies at least one of X; and Y; has to make a huge jump of order at least n23/32.
By part (ii) of Lemma [R7] with £ = 4, Markov’s inequality and the union bound we
have

P(J,_1 > n?/32 B) < O(n*C/8=23/32)n1/4) — (7). (8.10)
To handle the case J._; < n?3/ 32 et

W), = [2kn3/8, 2k+15/8),

and consider the probability P(Jr—1 € Wy, B). Let Ty, be the first time that J; € W
for m-th time and
Am - ﬂ {XTm,,YTm/ S [A_1n3/4,A3/4]}'
1<m/<m

Note that A, € Fr,,. We have

P(Jr 1 € Wi, B)< Y P(Ty <7—1,J1,41 <0,B). (8.11)

m=1
Notice that {T},, <7 —1,Jr,,+1 < 0,8} implies that for all m’ < m, we have Xz , >
arn3/4, Yr , < Cn?/* and Xt , —Yr | < 2k+1p5/8  This in particular implies that
Xr ,,Yr , € [A=1n3/4 A3/4). Hence {T}, < 7 —1,Jr,11 < 0,B} implies {T}, <
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T—1,Jr,4+1 <0,A,}. Also, by part (ii) of Lemma [B.7 and Markov’s inequality, we

have c
P(| X1 — Xi| 2 2078 | X, = 0(n™") < .
The same inequality holds for Y; by the same reason. Thus
C
P(\Jtﬂ g > 2kn5/8(xt,yt _ @(n3/4)) < o

We now use the strong Markov property on the stopping time 7;,, and plug the above
estimate in (8IT) to get that

P(J;1 €W, B) < Z P(Tyn <7-1,J1,11 <0,An)

m=1

< Z;kP(T <7T-1, An). (8.12)

m=1
If {T,, < 17—1,A,} occurs, then for any I < m, we have T,,,_; < 7 — 1 and
X1, YT,

m—1

€ [A_ln?’/ 1 And/ 4] and most importantly, the chains do not cross between
time T},_; and T,,, which is at least [ steps. Now, let M and r be the constants from
Lemma B8 and put | = M2%*%. The strong Markov property on the stopping time
T,,_ao2x and Lemma [8.8] gives that

P(Tm <7T-— 1, Am) < (1 — T)P(Tm_M22k <7-—- ]., Am_MQZk) .
Applying this recursively gives that
P(T, <71, Ay,) < (1 —r)lae),

Plugging this into (812), we get

C
%

C o0
P(J,_1 € W, B g—kz (1—1) =

Combining this and (®I0) we have for large enough ko, {J,_1 < 2¥n%8 B} occurs
with probability ©(1), which concludes the proof of the theorem. O

We now proceed with proving the statements we have used so far in the proof of

Theorem To prove Theorem we will use the following small lemmas.

Lemma 8.12 (Simon and Griffiths (1973)). Denote by S, the sum of spins for Ising
model on the complete graph. If the inverse temperature g = %, then there exists a

random variable X with density proportional to exp(— 12x 1) such that

Sn d
ey — X,
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as n — 00.

Corollary 8.13. Consider Ising model on the complete graph with inverse temperature
B=14 O(#) For any fized constants az > a1 > 0, we have

a2
lim P(|S,| € [a1n®/*, agn®4]) = l/ exp(—ia:ﬁ‘)dx,
A, 12

n—o0

where A = [ exp(—5x*)dx is the normalizing constant.

Proof of Corollary [8.13: By Lemma[RI2/we have that the conclusion of the corollary
holds for £ = % Thus it suffices to prove that for any configuration ¢ in which

1S, (0)] € [a1n®/*, agn®/*] we have
Ps(o) = (14 0(1))Pgs,(0),

Observe that on complete graph we have that

2 _p
> U(u)a(v):S”2 .

UV, UFEV

Thus, for any o with S, (o) € [a1n%/*, agn3/4], we have

S,,%fn

Pylo) _ 2 /Z(8) _ 1y 2B

Pg, (U) eﬁl(s’%{n)/z(ﬂl) Z(B) 7

(8.13)

so it is enough to show Z(5) = (14 0(1))Z(51). Indeed, Lemma implies that
P, (1Sa] = n™%) = o(1)

but for any configuration o with |S,,(¢)| < n7/® we have that
S,%fn S,,%fn
AT = (14 0(1))e )|

and the assertion follows. O

Lemma 8.14. Let m, be the stationary distribution of the modified magnetization SW
chain X;, then we have

lim 7,[—00,0] = 0.
n—oo

Proof of Lemma [B.14t Recall that SW dynamics with parameter p has stationary
distribution of Ising model with p = 1—e~28. Plugging in p = % we get = %—FO(#)
By Corollary B13], for any € > 0, there exists constant b; and by such that 0 < by < by
and

wn([b1n3/4, bon/ 4 U [—ban®/4, —b1n3/4]) >1—e

By definition of stationarity, for any set S we have
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ye[—n,n}

Put S = [-n,0] and denote 7,,[—n,0] by d,. For any X, we have
P(X; <0)<1/2,
by symmetry. For Xy € [bn®/4, byn®/*] Lemma B9 gives that
P(X, <0) < Dn /3,
Plugging these into (8.14]), we have

6n = E{Z }ﬂn(y)P(y,S) < %% +e+ Dn7Y3,
ye[—n,n

which gives

8, < 2(e + D13,

concluding the proof. O
Proof of Theorem Directly follows from Corollary BI3] and Lemma RI14 [

The following is an easy estimate which use frequently to show that the main con-
tribution from the first term of (8.I)) comes from the |C;"| element rather than the |C; |

element.
Proposition 8.15. If Xy > Cn?/?log?n for some large constant C, then
P(Cr| > |ef]) < O(™*™™).

Proof. By our condition on X, we have that |C;| is distributed as the size of the largest
component in a supercritical random graph G(m,p) with m = LQXO and p = 1Lm€ with
e = Xo/n = Q(n"3log?n). Theorem 5.9 gives that

P(’Cf_’ > en?/3 log2 n)>1- Ce—cloan7

for some small ¢ > 0. On the other hand |C; | is distributed as a subcritical random

graph. Theorem 1 of [25] gives that
P(lcl_’ > CTL2/3 10g2 n) < Ce—clogzn 7

which finishes the proof. O
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Lemma 8.16. If X; > Cn?/3logn for some large constant C, then

Xt) (8.15)

E[Xi1 | X¢] < Xt<1 -2,
Proof. By () we have E[X;y1 | X;] = E[|max{|C{"|,|C; |}||X¢], hence Proposition
gives that
E[Xis1 | Xi] = E|CF] + O(en)

Thus, Theorem (.8 yields that

2
Xint Xo TXPntXe | o ciogtny SXt(1_§>,
n

when n is large enough. O

Proof of Lemma R. Tt As in the previous proof we have
EX; = E[C]| + O(e~c'8" ") |

Since € = 2 = ©(n~/4) Theorem 5.8 gives that

ron+x9g 8 /xo\2n+ 2o zo\3n + xg
Bef| = 2 - 5(5) o((5) %)
C7] n o 2 3\n 2 n 2
2 3 2
_ _% (@): _ % 1/4
o 3n+O 2 o 3n+O(n ),

which gives part (i) of the lemma since zo € [A~'n%/%, An3/4]. We now prove part (ii).
For k = 2,3,4, by (81)) and Jensen’s inequality we have that

8

_ 1k —enl/
E[X1 —wol* = E|lCF| =20+ ) _elCH+ ) €l ||" + O(e )

j=2 j21

gk-1 (E(\Clﬂ - azo‘k + E( Seler+Y e;-ycj—\‘k). (8.16)
=2 i1

IN

Theorem 510l now gives that

k k/
s s s e/
0(;0) < O(n+/3),

Another application of Jensen’s inequality gives that
x0n+:170) " (2@714-:170 . )|k

no 2 n o 2

< 2k_1<0(n5k/8) n (%(2))'{) < O(nF/3). (8.17)

E|lcf] —zo|" = E|(lcf| -2
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To bound the rest of (8I6), notice that by Holder’s inequality, we only need to consider
the case k = 4. We have

B[ Soelei 1+ Soelerl” < Smieh S mie 1+ (Yo EICH ) (Y EIC )
j>2 j>1 j>2 5>1 Jj>2 Jj=1
+ E Y IGHPICTPAE Y e Pley P

1,§2>2,i#] i,j>1,i#]
By Theorem [5.10] we have
+12 zo\ "1 5/4
> EICH < CQn(n> = O(n®)
Jj=2
and .
+14 Lo\ ™2 _ 9/4
S ElCH < C4n<n) = 0",
j=2
By Theorem [5.12] we have
—2 zo\ ! 5/4
-2 < = —
;E\CJ 2<cm(2) = om™
3>

and
5

S ElC |t < c4n<@)_ = O(n%4).

izl "
These together with Theorem [E.13] to handle the cross terms finishes the proof of part
(ii) of the lemma. Part (iii) follows immediately by Theorem [5.12]

_ n—xTgn n . _
Eg ]C-]2202 0—202—A Ll/4 > enb/4
=1 J 2 ) 4
i>

O

Lemma 8.17. Let X be a real valued random variable with EX = 0 and EX?2 > h?
and EX* < bh* where b > 1. Then for any p € [0,1] we have
1— 2\2
P(X < —ph) > %.

Proof of Lemma R. 17 By Cauchy-Schwartz

EX21 X2>p2h2 < EX4E1 X2>p2h2 < bhAP (X2 > p2h2) .
{X22>p?h?} {X22>p?h?}

Hence,

h? <EX? < p°h? + E[X?1 x25 2p2y] < p°h* + \/ORAP (X2 > p?h?) .

We conclude that

9\2
P(x| 2 ph) > U200
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and the assertion follows by symmetry since P(X < —ph) = P(—X < —ph). O

The following will be used in the proof of Theorem B8]

Theorem 8.18. Let X; be a magnetization chain with Xog € [b1n3/4,b2n3/4] where
bo > by > 0 are two constants. Let 71 be the first time that X; ¢ [%n?’/‘l, (be + %)n?’/‘l].
Then there exists a constant C' = C(by,b2) > 0 such that for all constant § > 0 we
have

P(r < on'/t) < 062

Proof of Theorem [8.18 Denote by I the interval [%n?’/‘l, (b2 + %)n?’/‘l]. Part (ii) of
Lemma [R71] gives
E|:(X(t+1)/\7'1 - Xt/\n)k‘ﬂ] < Cn5k/8 (818)
for k = 2,3,4. Define
Z = Xy — Xinn — (EXgpiyan — EXinn ).

Note that ‘EX(t—l-l)/\Tl - IEXMTl| < Cn!'/? by part (i) of Lemma [87] hence

E[Z’f(ft} <on¥ (8.19)
for k = 2,3,4. Also, for k = 1, part (i) of Lemma [R7] gives that
E[Z|F] < Cv/n. (8.20)
Denote
ft)= <E[an - EXt/\Tl]4> 1/2-
Note that
FE+1)? = E[X gy1ynr — EX(pipnn]* = E[(le — EXyp) + 2]4. (8.21)

For kK =1,2,3,4, we have
E[(Xirn ~EXin ) 24 = E(E[(Xirn ~EXirn)  25|7])
_ E[(an - EXt/\Tl>4_kE[Zk\]-"t]].
Hoélder’s inequality implies that
4—k
E[(XM - EXM) Z’f} < on¥ ()T, (8.22)
for k = 2,3,4 and by (8:20)

E[(Xin ~EXorn ) 2] < CVRF(1)E. (8.23)
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Expanding the right hand side of (82I]) and plugging ([8:22]) and (8.23) into it, we get
FE+ 12 < FO2 4+ Cvnf)>? + CndAf(t) + Cn'®/E ()2 + Cn®?.  (8.24)
Comparing the right hand side of (8.24]) with
2

( F(t) + OnM2F ()2 4 0n5/4) (8.25)

we find that the first, second, third and fifth term of (824]) is dominated by expanding
(825). For the forth term, if f(t) = O(n®/*), then it is dominated by (Cn°/*)2.
Otherwise it is dominated by Cn®/*f(t). The conclusion is that

ft+1)? < (f(t) +Cn'2F()V2 4 Cn5/4)2. (8.26)
Thus, if f(t) = O(n%/?), then we have
ft+1) < f(t) +Cn/4, (8.27)

Since f(0) = 0, by iterating (827) we get that f(t) < Ctn®/* for all t < dn'/* where
6 > 0 is a constant. Put ¢t = dn'/4. Markov’s inequality gives that

(C9)°

b
P(|X5,1/0p7 — EXgp1/a0 | > Zln?’/‘l) < o7 (8.28)
(%)
By part (i) of Lemma [877 we have that
IEX 517407, — Xo| < Con3/4,
Thus, for small enough § we have
P(‘XMMH = xo( < %n3/4> >1- (62 (8.29)
which means that X; has not jumped out of the window I within ont/4 steps with
probability at least 1 — C'§2. O

Proof of Theorem [B.8 Recall that J; = X; — Y;. Let M be a large constant that
will be chosen later. Assume without loss of generality that Jy > 0, we will prove that
Jun2 is negative with probability €(1), which implies the theorem. Denote by I the

interval [%n3/4, (b + % )n%/] and define
mm=min{t: X; €lorY, &1I}.

We will prove out claim by precisely estimating the first, second and forth moment

of Jyp2ar and then apply Lemma BIT to Jypepnr, — EJyp2p,, - We start with first
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moment estimate. By part (i) of Lemma [877] and the optional stopping theorem we get
EXinr — CvVn <EXyian < EXinn (8.30)
for some constant C' = C'(by,b) > 0. Applying (830) recursively gives that
Xo — CMRh*Vn <EXppops, < Xo. (8.31)
The same formula holds for Y;, hence
EJynepg, < hn®/® + CMh*n'/2, (8.32)
We proceed with the second moment estimate. Notice that if X € I, we have that
E(X: -~ E(X1R)? = E|max{|c{], |7 |} - Emax{|c,Ic7 |}
+ eminfleL e} + el + e 1]
j>2 j>2
by &I). In the n%* regime, we have P(|Cy| > |C}]) = O(e~c1°8" ") by Proposition
RI5L hence

E(X) - E(X1]F0))? > (1— Ce MRS |C7 P > ern®/*,
j>1

by part (iii) of Lemma (87)). Also, by part (ii) of Lemma [8.7 we have that

E(X; — E(X1]Fo))? < Cn/4,

Now let
-1
A=) (Xisnan — Xinn) = EXr1yan — Xinn [F)
=0
and
-1
By = Xo — EXinr + Z E(X (it 1)an — Xinn | Fi)-
=0

Then it is easy to verify that A+ By = Xyar, —EXiar, . Moreover, since the martingale
increments are orthogonal we have that

t—1

EA} = ZE(X(iH)An —EX@t1an |Fi)?.
i=0

Since h = o(n'/3) Theorem BI8 gives that
P(r < Mh?) =o0(1).

This implies that
cMh2n®* <EA2,,. < OME*n®/4,
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By (83I) and part (i) of Lemma 87, we get that |B;| < Ctn'/2. This gives
EB? < Ct*n.
Cauchy-Schwarz inequality gives
E|Apsn2 Banz| < CMR*n®/8.
Thus, we have
VarXypens, = EA2, 5 + EB2, 5 + 2EA 2 Bagpe > (¢ — o(1)) Mh*nd/2.
The same estimates hold for Y;. Since X; and Y; are independent we have
VarJypeps, > et Mh*n®/, (8.33)
For the fourth moment estimate, by (827]) we have
E[Xamnznn — EXamans, | < (MA2Cnd/)?
and
EYarnzar, — EYamenn ]! < (ME2Cn®*)?.
By the Jensen’s inequality, we get
ElJamenr, — EJynean )t < 16(MR2Cn%/4)2, (8.34)

Putting (8.33]) and (834]) together, taking p = \/%61 and using Lemma R.I7, we get

P(Jun2nn — Eumear, < —hn/®) >4,

where § > 0 is a constant. Combining this with (832]), we get
P<JMthT1 < 0) > 4. (8.35)

Here we choose M so that Mc¢; > 2, concluding the proof. O

Proof of Lemma B9t If Xq < b— hn®*, then assume first X, € [n®/4 b — hn3/4).
In this regime, by part (ii) of Lemma [8.7 with £ = 4 and Markov’s inequality we have

C?’L5/2

P (sign(X1 — b) # sign(Xo — b)) < <

= 0(n~Y?).

Assume now Xo € [—&n®* én®/4]. Recall the distribution of X; in (8I) and that
b>an?* and € < ar/4. If X < a1n®/*, then either

max{|C;|, |CT |} > 26n3/4,



64 YUN LONG, ASAF NACHMIAS, WEIYANG NING, AND YUVAL PERES

or

emin{[Cf ()], 1Cr (O} + D 61C) O] + D éfley @] = Tn.

j>2 j>2
By Theorem [5.9 and monotonicity of |C;|, we have

1/8

P(max{IC} |, [c7 |} > 26n*) < Cemn
By Theorem [5.13] and Markov’s inequality, we have
P(emin{|Cy (O], 07 (O} + Y 6lc] (O] + D ¢lcy (0] = Sn¥/) = 0m=1/9).
7>2 j>2
Thus, we have
P(X, >b) = O(n~'/3).
If Xo > b+ hn3/%, then assume first X, € b+ h3/4, Bn3/4] for some large constant
B. By part (ii) of Lemma B.7 with & = 4 and Markov’s inequality, we have
Cn5/2
~ hin3

Assume Xy > Bn3/4. 1t X; < bn3/4, then either

P(X; <b) < = O(n~1?%).

_ B
ma{[Cf1,[C7 [} < Zn¥/%,

or

emin{|C; (¢)], |Cy (¢t \}+26J\C+ ]—i-z ]]C ——ag) 3/4,

7>2 j>2
By Theorem 5.9 we have

B
P(max{|Cy ], ]cy |} < Sn*/) < Cem
By Theorem [(.13] and Markov’s inequality we have

P(emin{|CT (£)],1CT (D)1} + D _51CT (0)[ + D IC7 ()] < O(n™'7).
§>2 §>2
Thus, we have
P(X; <b) =0(n /3.
]
Proof of Theorem Denote by I the interval [byn3/4,byn3/4] and let B be a

large constant to be chosen later. For any X € I, define
A x, = P(X; exceeds Bn?/* within t steps | Xo).
Let

A; = max A4; x, .
Xo€el 0
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Then A; is increasing in t. Let

T =min{t: X; & [b2—1n3/4, Bn®/}.

Then Xy, is a supermartingale by part (i) of Lemma [R7] Thus we have
EX jepi/an, < ban®/4, (8.36)

For simplicity denote ¢g(B) = maxx,cr P(X 1740, > Bn?/* | Xy). We get from the
above estimate and (836) that g(B) — 0 as B — oo. For all Xg € I and t < Kn'/4,

we have
A x, < 9(B,Xo) + P<XKn1/4/\T < %n?’/‘l,Xt exceeds Bn** before t). (8.37)
Denote
A={Xpgp /a0 < %n3/4,Xt exceeds Bn®/* before t}.
Let 7 be the exit time of [%n?’/‘l, (b + %)n?’/‘l]. By Theorem [BI8] we have
P(r > on'/Y) > 1 - C#?,

for any sufficiently small constant 6 > 0. On the event {r; > dn'/*}, there are three
cases:
(i) X5n1/4 S [%n3/4, b1n3/4].
(ii) X5n1/4 S [b1n3/4, b2n3/4].
(i) X514 € [b2n®/, (bg + Y )n3/4].

1/4 e have that

For case (ii), by the Markov property at time dn
P(A| 7 > 0n Xgus € [b1n® 4, ban®)) < A,_g1/a.
For case (i), define
T = min{t > on'/* : X, € [byn®/*, byn®/4]} .
By monotonicity of A; and the strong Markov property on T' we have

b
P(A ‘ 1 > 5711/47X5n1/4 € [51713/4, b1n3/4],T < t) <A 5174

The event {A, 71 > 5n1/4,X5n1/4 € [%n?’/‘l,bln?’/‘l],T > t} implies that there exists
t < Kn'* such that X; < %n?’/‘l and Xy11 > byn3/*. By Lemma B9 and the union
bound, this happens with probability at most

Dn 3 Kn'/* = O(n=4/12),
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For case (iii), the event {A, 71 > dn/* Xy 14 € [bon®4, (b + %)n?’/‘l]} implies that

3/4 and then goes above Bn3/4. Let

X, first goes below %n
T ' =min{t: t >71,X; € [}
By monotonicity of A; and the strong Markov property on 1", we obtain
b

P(A| 7 > 6%, Xy € [ban®?, (bs + El)n?’/‘l],T’ <t) < Ay_smja-

By similar argument in case (ii), we have
b

P(A, T > 5n1/4,X5n1/4 € [b2n3/4, (be + El)n?’/‘l],T/ > t) = O(n_1/12).

Summing up the above estimates, we obtain
P(A, 7 > on'/*) < A, 510 + O(n~112), (8.38)

On the event {A,7; < én'/*}, which happens with probability at most C'2, there

are two cases to consider:

(i) X < &nd/A,

(il) X7 > (b + & )n/4.
In case (i), let

Ty =min{t:t>m,X; €I}
By monotonicity of A; and the strong Markov property on 17, we have
b
P(A|n < o'/t X, < 51713/4,T1 <t) < A

A similar argument as before gives us

b
P(A i < on'/t X, < ST 2 ) = O(n1/12).
In case (ii), let
To =min{t:t>7,X; € [}.
Similar arguments gives

b
P(.A|7'1 < 5n1/4,X7—1 < 51713/4,1—12 < t) < At,

and
P4, < o'/ X, < b_21"3/47T2 > t) = O(n~1/12).

Summing over these estimate, we obtain

P(A, 7 < on'/t) < C8* (A + O(n1/12)). (8.39)
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Plugging (8:38) and (839) into (837), we get
At xo < g(B) + (A;_s/a +O(n~Y12)) 4 C52(A; + O(n~1/12)).
Maximizing over Xy and rearranging gives

1
A, <

= 1_7052(141&—%1/4 + g(B) + O(n_1/12))_

Telescoping gives

1

’7%—‘ 2 —1/12
Agwis < 755 (05 +g(B) +O(n~Y )).

K
Since —= [ 61 converges as ¢ goes to 0, we conclude that we can choose § > 0 small
1-Cé

enough and B so large to make Ay, 1/4 arbitrarily small, as required. O

Proof of Theorem [8.11k Notice that

Jtt} = E[Xt+11{7—a2t+1}+Xra1{ra§t}‘ft}
= E[Xen| AL >0y + Xo <

E[X(41)nr,

By Lemma 816, we have

Xt Xt2
1— 6_n> 1{Ta2t+1} +X7—a 1{Ta§t} = Xt/\Ta — 6—nl{7—a2t+1}. (840)

Taking expectations on both sides of (840), we get

E[X(t—i-l)Ara ]:t] < Xt<

1
EXiiynr, < EXinr, — 6_nEXt21{Ta2t+1}‘ (8.41)

Note that
E(Xfl{Tath}) > a2n32P(r, > t+ 1),

and
2
a2n3/2 > E<Xﬂ11{“§t}>
— P, <)

Hence we have

E (Xfa 1{Ta§t}>

P(r, > t+1),
P(r, < 1) (ra 2 t+1)

E<Xt21{7'a2t+1}> >
which implies

E<X3a1{ra§t}) < %E(Xfl{mztﬂ]»)
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Adding E(thl{mzﬂ_l}) to both sides, we obtain

E|:Xt21{'r >t+1}]
= >EX2 . > (EXinr )2 42
P(Tazt‘i‘l) - tATq —( tA a) (8 )
Plugging into (8.41]), we get
1
EX i+ 1)nre < EXiar, — G—HP(TG >t 4 1)(EXiar, )2 (8.43)
Note that EX(;41)rr, > 0. Taking the inverse of ([B43) leads to

! > 1 + ! P(r,>t+1)
- T .
EX(¢tiar,  EXinr, 60 "7

Summing ¢ from 0 to [bn'/4] — 1, we get
1 Z] (T >t+1) > iP(T > bn!/4)on!/4, (8.44)
EX[bn1/4]/\Ta 6n paare a = — 6n a =
On the other hand, for any « € [0,n], observe that X, 1/4 rr, < —@ implies there exists
t < bn'/4 such that X; > an®/* and X¢y1 < —zx. This implies either

max{[C} |, |7 [} < §n,

or

emin{|C{ ()], [C7 (O} + D elcHB)] + Y €l ( ;n3/4.

3>2 j>2
By Theorem 59, we have P(max{|C]"|,|C; |} < 2n?/*) = O(e~*""""). By Theorem .13
and Markov’s inequality, we have

. a
P (emin{[C{"(1)], [CT ()]} + D _&ICT (D) + Y _jIC ()] < = — 5n™™) <

j>2 3>2

Cnd/3
(z + §nd/4)4

Hence by union bound we obtain

Cn8/3

T ppl/A
(w+%n3/4)4bn '

P(an1/4/\.ra < —x) <

By a direct computation we obtain

Cn8/3

2/3
v gy~ O

E(‘anl/‘l/\ﬂ'a’1{an1/4m_a§0}) < Z bn1/4
x=0
Thus we get
EX 14107, = P(7a > [on/4))an®/* — O(n??).
Multiplying this and (8.44]) we get

2
1> 6ibn1/4an3/4 P(r, > [bn'/*])]
n
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which gives (83]). O
8.1.2. Coupling inside the scaling window: Proof of Theorem [8.

Lemma 8.19. For any fized constant A > 1 there exist positive constants q =
q(A), B = B(A), such that if Xo € [A~ n3/*, An3/4], then

P(X, = z|Xg) > qn~"/®
for any x € n+ 2Z and |z — Xo| < Bn®/5.

Proof of Theorem [8.4] We will use induction to prove that for any ¢ > 0 and any
& € n + 27 such that |Xo — x| < B(1/2 + £/2)n5/3, we have
{—1
P(X, = 2|Xo) > qf<§> n=5/8, (8.45)
This implies Theorem B.4] immediately.

We prove this assertion by induction on ¢. Lemma BI9 implies ([845) is true for
¢ = 1. Suppose now (8.45) holds for ¢ and we prove for £+ 1. If z € n + 2Z and
|lx — Xo| < 5(1/2 + (£ + 1)/2)n5/8, then the number of y such that y € n + 2Z and
ly — z| < Bnd/® and |y — Xo| < B(1/2 4 £/2)n5/? is at least gn5/8. Thus, we have

P<|Xg —z| < 5715/8) = Z P(X, =vy)
ly—z|<Bn5/8
e

where we used the induction hypothesis. Since |z — Xy| < B<1/2 + (0 + 1)/2) nb/8 we
get
P(Xes1 = 2| 1X, — al < pn¥/%) = gn 8

by Lemma[R.I9l Together with (8.46]) we get (8.45) for £+ 1, concluding the proof. [

Recall that conditioned on the cluster sizes, X is a summation of independent but
not identically distributed random variables. The following is a local central limit
theorem for such sums, tailored to our particular needs, and is used to prove Lemma
BI9 We have not found in the literature a statement general enough to be valid in our

setting. The proof is the standard proof of the local CLT using characteristic function.

Lemma 8.20. Suppose K,, are positive integers such that K, > gn for some constant

q > 0 and ay,a9,--- ,ak, are positive integers such that a; = 1 for 1 < j < gn
and aj < (/L for all j. Let b(n) = Zf:’ll aj and c(n) = Z]K:’ﬁ a?/n5/4. Assume
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that there are two positive constants 6 and C such that § < ¢(n) < C for all n. Let
X, = Zf:’ll ejaj where {€;} is independent random £ signs. Then for any x € b(n)+27Z
and large enough n, we have
V2 _s2
IP<)61—-$) Ve(n yﬁV8< 2 1/2vf> (8.47)
Proof of Lemma We need to show that with probability (1) the percolation
configuration fits the setting of Lemmal[8.20l Define A; and A as the following events:

= {Icf| € [Xo — £n5/8,Xo + Zn5/8}, S OIC P < Da¥ N IeS P < Dn™Y,
i>2 j>2

Ay ={S2IC; P <D Y e P < Da™ S e 2t | Ier = 1) 2

i>1 i>1 P
I= J= ‘Cj |ST

_18

where D and ¢ are constants to be selected later. First we prove that A; and A,
both happen with probability €(1). To bound from below the probability of As, take

§ = V in Theorem 514l We get

P 16 Pz en®) 2 q=q(4) >0 (8.48)
c5 I<tyvm

for some ¢ = ¢(A) > 0. By Theorem [5.12], for k = 2,3 we have
EZ ‘C]—’k < Cn(A—ln—l/4)—2k+3 )

i>1
Thus, for
4C A3
D> 7 (8.49)
we have by Markov’s inequality that
~12> ppo/t) < 4 :
P(}:K%|__Dn )__4 (8.50)
Jj=1
and
P(Z TP > Dn7/4> <4 (8.51)
. ST 4
Jj=1
By Lemma 5.7, we have
. _ n q
CT] = > — ) >1— >1—=. .
I’O{j [ 1}|_,18) >1-Cfnz1-1 (8.52)
Putting (848), (850), (851 and ([852) together, we get

P(Ay) > 1.
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To bound from below the probability of Ay, we apply Theorem [5.11] to get that

n + o

P(|ic| - w01+ 22| < 2(*5

< S(Y) 2 a = q(4) >0,

2
Since 22 = o(n®8) and 2£% < 3p, we get

+ _C 58 €58\ >
P(\Cl | € {xo 2 o + 1" ]) q. (8.53)
By Theorem (.13, for k£ = 2,3 we have

EZ |C]+|k < Ckn(A_ln_l/4)_2k+3.
Jj=2

Again, when D satisfies [R.49] we get by Markov’s inequality that

12> ppo/4) < 4
P(Z|C]| > Dn )_4 (8.54)
Jj=2
and
P(Z cF? > Dn7/4> <4 (8.55)
25 1= =1
j=2
By (B53), (B54) and (BEH), we have
P(A;) > g. (8.56)

Since A; and As are independent, we get
e
P(A1 N ./42) > g,

providing D satisfies (849). By Proposition BI5we have P(|Cy| > |C]|) = O(e~clog” ),
Hence the event
A= {“417-’427 |Cl_| < |Cf_|)}7

occurs with probability Q(1).

5/ 8, there exist a constant

Next we prove that for every € n+2Z and |z — Xo| < $n
0 > 0 such that

P(X, =z|A) > on=°/8, (8.57)
which will conclude the proof. Denote
My = |C]f| —i—Zej\CJﬂ + Z EQ‘CJ_‘
j=2 |Cj1>v/n/6

and

My= > el
¢l<vn/6
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Note that M; and M, are independent conditioned on A. We will first prove that

there exist a constant o > 0 such that

P<|M1 ~ Xl < §n5/8|A> > a. (8.58)
On A we have that
deP+ > e P <2Dn? (8.59)
§>2 C51>v/n/6
and
SefP+ > e P <2Dn™ (8.60)
j>2 1C51>/n /6

If ijz |C;T|2 + Z|cj|>\/ﬁ/6 |Cj_|2 < §—;n5/4, by Markov’s inequality, we have

+ - € 5/8

P((Zej\cj + Y e \‘ < ol ) >1/2. (8.61)
j>2 1C 1>/ /6
Otherwise
1G]
+12 —2
(22216 1P+ Xiej 15y €5 P)
implies

2
ec
’Cj‘ > 3_2n5/87
and since {|C;|} also satisfy (8.60]), we learn that the Lindeberg condition is satisfied.
By Lindeberg-Feller theorem (see [10], (4.5)), we have
_ c
P(|>clefl+ Y &l < gn¥f) za>0. (8.62)
722 ICj|>v/n/6

Combining this and (8.61]) yields (B.58]).
To estimate My let

b= Z IC;| and a= n=8p1/2
ICj|<v/n/6
By Lemma B20] for every x € b+ 27, we have

P(M2 :33‘./4) > W(e 2a2n5/4 —1/2)

For all = such that |z| < en®/8, we have

\/§ SR \/5 —-1/2 —5/8
W(e 2a2n5/4 —1/2> 2 m(e / —1/2) 2571 /
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8

where 0 is a constant. So for every x € b+ 2Z and |z| < en®/®, we have

P(M, = x| A) > on ="/, (8.63)
By (B58) and (863), for every z € n + 2Z with |z — x0| < $n°/®, we have
P (M + M, = z|A)
> P(|M; — 20| < L0, My = (x — z0) — (M — 20)| A
> | M — ol < 5", Mz = (z —20) — (M )|

> adn /8,

This proves (857]), which concludes the whole proof. O

To prove Lemma 8.20] we need the following two small assertions. The first is
Exercise 3.2 of [10].

Lemma 8.21. If P(X € b+ hZ) = 1, where b is a complex number and h > 0 is a
real number. Then for any x € b+ hZ, we have

w/h
P(X =) h / e p(t)dt,

B % —7/h
where ¢(t) is the characteristic function of X.

Lemma 8.22. For any x in R, let m(z) be the integer that is closest to x (if x — % 18

an integer, then we put m(z) =z — 3). Then for any x
_ zY))2

Proof. Since m(Z)m € {kn}rez, we have |cosz| = |cos(z — m(Z)m)|. Also, we have
2

—5 <z —m(%)r < §. Since cosz < e~ forall x € [—5, 5] we have that

(z —m(F)m)*

T
| cos x| = cos (m - m(—)w) < exp < -
T

2
O
Proof of Lemma [8.20: For simplicity we will abbreviate c¢(n) by c. Let
_ %
Then we have ZJKZ"I d? =1 and 6557}8 = z][-{:”l ejd;. Since aj = O(n'/?), we have that

d; = O(n='/®). Thus it satisfies Lindeberg condition (see [10]). Consequently, we have
that
Xn

d
T — N(0,1).
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Denote the characteristic function of 0557}8 by ¢n(t). A straightforward computation
gives that
Ky,
On(t) = <cos n5/8> H cos(td;) (8.64)
Jj=qn+1

2
and we have ¢, (t) — e~ 7 for all fixed ¢ € R. Taking h = m%/g in Lemma 821] for
x € b(n) + 2Z we have

1 %cn5/8 )
P(Xn - x) - / e~ g, (£)dt. (8.65)
menb/8 —Zend/s
Let M be a large constant to be selected later. Note that ¢, (t) is an even function so
%cn5/8 ) M ) %cn5/8 )
/ e e, (t)dt = / e ", (t)dt + 2 / e "M, (t)dt
—Zenb/8 -M M
M ) gcn5/8

> / e=ite g, (1)t — 2 / GOl (8.66)

-M M

We will first bound from above the second term of ([866]). Let m;(t) = m<i> T e

m;(t) is the element in {k‘%}k , that is closest to t. Note that by Lemma [8.22] we
€
have

2

cos(td;) < exp{ — [tdj —m(— } /2} = exp{ d2( 5 my () }

1 1
2 2ndli_g

For large enough n, we have 6%15 7> —. Thus, we get

a2 .
‘Cos(tdj)‘ = exp{ a c2n5/4j— an ‘ 4J(t))2 }

. K a;)? —r . .
Since 3 ;" 1y % = 1 and e™* is a convex function, we have by Jensen’s in-

equality that

o K a? —m
H ‘cos(tdj)‘ < exp{ _ Z c2n5/4]_ - (t 43(15))2}

Jj=qn+1 j=qn-+1
il aj (t —my(1)’
< E — ) exp < — 7j> (8.67)
= 2.,5/4 _
a1 €T qn 4

22
Recall that [t]| < %cn5/8 and |cos(z)| < e” 2 for x € [-F, §], whence

t
cnb/8

qn

qt?
< exp ( - W) (8.68)

‘ COS
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Plugging (8.67) and (B.68)) into (864), we get

o)

Ky, 2
a“
< - < -
|¢n(t)| = j:%;i_l 2nh/4 _ qn exp 4 202n1/4
Hence, we have
gon't o d e emy(0)” P

t)|dt < — — J — )dt. 8.69

/M nlidr = j=%z:+1 c2nd/4 — qn /M = ( 4 22!/ 0%

We will divide the integral into two parts such that the first part converges to 0 as
i(t)=0

M goes to infinity and the second part is bounded by a constant. Recall that m(t)
fort € [— 2d 72d] so for any j € [gn + 1, K], we have

- (t—m;(®)? gt
/M exp ( — 1 — 2c2n1/4>dt
B E7n £2 qt?
= / eXp<_Z_7202n1/4)dt

M
O ) g
- 5o )t (8.70)

2d
+ / exp
Z -(20-1) 4

The first term of the right hand side of (870) is bounded by [y} ¢ 7 dt. For the second
1), we have

term, note that for ¢ > 57~ (2€

qt? qmin(20 — 1)2
exp ( - 7202711/4) < exp ( - T?)
and
+I 547
/y L R0 TR / M L emy(0) gy
(8.71)

m;(t))? is a periodic function. Thus, we get

for any y, since %(t —
t —m;(t))? 12 2 > Zn(20 —1)2
M =1 8a;

o
/M xp <_ 4 2¢2nl/4

(8.72)




76 YUN LONG, ASAF NACHMIAS, WEIYANG NING, AND YUVAL PERES

Recall that a; < +/qn/2, hence

Zexp( gr (20— 1) "sj;”) < Zexp( ey

J

e—7r2/4

1—e /2 =

IN
o] =

Plug into (8.72), we get
/“exp (- (t—m;(1)* g it < 2v/7(1 - q)(%)) LT

M 4 2c2nl/4 V2 4"’
where ®(-) is the distribution function of N(0,1). Plugging back into (869]), we get
T .5/8
5 Cn M ﬁ
n(t)|dt < 2 1—-®(— -—. .
/M [P (t)]dt < \/7?( (\/5)>+ 1 (8.73)

Now we go back to the first term of the right hand side of (8.60). Recall that ¢, (%)

converge to e~t/2 for all t. We have the following estimate:

M .
/ e ", (t)dt
-M

X it —t2/2 M N —ite —t2/2 M —itx —t2/2
= / e e dt — ( + >e e dt + e " (pp(t) —e )dt
—0o0 —0o0 M —-M
2 &0 2 M 2
> Vore /2 - 2/ et /2d¢ —/ |pn(t) —e* /2‘dt. (8.74)
M -M

Note that the second term of the left most side of ([8.74]) converges to 0 as M — oo

2
and for fixed M we have f_MM | (t) — e_%\dt — 0 by the Dominated Convergence
Theorem. Plugging these and ([873) into (B.60]), we get

T en5/8
lim inf/2 e_itxgbn(t)dt > Vore /2 _ ﬁ,
n—oo —Ecn5/8 2
which concludes the whole proof. O

8.2. Starting at the [0,7%/*] regime: Proof of Theorem

Theorem 8.23. Let I = [—Anz/?’,An2/3] where A is a fized large constant. Then there

exist positive constants K, a,q such that
]P)(Ta < Kn'| X, € I> >q (8.75)

where 7, = inf{t > 0: X; > an’/*}.
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Theorem 8.24. For a constant A put I = [—An*/3, An?/3] and 7 = inf{t > 0: X; €
I}. Then there exist constant ¢ > 0 such that for sufficiently large A, we have

2| X
P(r>t) < | 0‘.
ct\/n
Proof of Theorem Let A, c be constants such that the assertion of Theorem
R24 holds and write I = [—An?/3, An?/3]. Since Xy < n®/*, by Lemma R24] with
t = 4”01/4, we have
ant/t 1

where 7 = min{t : X; € I'}. By Theorem [823] and the strong Markov property, we
get that X; exceeds an®/* within (K + %)nl/ 4 steps with probability at least 1. By
Theorem [BI], we can couple X; and with the stationary chain Y; within O(n!/*) steps
such that they meet each other with probability 2(1). Applying Lemma concludes
the proof. O

We now proceed to the proof of Theorem B23l We begin with some lemmas.

Lemma 8.25. Let A be a large constant and put I = [—An?/3 An?/3]. For any
q € (0,1), there exist a state Z = Z(q) € I and constants a = a(q) > 0, K = K(q) >0
such that

P(Ta < Knl/4|X,y = Z) >q (8.76)

where 7, = inf{t > 0: X; > an/*}.

Proof. Let Y; be a SW chain with Yj 4 . By Theorem B.6] there exists a constant
B such that

wn((B 04, Bn4) > 1 — % (8.77)

We will prove the lemma for a = B~! and K = % where c is the constant in Theorem
824l Write J = [B~'n3/%, Bn?/4], then by (877) we have

1—
P(Yoe Jand Y €J) 21— —1, (8.78)
Put 7 =inf{t > 0:Y; € I'}. We have
2Bn3/* 2
P(r < Kn'*Ype J)>1—-—— ==
(r<BnYoc )21 - o i = 3

by Theorem R.24] Thus we have

AV
l\:J_I —

P(YO eJ < Kn1/4) > (1 _ %)g
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Let

6 = max P(r, < Kn'/4| Xy = W).
Wel

By the strong Markov property

P<Y0 eJ, 7 < Kn'* Yy 4 < an3/4>

1-9
_ P<Yo €7 < Kn'P (Vi < an™ i Yr) = ==,
since 7, > Kn'/* implies that Yipia < an®/*. We deduce that
1-6
P(Y0 € J, Ve & J) > (8.79)
Combining (878) and (879) we get that 6 > ¢, concluding our proof. O

Lemma 8.26. Consider the random graph G(%, 2) where X € [—An?/3, An?/3)
for some large constant A. Then the intersection of the following events occurs with
probability at least 6 = 6(A) > 0:

o [Ci| + |Caf € [44An2/3,8An?/3], and |Ca| > 4in?/3,

e C1 and Cy are trees, and

b 2]23 ’CJ'P <nt/3.

Proof. Let A be the event

o [Ci| + |Ca € [44An?/3,8An?/3),|Cs| > 24n2/3,

e C; and Cy are trees.
By Theorem 5.20 of [16], we have P(A) > ¢ = §(A) > 0. Conditioned on A and on C;
and Cs the remaining graph, {C;};>3, is distributed G (25X —|C;|—|Ca|, 2) conditioned
to the event that it does not have components larger than |Ca|. By Theorem 7 of [25]
the complement of this event has probability decaying exponentially in A. Let {C;} be

the component size in the unconditioned space G(25%¢ — |Cy| — |Ca|, 2). We have

n + Xo
EZ \63\2 = (T —|C1| - \Cz\)E‘C(U)’-
Jj=1
Since Xo < An?/3 and |Cy| + |Ca| > 4An?/3, Theorem 7 of [25] gives that
E|C(v)| < O(e“)n'/?,

and so

E) ICi1? < O(en/?.

j=1
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The lemma now follows since in the conditioned space, the event we condition on has

probability exponentially close to 1. O

Lemma 8.27. Let I = [—Anz/?’,An2/3] for some large A. There exist a constant
c¢=c(A) > 0 such that

P(X,=z|Xoel)>en %> (8.80)
for any x € n+ 2Z with x € I and x > 0.

Proof. Write A for the event of the assertion of Lemma [8.20] in {C;-r}, so that P(A) >
5(A) > 0. In G(m, 2) we have by Theorem .13 that

2
EY |C; > < Dn'/?
j=1
where D = D(A) is a constant. We have by Markov’s inequality that
P(| ¢l || < Dn??A) =1 -1/D2,
Jj=3
and

P(|>eley 1| < Dn?®) >1-1/D%,
j>1

and these two events are independent. Thus, the following event which we denote by
B happens with probability 2(1).

o [C| +|CF| € [4AR%/3,8An*/3],|CS | > 24n2/3,

. Cf' and C; are trees,

. ‘ ijg ej\C;f! + szI ej]Cj_H < 2Dn?/3.
Note that if a negative spin is assigned to C5 then

Xy =[Cf = le5 1+ ) _elcf 1+ elcy .
Jj=3 Jj=z1

Thus

1 _
P(X; =) > S P(ICT| - €3]+ D _eICf 1+ D _¢lCy | = ).
j=3 j21

So we only need to show that for any x € [—An2/3, An2/3] we have

P(ICH|—|Cf | = x| B) > en™%/3, (8.81)
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for some constant ¢ = ¢(A) > 0. For any m € [4An?/? 8An?/3] let | = mir By
Cayley’s formula we have that
P(lcf | —[C | =z [|cf | +]C5 | = m,C1UCy, B)
= P(IC| =1,[C | =m—1]|C{| +[C5| = m,C1UCa, B)
(Tlfb)ll—2(m _ l)(m—l)—2

= Zm/2 (7;) k‘k_2(m _ k;)(m—k)—z . (8.82)

=t

Let
a(k) = <7:> Kh=2(m — k)(m=k)=2,
By Stirling’s formula, there are two constants ¢ and C such that for large enough n

and any ki, ko € [%nw?’, %], we have

c<

This implies
(TI:L) k‘k_Q(m _ k,)(m—k)—2
Zm/2 (MY kk=2(m — k)(m=k)=2

=t

which proves (B.8T]). O

2/3

>cn~

Proof of Theorem [8.23t Let A be large and g € (0, 1) will be chosen later very close
to 1. Let Z be the site and K > 0 the number satisfying the assertion of Lemma
Let {X;} be an independent SW chain starting at Z and 7, is as in Lemma825 Then
we have

P(a > Knl/* | X = Z) <1-gq. (8.83)

Let ¢ > 0 be the constant from Lemma [8.27 This lemma implies that we can couple
X; and X‘t such that X; = )Z'l with probability at least ¢. From that point we can
couple such that the two processes stay together with probability 1.

P(X, = X, fort > 1) > c. (8.84)
Thus, we have
P(r, < Kn1/4) >P(X, = )Z't fort >1and 7, < Kn1/4) >c—(1-9q),

so we choose ¢ > 1 — ¢/2 and conclude the proof. O

To prove Theorem R.24] we consider yet another modification of the SW dynamics
{X}}. For any X/, in the supercritical random graph G(% 2) let Csen, be the

‘n
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component discovered by the exploration process at time den where € = % and ¢

is a small constant (see Lemma [5.I5]). We assign positive spin to this component

Xol’ :
w 2) and all components in

and random spins to all other components in G( ) o

G("_BXO‘/, %) Let X{ be the sum of spins after this assigning process.

The reason we require this change is that we were not able to obtain the bounds of
Theorem [(.15] for Cq, but only for Cs.,, which is very likely to be C;. This will become
evident in the proof. We first state a key lemma and then use it to prove Theorem
3. 24

Lemma 8.28. For any constant A put I = [—An?/3, An?/3]. Then there exists a
constant ¢ > 0 such that for sufficiently large A we have

E(IXi e + Xilogen | I1X5l > An??) < [Xpl - eV (8.85)

Proof of Theorem [8.24: Notice that of |Xy| = |X{| then |X] 4 |X1], and so
| X+ | 4 | X}| for all ¢ > 1. Thus, we only need to prove the assertion of the Theorem
for {X/}. For simplicity of notation we write X; for X. Assume that |Xo| > An?/3

otherwise the assertion is trivial. We begin by noticing that

E<|Xt+1|1{-r>t+1} + Xrlir<ii1y ‘E) 1<y = E(Xr1i<n ) = Xrlir<yy - (8.86)
By Lemma we have
E<|Xt+1|1{—r>t+l} + XTl{TgtH}‘ft) 1>y = E<|Xt+1|1{—r>t+l} + XTl{T:t+1}‘ft)
| Xt Loty — eVnlirsygy. (8.87)

Thus, We have that {X;} satisfies the following inequality:

IN

E(!Xt+1!1{7>t+1} + XTl{TSt-i-l}‘]:t) < Xt prssy + Xolgray — cVnlrsg. (8.88)
Taking expectations of both sides of (B.88]), we get
E<|Xt+1|1{7—>t+1} + XT]‘{TSt-‘rl}) S ]E<|Xt|1{7—>t} + XTl{TSt}) - C\/E]P)(T > t) .

Summing over ¢t from 0 to k — 1, we get

k—1
E(|Xk oy + Xolpany) < Kol = Y evB(r > ¢)
t=0
< | Xo| — key/nP(r > k). (8.89)

We also have

E(!Xk\1{7>k} + XTl{TSk}) = E(XTl{TSk}> > —An*? > —| X|.
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Combining this with (8389]), we have
key/nP(t > k) < 2| X

which implies the required result. O

Lemma 8.29. Let X be a random variable. Then for any b < 0 and positive integer
k, we have
E|X|*
E<|X|1(X§b)) < “)”T_‘l
Proof of Lemma We have

b b
EIX|* > / (—a)*dF(z) > [bF! / (—a)dF(z) = b/ EIX L.

—00
O
Proof of Lemma For simplicity write again X; for X]. Notice that
[ X1|1xen + X1l ery = Xn + 21X 1y, o an2rsy -
We first bound EX; from above. Recall that in our modified chain we have
EX; = E|Csen| -
By part (i) of Theorem [5.15} for sufficiently large A and |Xo| > An?/3, we have
Xon+ X Xo\ 2 X02 en?
E|Csen| < 20 —<—) =X+ 20
| (56n| = n 2 & n o+ n Xg
X2 2 .
If X < {*/gn?’/‘l, then we have =2 < 26)"(8 In this case we have
EX, = E|C y<X—ﬂ2 (8.90)
1= dEn| > 0 2Xg . .
If Xo > {*/gn?’/‘l, then by Lemma [R.16] we have
X2
EX;, < Xq— =2, 8.91
1< X 20 (5:91)

Next we bound E|X1[1;y, . 4,2/5) from above. Let

M= > glcH+> €l

+ + >1
Cj 7£C(SEn J=

Then
X1 = ‘C(SEn’ + M
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Since |Csen| > 0, if X1 < —An?/3, then M < —An?/® and | X;| < —M. Thus,
E(|X1|1{X1<—An2/3}) < E((_M)]-{X1<—An2/3}) < E((_M)l{M<—An2/3})-

Lemma [R.29] with k = 4 gives

EM*
E((_M)]'{M<—An2/3}) < (An2l3y° (8.92)

We also have

EMY < Y E|cj+|4+ZE|cj—|4+6[ > EIC]*I2HZEIC}|2]

¢ ke, = ¢ ke, =
+ 6[ S ECTReIR Y E;C;\?\cjﬂ. (8.93)
chel#Cie, it 4,52 1,i#]

By (ii) of Theorem and Lemma [5.12], we have
6 4 4

n n n
EM*=0(2) +0 —) - 0(—) (8.94)
(Xg) (Xg X3
since | Xo| > An?/3. Plugging into (892), we have
n2
E<|X1|1{X1<_An2/3}) - O(A3—)(g) (8.95)
If Xo < (l/gn?’/ 4. then combining (895]) with ([890) for large enough A, we get
cn?
EX; + QE’Xl‘l{X <~ An2/3} < Xp— —35 =< Xo — c/n.
' 1X3
If Xo > {/Sn3/4, then combining (8.95) with (89I) for large enough A, we get
Xg g n?
EX; + 2E’X1’1{X1<—An2/3} < Xp— on + O(A X—g) < Xy — cv/n.
Combining these two cases finishes the proof. O

8.3. The lower bound on the mixing time. Recall that in this section X; is the
original magnetization chain we defined in (4.2]).
Proof of the lower bound of part (ii) of Theorem 2.1k Suppose X/ is a modified
magnetization chain and 7’ is its stationary distribution. By Theorem R.6, we can
choose an interval [a1n3/ 1 aon?/ 4] with 0 < a; < ag such that
3

7' (a1n®*, agn3/t) > 7 (8.96)

Suppose X}y = 3azn’/*. By Theorem BI8] there exists a constant &k such that

P(r > kn'/*) >

DO | =
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where 7 is the first time that X; exit [agn/*, 4an3/4]. This implies

1
P<X]/€n1/4 2 CZQ'I’L3/4) 2 5 .

By Theorem B8, we have 7/(—agn®/*, —a;n®*) converges to 0 as n goes to infinity.
Also, by BY), we have P(X; ,, € [—agn3/*, —a1n3/]) = O(n~Y'%). Combining
these, we get that

W'[(a1n3/4,a2n3/4), (—a2n3/4, —a1n3/4)]—P(X]'m1/4 S [(a1n3/4,a2n3/4), (—a2n3/4,—a1n3/4)]) >

for large enough n. Recall that X; 4 | X7, so this is equivalent to

m(a1n®*, agn®*) — P(X,,1/4 € (a1n®/*, agn’/*)) >

)

=

i.e.,

(8.97)

1
HX’“"W - 7THTV s

9. FAST MIXING OF THE SWENDSEN- WANG PROCESS ON TREES

In this section we provide an upper bound estimate of the mixing time of the
Swendsen-Wang process on any tree with n vertices. We will prove in a more general
setting for The Swendsen-Wang process for the g-state ferromagnetic Potts model.
Recall that Ising model is the case ¢ = 2.

For any given graph G = (V, E), consider the set S = {0,1}"! of all edge config-
uration  : E — {0,1}. We consider the following Markov chain o; on S. At each
step, we first color each component independently and uniformly from the ¢ colors.
Then we add all edges that connect vertices with the same color. Finally, delete each
existing edge with probability (1 — p) to get a new state in S. It is easy to see that
this process the dual of the Swendsen-Wang process for the ¢-state ferromagnetic Potts
model on vertices configurations and the stationary distribution of o; is the random
cluster model. For any two Swendsen-Wang chains, if we can couple the corresponding
edge models so that they are the same(i.e., they have same clusters) at some time, we
therefore couple the original Swendsen-Wang process at the same time. Consequently,
any upper bound of the mixing time of this edge model implies the same upper bound
on ferromagnetic Potts model.

There is an exploration process on trees to present ;. Notice that on trees each
edge with state 0 connects two separate components. For any given n € S, we color

each components independently and uniformly from the ¢ colors, starting from the

| =



A POWER LAW OF ORDER 1/4 FOR CRITICAL MEAN FIELD SWENDSEN-WANG DYNAMICS85

root. We add edges connects vertices with the same color. Notice that this procedure
is equivalent to setting every edge originally has configuration 0 with configuration 1
with probability % and maintain configuration 0 otherwise. Thus, the process o; can
be described as follows: First change each edge of 0 to 1 with probability % and stay
0 otherwise, independently for each of them. Then, change each edge of 1 ,including
those who have changed from 0 to 1 in the previous step, to 0 with probability 1 — p,
and stay 1 otherwise, independently for each of them. Each bit evolves independently

as a Markov chain on {0, 1}, with transition matrix

12 2
p= Q@ @ . (9.1)
I-p p

Proof of Theorem The transition matrix (O.I]) gives that we can couple every
single edge with probability at least 1 — p + g > %. Using the path coupling method
of Bubley and Dyer (see Theorem 14.6 and Corollary 14.7 of [21]), we have

. logn + log 4
T —logp(l - g)

O
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