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Stochastic Approximation




SIGT G ERE ANV EOIHEG I Basic Algorithm

What is Stochastic Approximation?

A simple goal: Find the solution 6* to

F(6%) :==E[f(0,W))| =0

0=0*

What makes this hard?

@ The function f and the distribution of the random variable W' may
not be known

@ Even if everything is known, computation of the expectation may be
expensive. For root finding, we may need to compute the expectation
for many values of ¢

© The recursive algorithms we come up with are often slow, and their
variance may be infinite: typical in Q-learning [D & Meyn 2017]




IO RN OONEGHEE ODE Method

Algorithm & Convergence f(6*) = E[f(6*,W)] =0

Algorithm (Robbins & Monro 1951):
O(n+1)=0(n)+ ant1f(0(n), W(n+1))

The step-size satisfies

e Usually we will take a;, = 1/n

Rewriting the recursion:

’

O(n+1)=0(n) + ant1[f(O(n)) + Apsil
Interpretation: 6* = stationary point of the ODE

® o) = Fexlt)

Analysis: Stability of the ODE & (See Borkar's monograph) =
lim O(n) = 0"

n—oo
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Stochastic Approximation Example
Monte-Carlo

Monte-Carlo Estimation

Estimate the mean 1 = E[c(W)|, where random variable W has density o:

N = /('(u') o(w) dx
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Stochastic Approximation Example
Monte-Carlo

Monte-Carlo Estimation
Estimate the mean 1 = E[¢(W)]

SA interpretation: Find 6* solving 0 = E[f(0, W)]| = E[¢(W) — 0]

n

Algorithm: 0(n) = L c(W (1))
n
i=1
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Stochastic Approximation Example o
Monte-Carlo Z iy = OCQ, Z a, < OO

Monte-Carlo Estimation
Estimate the mean 1 = E[c(W)]

SA interpretation: Find 6* solving 0 = E[f(0, W)]| = E[¢(W) — 0]

Algorithm: 6(n) = s E c(W(2))
n
i=1

n+1
— (n+1)0(n+1)= Z c(W()) =nb(n)+c(W(n+1))

=1

— (mn+1)0(n+1)=n+1)0(n) + [c(W(n+1)) —0(n)]

SA Recursion: On+1)=0(n)+ a1 f(0(n),W(n+1))




Finite Variance
Optimal Algorithm

Infinite Variance

Fastest Stochastic Approximation




FEEEE S G ERT NN EIGIEE  Algorithm Performance

Performance Criteria

Error sequence: __
B(n):=0(n)—07

Two standard approaches to evaluate performance,

© Finite-n bound:
P{“é(l?)” > e} <exp(—I(g,n)), I(e,n) = O(ne®)
©@ Asymptotic covariance:

> = lim nE[é(n)é(n)T] : Vnb(n) ~ N(0,X)

n—r00




Finite Variance
Optimal Algorithm

Infinite Variance

Fastest Stochastic Approximation




EEEEE S G ER NGO NEGIE  Algorithm Performance

Performance Criteria

Error sequence: %
f(n):=60(n)—06"

Two standard approaches to evaluate performance,

© Finite-n bound:
P{||(;(n)|] > e} <exp(—I(e,n)), I(e, n) = O(ne?)
@ Asymptotic covariance:

> = lim nE[(;(n)g)(n) T} : Vnb(n) ~ N(0,X)

n—r00




EERCH S G ER L O N E LI Asymptotic Variance

Asymptotic Covariance
2, = lim 2n= lim nE /}(n)()(/z) : \/_U (n) &~ N(0,X)

n—>C n— oo
SA recursion for {3, }

O(n+1)=0(n)+ ant []‘_(9(71)) + Apta)




EEEEH ST ER NN O EGLEE  Algorithm Performance

Performance Criteria

Error sequence: __
B(n):=606(n) —0"

Two standard approaches to evaluate performance,

Q@ Finite-n bound:
P{Hé(n)” > e} <exp(—I(e,n)), I[(e,n) = ()(_‘)'252)
© Asymptotic covariance:

> = lim nE{f}(n)f}(n)T} : vnh(n) =~ N(0,X%)

n—r0C




EREH S G ERIELLL O EEL I Asymptotic Variance

Asymptotic Covariance
2= Im 2n= lim lei/}(n)(}(n)T: : \//_1/}{./1) ~ IN (0, 2.)

I—rOC 'n.—»OC

SA recursion for {3, }

O(n+1) = 0(n) + an1[f(O(n)) + Apiil




EEREH S G ER LN E LI Asymptotic Variance

Asymptotic Covariance
Y = lim ¥, = lim nE[f(n)d(n)'], Vnb(n) ~ N(0,X)

SA recursion for {X,, }
Si1 % Zn+ 2{(A+ 300 + Ba(A+ 107+ 5a }

A=4F(0")
ZA — E[An—HAsz,«H]




EEREH S G ER LN ECL I Asymptotic Variance

Asymptotic Covariance
= llm i = lllll nE ()(n)()(n) : \/_U (n) &~ N(0,X)

SA recursion for {X,, }
Yo~ T+ %{(A +1D%, + Sa(A+ 10T+ ZA}

44 — (/(_) f (0*)
ZA — E[An—HAz-%-I]

Asymptotic Variance Theory

Q If ReA(A) > —1 for some eigenvalue then X is (typically) infinite
Q If ReA(A) < —5 for all, > = lim »,, solves the Lyapunov equation:
n— oo

— (A + ‘])“+V‘(A+1]) 4+ T
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Stochastic Approximation Example .
Monte-Carlo Z an, = OQ, Z a, < OO

Monte-Carlo Estimation
Estimate the mean 1 = E[c(W)]

SA interpretation: Find 6* solving 0 = E[f(0, W)]| = E[¢(W) — 0]

n

Algorithm: 0(n) = - E c(W(z))
n
i=1

n+1
— (n+1)0(n+1) = Z c(W(i)) =nf(n) +c(W(n+1))

=1

— (m+1)0(n+1)=n+1)0n)+ [c(W(n+1))—0(n)

SA Recursion: On+1)=0(n)+ a,.1f(0(n), W(n+1))




G ERI N o E L ODE Method

Algorithm & Convergence f(6%) = E[f(6*,W)] =0

Algorithm (Robbins & Monro 1951):
O(n+1) =0(n) + ant1f(0(n), W(n+1))

The step-size satisfies

Q O'” —_ 'CX.) (}.I_I < 'CX)

e Usually we will take a,, = 1/n

Rewriting the recursion:

O(n+1)=0(n)+ ap+1[f(B(n)) + Ant1]
Interpretation: 0* = stationary point of the ODE

(—[.1'(t) = f(z(t))

Analysis: Stability of the ODE @ (See Borkar's monograph) =
lim 6(n) = 0"

n—oo




ENCO SIS ESIELNLIONEGCL N Asymptotic Variance

Asymptotic Covariance
2= hm 2n= hm nE:(}(n)()(n)T: : \/1_1(}(/1) ~ NN (0, X)

IL—r OC . —» OO0

SA recursion for {3, }

Y nE %{(A +1DS, + Sa(A+ DT+ ZA}

A=%1(6%)
ZA = E[AN-HAITH-I]

Asymptotic Variance Theory
QO If ReA(A) > —{; for some eigenvalue then X is (typically) infinite

Q If ReA(A) < —.—i)— for all, > = lim 2,, solves the Lyapunov equation:

n—oo

0= (A+ 15+ S(A+ 3) + 5




FEREH S G ER AN O LRGN Stochastic Newton Raphson

Optimal Asymptotic Covariance

Introduce a d x d matrix gain sequence {(, }:

O(n+1) =0(n) + an1Gr1 f(0(n),W(n+1))




ERCH S G ER AN O N EC I Stochastic Newton Raphson

Optimal Asymptotic Covariance

Introduce a d x d matrix gain sequence {G,, }:
On+1) =0(n) + ant1Gnr1f(0(n),W(n+1))

Assume it converges, and linearize:

O(n+1) = 0(n) + a1 G(AI(n) + A(n+1)), A= ;—Hf (6*) .
it




EHCE SIS ERIENN O EC I Stochastic Newton Raphson

Optimal Asymptotic Covariance
Introduce a d x d matrix gain sequence {G,, }:
On+1)=0n)+ ant1Gnr1f(0(n), W(n+1))

Assume it converges, and linearize:

o ~ : " 1 [
O(n+1)~60(n)+ a,.1G(A0(n) + A(n+ 1)), A= ;_Hf (67) .
l
Asymptotic Variance Theory
Q If ReAN(GA) > —% for some eigenvalue then X% is (typically) infinite

Q If ReA\(GA) < —% for all, X“ solves the Lyapunov equation:

0=(GA+3DEC +E%(GA+3I)" + GEAGT




EHCE SIS G ERIELNNOIEGI I Stochastic Newton Raphson

Optimal Asymptotic Covariance

Introduce a d x d matrix gain sequence {G,, }:
On+1)=0n) + ant1Gnr1f(0(n), W(n+1))

Assume it converges, and linearize:

> ~ _. b 7
O(n+1) = 0(n)+ a, 1G(A0(n) + A(n+1)), A= — F187)

If G = G*:= —A"]
@ Resembles Monte-Carlo estimate

@ Resembles Newton-Rapshon
o ltisoptimal: X*=G*IAG*" <X any otherGG

Polyak-Ruppert averaging [11] is also optimal, but first two bullets are missing.




EE S G ERIEL LN ECI I Stochastic Newton Raphson

Monte Carlo Example an =2,

Find 0* = E{c(W)]:

9

n—+ 1

On+1)=0(n)+ ((’(U'(n +1)) — (9(72))




EEEEH S G ERTEL NG EGIEN  Stochastic Newton Raphson

Monte Carlo Example an=29>0

Normalization for analysis: A(n) = c(W(n)) — Elc(W(n))]

O(n+1) =0(n) + —(il— 7 (— )(n) + A(n + 1))




EECEH S G ER LD EEL N Stochastic Newton Raphson

Monte Carlo Example an =2, g>0
Normalization for analysis: A(n) = c(W(n)) — E[c(W(n))]
Ay N g _7'. 3
O(n+1) =0(n)+ - 1( H(zz)+A(12+1))

Example: c(w) = w?*, W ~ N(0,1)

00!

Q
[‘)I\D

Asymptotic variance as a function of ¢




EEEEE S G ERTL LGN ECIEN  Stochastic Newton Raphson

Monte Carlo Example an=2,9>0
Normalization for analysis: A(n) = c(W(n)) — E[c¢(W(n))]
- e g9 ( s :
O(n+1) =6(n)+ n+1< H(n)+A(n+l)>

Example: c(w) = w?, W ~ N(0,1)

SA estimates of E[W?], W ~ N(0,1)




EREH S G ER AN NEGL I Stochastic Newton Raphson

Monte Carlo Example an =12, g>0
Normalization for analysis: A(n) = c(W(n)) — E[c(W(n))]
Ay N g B e :
O(n+1) =6(n)+ - 1( 0(12)+A(n+1))

Example: c(w) = w*, W ~ N(0,1)

00

Q
[‘)I\L

Asymptotic variance as a function of g
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Optimal Variance and SNR

f(6) = A0 — b 2(f(0)) = A

Stochastic Newton Raphson: Matrix gain algorithm with
(111,, ~ G* — —;4—1:

SNR Algorithm:
On+1)=0(n)+ ant1G,f(B(n), W(n+1))

n-+1

: 1 { ) _
Gil=———=3"Ak  Ani1 = f(6(n), W(n+1)
k=]

7 =} df




FEECH SIS ER LN O EICLEN  Stochastic Newton Raphson

Optimal Variance and SNR

f(9)= A6 = 2(F(6)=A

Stochastic Newton Raphson: Matrix gain algorithm with
('l',, ~ G* — —;’4—':

SNR Algorithm:
O(n+1) = 0(n) + anp1(—Anp1) " f(O(n), W(n + 1))

S~

.4,,_;4 = A, + (1’n+l(An+l = ‘4")




EECH S G ER GO EGI N Stochastic Newton Raphson

Optimal Variance and SNR

f(6) = A9 —b 5 (f(0)) = A

Stochastic Newton Raphson: Matrix gain algorithm with
(',1“ ~ G'* — —44—11

SNR Algorithm:
O(n+1) = 0(n) + ant1(—Ani1) L f(O(n), W(n + 1))

~

f‘,,_{_l — “"‘,, + (1,74-](4’412—*-1 = ‘4”)

Example: LSTD(A), but this was NOt their motivation!




ERCH S G ER AN O EICL N Stochastic Newton Raphson

Optimal Variance and Zap-SNR

A(0) = %./—'(U) Is a function of 6

/Zap-SNR (designed to emulate deterministic Newton-Raphson)

ReqUireS A\HH ~ A(@,,) = % _<9n)




EEEEE ST ERTAL NG EGIEN  Stochastic Newton Raphson

Optimal Variance and Zap-SNR

A(0) = = f(6) is a function of @

/Zap-SNR (designed to emulate deterministic Newton-Raphson)

()(” T l) = 0(”) T Q'll-f-l(_;inﬂ—l )—lf(e(”) ”*’(“ = 1))

~ d .
fln+l — f‘// -+ ";’,,+|(;4,,+| — 54/1)- 4417+| — @ (9(”) W (77 =1 ]))

)

o~

”~

A(0,,) requires high-gain, — — 00, n — 00
Oy,

ot )

Q

/
-

n—+1




EREH S G ER LN oL EGLEN  Stochastic Newton Raphson
Optimal Variance and Zap-SNR
A(0) = (,",—’H‘/_'(()) Is a function of ¢

Zap-SNR (designed to emulate deterministic Newton-Raphson)

o~

(')(ll <I 1) — 0(”) B Y41 (g_*'ln—«l )ﬁ]f(()(”) H'(” T l))

~ ~ ~ d . -
Apni1 = An + Yne1(Aner — An). Aty = T (O(n),W(n+1))
j,,.H ~ A(0,) requires high-gain, 8. 00, n — 00

X p

Always: «,, = 1/n. Numerics that follow: ~,, = (1/n)”, p € (0.5,1)




ENCE SIS ER NN O EGI I Stochastic Newton Raphson

Optimal Variance and Zap-SNR

A(0) = 2 f(0) is a function of 6

Zap-SNR (designed to emulate deterministic Newton-Raphson)
O(n+ 1) = 0(n) + ant1(—Ant1) " f(O(n), W(n + 1))
~ ~ ~ d " |
r\,,+| — :‘,, + Yn41 (A-f"-l,,_;_] — r‘,,). 14”_*_] — @ (9(7?) H ('N “+ ]))
j,,-H ~ A(6,) requires high-gain, L 00, n — 00
Oy,
ODE for Zap-SNR
d d; =

d—f‘z*f = = [A(lz’r)]_lf(le)_ A(I) - Ef (1)




EEEEH S G FRELNL O EGIEN  Stochastic Newton Raphson

Optimal Variance and Zap-SNR

A(0) = = f(0) is a function of 6

/Zap-SNR (designed to emulate deterministic Newton-Raphson)

B(n + 1) = 0(n) + o1 (= Ans1) " F(O(n), W(n + 1))
d
db

~ S~

r‘,,+1 — f‘u T Vi1 (*‘4‘n+| — j,,), AIH—l — (0(”) HT(” i p ]))

~

A(6,,) requires high-gain, — — 0. n — 00
O,

e

X

n—+1

F
-4

ODE for Zap-SNR

: = d. -
m;l’f = = [A(J‘t)] lf (l’t)- A(;l‘) — Ef (1)

@ Not necessarily stable (just like in deterministic Newton-Raphson)
@ General conditions for convergence is open
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Momentum based Stochastic Approximation
AB(n):=0(n) —0(n —1) fn41(0) := (60, Wni1)

Matrix Gain Stochastic Approximation:

AQ(” T 1) = an.(;n*lf11+1(()(n))

Heavy Ball Stochastic Approximation:  following Polyak, 1964 [12]

AfB(n+1) = mAb(n) + apfnr1(0(n))

Matirx Heavy Ball Stochastic Approximation:

AO(n+1) = Mp11A0(n) + 0nGri1 fat1(0(n))
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Matrix Heavy Ball Stochastic Approximation
Optimizing { M,,+1} and {G 41}

Matirx Heavy Ball Stochastic Approximation:
AfB(n+1)= M, 1A0(n) + api1Grii frnr1(60(n))

Heuristic: Assume A6,, — 0 much faster than 6,, — 6*




Optimal Momentum Stochastic Approximation BNEITOETENTT

Matrix Heavy Ball Stochastic Approximation
Optimizing { M,,+1} and {G 41}

Matirx Heavy Ball Stochastic Approximation:
AfB(n+1)= M, 1A0(n) + api1Gritfrnr1(60(n))

Heuristic: Assume Af,, — 0 much faster than 6,, — 6*
An+1)~ M, 1A0n+ 1) + apt1Gnit1 fae1(0(n))

[[ — ;\[,,_._ ] } = afn—{—l("'/H— | fn—%—l (0(”))

2




Optimal Momentum Stochastic Approximation BEITOETENT

Momentum based Stochastic Approximation
AfB(n):=0(n)—0(n—1) Ttal@) = 16 Wnit)

Matrix Gain Stochastic Approximation:

A()(N =)= 1) — (lf,,'(T',,*lf,1-+.1(()(n)>

Heavy Ball Stochastic Approximation:  following Polyak, 1964 [12]

Af(n+1) = mAl(n) + apfrne1(0(n))

Matirx Heavy Ball Stochastic Approximation:

AB(n+1)= M, 1A0n) + anGrig foe1(0(n))
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Matrix Heavy Ball Stochastic Approximation
Optimizing { M, 41} and {G 41}

Matirx Heavy Ball Stochastic Approximation:
AfB(n+1)= M, 1A0n) + api1Griifrnr1(0(n))

Heuristic: Assume A6#,, — 0 much faster than 6,, — 6*

AOn+1)~ M, 1A0n+ 1)+ ant1Grni1fne1(0(n))

2

[/ - ;\[,,_._ ] } e au—}—l("'u—*— | fn—!—] (9(“))

Try this: M1 =TI +Gri1Ans




Optimal Momentum Stochastic Approximation RReCIIT T3

Momentum based Stochastic Approximation

A, S L / (On)

dé +

SNR:  Ab(n+1) = —ans14, L far1(8(n))
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Momentum based Stochastic Approximation
4'111 1 ~ (_1/(9“ )

dé -

Special case &,, = (I

N

SNR: Af(n+1) = —ant1451 far1(8(n))
PolSA: Af8(n+1) = [I + CAns1]A0() + ant1l frr1(0(n))
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Matrix Heavy Ball Stochastic Approximation
Optimizing { M, +1} and {G 41}

Matirx Heavy Ball Stochastic Approximation:
Afn+1)= M, 1A0(n) + ap+1Gnri1fns1(0(n))

Heuristic: Assume Af,, — 0 much faster than 6,, — 6*

AO(n + 1) & My 1 AO(n + 1) + 01 Gt Frs1 (0(n))

2

[/ — ;\[,,_._ 1 } = an—s}—l("'n%— l fn+l (0(”))

Try thiss My 1 =1+Gh11An41

=5 _n'n—{~l:“,_,.l 1fn+l(h9(‘”")) SNRI
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Momentum based Stochastic Approximation
—’111 -1 ~ (;_i)/(ﬁn)

Special case &,, = ([

SNR:  Af8(n+1) = —ant14,+ frnr1(8(n))
PolSA: Af8(n+1) = [I + CApns1]A0(n) + ant1C fra1(0(n))
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Momentum based Stochastic Approximation
Jin-{ ] = (}_i)/ (Hu )

Special case &,, = (I
SNR: Af(n+1)
PolSA: Af(n+1)

—ant14, L far1(6(n))
[[ —+ CA-:{,,+1JA9(”) = Q"n—f-lgfnﬁ-l(e(”))

NeSA: Af(n+1) = Ab8(n) + {[fnr1(0(n)) — frnr1(6(n —1))]

following Nesterov, 1983 [13] + -1 Q fl)+ l (9(71 ))




Optimal Momentum Stochastic Approximation RRelIIT T3

Momentum based Stochastic Approximation

Jln-} ] =~ ,}_‘1{)/ (()u )

Special case (&, = ([

SNR: A(n+1) = —ani1 AL far1(8(n))
PolSA: Af(n+ 1) = [I + CApi1]AO(n) + a1l far1(6(n))

(linearized) NeSA: A()(H + 1) [] + (:A,;_JFI]A()(”;) =T Qn+l§fn+l (H(n))




Optimal Momentum Stochastic Approximation RNeLITT 1T

Momentum based Stochastic Approximation
Jin +1 ~ ,;_i)f (Hn )
Special case GG,, = (I

SNR: Af(n+1) = —ans14, L far1(6(n))

n-+
PoISA:  Af(n + 1) = [I + CApt1]A0(n) + ant1Cfrr1(6(n))

NeSA: AfB(n+1) = Ab8(n) + ([ fn+1(0(n)) — frnr1(6(n —1))]

following Nesterov, 1983 [13] + 41 Q f”+ l (9( I ))




Optimal Momentum Stochastic Approximation RRelTIT T3

Momentum based Stochastic Approximation
4'171 1~ ,;_f)/ (H“ )

Special case ,, = ([

SNR:  AB(n+ 1) = —anp1 AL, far1(6(n))
PolSA:  Af(n+ 1) = [I + CAni1]A0(n) + ani1 fui1(8(n))

I+ CApi1|AO(n) + apsi1C fne1(6(n))

(linearized) NeSA: Af(n+ 1)




Optimal Momentum Stochastic Approximation el TT"3

Momentum based Stochastic Approximation
A’Aln -1 ~ '}_i)/ (Hn )

Special case (&, = ([

SNR:  AB(n+1) = a1 AL frr1(6(n))
PolSA: AH(N == 1) - [[ e Q4211,+1]A0("7-) = an+]<fn+l(9(n))

I 4+ CApeq1|AO(n) + api1C frne1(6(n))

(linearized) NeSA: Af(n + 1)

Coupling of SNR and PolSA: ||g2NR — gPolSA | — O(n—1)
@ Linear model: f,+1(0) = A0 — 0%) + A1
@ {A,.1} square-integrable martingale difference sequence

@ A Hurwitz and eig(/ + (A) € open unit disk

PolSA has optimal asymptotic variance




Optimal Momentum Stochastic Approximation BReIIT T

Momentum based Stochastic Approximation
-'Aln -1 ~ ,;_i)/ (HH )

Special case (&, = ([

SNR: Af(n+1)
PolSA: Af(n+ 1)

—an+1 4541 Fas1 (8(n))
[I =< CAZ/1.+11]A9(77-> = Qn+l¢fn+l(9(”))

I+ CApi1|AO(n) + api1C frne1(6(n))

(linearized) NeSA: A()(n—#l)
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Momentum based Stochastic Approximation
A'Aln -] ~ "i / (Hn )

d@ -
Special case (&, = ([
SNR: A(n+1) = —ani1 4L far1(8(n))
PolSA: AH(I? e 1) — [I - Cf/{,,,_%l]Ae('ll) iE an+]<f'n—+—l(9(”))
(linearized) NeSA: AO(n+ 1) = [I + (An1]A0(n) + a1 frne1(0(n))

Coupling of SNR and PolSA: ||g2NR — gPoSA|| = O(n—1)
@ Linear model: f,+1(0) = A0 — 0*) + A, 41

@ {A, 1} square-integrable martingale difference sequence
@ A Hurwitz and eig(l + (A) € open unit disk

PolSA has optimal asymptotic variance
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GENIGIENENIA RTINS MDP Theory

Stochastic Optimal Control

MDP Model
X is a stationary controlled Markov chain, with input U

@ For all states  and sets A,
P{X(n+1)€ A| X(n) =z, U(n) = u,and prior history} = P,(x, A)
@ ¢: XX U— R is a cost function

@ 3 < 1 a discount factor
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Stochastic Optimal Control

MDP Model

X is a stationary controlled Markov chain, with input U
@ For all states = and sets A,
P{X(n+1)€ A| X(n) =2, U(n) = u,and prior history} = P,(x, A)

@ ¢c: XX U— R is a cost function

@ 3 < 1 a discount factor

Q function:

Q¥ (x,2t) = min E BYEle( X (1), U (n)) | X (0) = =, U(0) = #u]

U

Bellman equation:

Q" (x,u) = c(x,u) + 3E[11(11i’11 Q*(X(n+1),u) | X(n) ==z, Un) = -u]




RENIGIENENIA RTINS MDP Theory

()-learning and Galerkin Relaxation

Dynamic programming

Find function Q* that solves

E[('(X(n). U(n)) +BQ*(X(n+1)) —Q*(X(n),U(n)) | .7-",,} =1

Q-Learning
Given {QY : § € R}, find #* that solves

E[(c(X(n),U(n)) +BQ" (X(n+1)) — Q" (X(n),U(n)))¢:] =0

The family {Q”} and eligibility vectors {(,,} are part of algorithm design.




GETGLENENIA RETGTT S MDP Theory

Stochastic Optimal Control

MDP Model

X is a stationary controlled Markov chain, with input U

@ For all states x and sets A,
P{X(n+1)€ A| X(n) =2z, U(n) = u,and prior history} = P,(x, A)

@ ¢c: XX U— R is a cost function

@ 3 < 1 a discount factor

Q function:
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()-learning and Galerkin Relaxation

Dynamic programming

Find function * that solves

E[c(X(n),U(n)) + BQ*(X (n+ 1)) — Q*(X(n),U(n)) | Fu] =0

Q-Learning
Given {QY : # € R}, find 0* that solves

E[(c(X(n),U(n)) +BQ” (X(n+1)) — Q" (X (n),U(n)))¢] =0

The family {Q?} and eligibility vectors {(,} are part of algorithm design.
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Stochastic Optimal Control

MDP Model
X is a stationary controlled Markov chain, with input U

@ For all states = and sets .4,
P{X(n+1)e A| X = x, U(n) = u, and prior history} = P,(x, A)

@ c: XX U—=1Ris acost function

@ 3 < 1 a discount factor

Q function:

Q¥ (z,%) =min Z PrEle( X (1), U (n)) | X(0) = =, UT(0) = m
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Bellman equation:
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()-learning and Galerkin Relaxation

Dynamic programming

Find function Q* that solves

E[e(X(n),U(n)) + BQ*(X (n+1)) — Q*(X(n),U(n)) | Fn] =0

Q-Learning
Given {QY : § € R?}, find #* that solves

E[(c(X(n),U(n) +BQ” (X(n+1)) — Q" (X (n),U(n)))¢s] =0

The family {QY} and eligibility vectors {(,} are part of algorithm design.
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()-learning and Stochastic Approximation

Q-learning: Q% (z,u) = 0™ (x, u) heRY, :XxU—R?
Find 6* such that:

E{(c(X(n),U(n)) + »’Q‘”((;\'(u +1)) — QY (X (n),U(n)))¢n] =0

\

Example: (, = ¥ (X (n),U(n))
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()-learning and Stochastic Approximation

Q-learning: Q%(z,u) = 0" (x, u) hecRY, :XxU—R?
Find 6* such that:

E[(c(X (n),U(n)) +BQ” (X(n+1)) — QY (X(n),U(n)))¢a] =0

Example: ¢, = ¢¥(X(n),U(n))

()-learning and SA

Root finding problem: f(0*) = A(6*)0* —b=0
A(0) = E[¢[Bv(X(n+1),6° (X (n+1))) — (X (n),UR))]" ]
b:=E[(ue(Xn, Un)]

¢’ (x) := arg min Qﬂ({r, )
(¥
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Watkins' ()-learning

E[(('( X(n),U(n)) + .'KQW((‘\'(N +1)) = QY (X (n). (7(.11:)))&',,} = §)
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Watkins' ()-learning

E[(c(X(n),Un)) + QY (X(n+1)) —Q” (X (n),U(n)))¢n] =0

Watkin's algorithm is Stochastic Approximation
The family {QY} and eligibility vectors {¢,,} in this design:
o Linearly parameterized family of functions: Q%(z,u) = 0™ (x, w)

@ (n = 'l,."'()((ll). U'('II.))

o VYi(z,u) = Hz =z, u =u*} (complete basis)
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Watkins' ()-learning

E[(c(X (n),U(n)) + BQ” (X(n+ 1)) — Q" (X(n),U(n)))¢] =0
Watkin's algorithm is Stochastic Approximation
The family {QY} and eligibility vectors {¢,,} in this design:

o Linearly parameterized family of functions: QY(x,u) = 0™ (x, u)

@ (pn = 1,.‘".'(/\7(71). U'(“Il))

o iz, u) = Hz =z, u =u*} (complete basis)

Converges, but has infinite asymptotic variance if 3 >
Amax (A(0%)) <0, Amax(A(0%)) > —3
D & Meyn, 2017]

b | =
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Watkins' ()-learning

Big Question: Can we Zap Q-Learning?

E[(c(X(n),U(n)) + BQ” (X(n+ 1)) — Q" ((X(n),U(n)))¢] =0

Watkin's algorithm is Stochastic Approximation
The family {QY} and eligibility vectors {¢,,} in this design:
o Linearly parameterized family of functions: Q%(z,u) = 0™ (x, u)

@ (n =U(X(n),Un))

e Yi(z,u) = Hz=z',u =u"} (complete basis)

Converges, but has infinite asymptotic variance if 5 > =:

Amax (A(0%)) <0, Amax(A(6*)) > —3
D & Meyn, 2017]
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Zap Q-learning

Zap Q-Learning = Zap-SNR for Q-Learning

ODE Analysis: change of variables ¢ = Q*(¢)

Functional Q* maps cost functions to Q-functions:

qg(r,u) = ) + 32 Eild, 111111 q(a’,
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Zap Q-learning

Zap Q-Learning = Zap-SNR for Q-Learning

ODE Analysis: change of variables ¢ = Q*(¢)

Functional @* maps cost functions to Q-functions:

g(z,u) =¢(z,u) + 321311 : “1“”1( 'u)

ODE for Zap-Q

d

g = Q" (St), dtQ = —ig 7 €

= convergence, optimal covariance, ...
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Zap Q-Learning

Example: Stochastic Shortest Path
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Convergence of Zap-Q Learning

Discount factor: 3 = 0.99
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Zap Q-Learning

Example: Stochastic Shortest Path ‘ \ 5

Convergence with Zap gain v, = n= "

Watkins' algorithm has infinite asymptotic covariance with «,, = 1/n
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Discount factor: 3 = 0.99




Zap Q-Learning

Zap Q-Learning

Example: Stochastic Shortest Path ‘ \ 5

Convergence with Zap gain 7, = n~ "%

Watkins' algorithm has infinite asymptotic covariance with «,, = 1/n

Optimal scalar gain is approximately «,, = 1500/n
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Convergence of Zap-Q Learning

Discount factor: 5 = 0.99
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()-learning and Stochastic Approximation

Q-learning: Q%(z,u) = 0™Y(z, u) fecRY, :XxU—R?
Find 6* such that:

E[(c(X(n),U(n)) +BQ" (X(n+1)) — QY (X(n),U(n)))¢:] =0

Example: (, =¥ (X (n),U(n))

()-learning and SA

Root finding problem: f(0*) = A(6*)0* —b=0
A(0) = E[Cu [,ﬁ"fl;*(X(N +1),6°(X(n+1))) — ¥(X(n), U('n))] ' ]
b '=F [C,,(f(X,,. L )]

¢’ (z) := arg min (20(1‘. )
u
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Watkins' ()-learning

Big Question: Can we Zap Q-Learning?

E[(('(,\'(N). U(n)) + .iQw (X(n+1)) —Q% ((X(n). ("(_n:))-)(',,} =

Watkin's algorithm is Stochastic Approximation

The family {Q?} and eligibility vectors {¢,,} in this design:
o Linearly parameterized family of functions: Q%(z,u) = 07 (x, u)
@ (, =yv(X(n),U(n))

e Vi(z,u) = Ho=z*,u =1} (complete basis)

Amax (A(07)) <0, Amax(A(07)) > —3
[D & Meyn, 2017]
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/ap Q-Learning

Optimize Walk to Cafe

: : —0.85
Convergence with Zap gain v, = n~ "%
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CLT gives good prediction of finite-n performance

Discount factor: 3 = 0.99
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Zap Q-Learning and Momentum

Coupling and convergence for larger models:

. Online Clock Sampling
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/Zap Q-Learning

Optimize Walk to Cafe

: - —0.85
Convergence with Zap gain v, = n~ "%
W. — \/nf) — T heoritical pdf — Experimental pdf = Empirical: 1000 trials
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CLT gives good prediction of finite-n performance

Discount factor: 3 = 0.99




Zap Q-Learning

Zap Q-Learning and Momentum

Coupling and convergence for larger models:

- Online Clock Sampling
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rAELNAR RTINS Optimal stopping

Zap Q-Learning

Model of Tsitsiklis and Van Roy: Optimal Stopping Time in Finance

State space: R
Parameterized Q-function: Q? with 6 € R

10
ok X X Real \;(A) Boallis—
{ X b 4 ‘ y

—l()"'i X 1
: x 4 Asymptotic covariance is infinite
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for every eigenvalue A

DO | b

A i ! . A i - i
0 1 2 3 B 5 6 7 8 9 10




rALNAB RTINS Optimal stopping

Zap Q-Learning

Model of Tsitsiklis and Van Roy: Optimal Stopping Time in Finance

State space: RV
Parameterized Q-function: QY with § € R

107 '
. 4 1 :
1wt XX R Real \;(A) 1 Real A > — > for every eigenvalue A
-10 * % ]
: X 4 Asymptotic covariance is infinite
3§
-10 : %
v ® o i A
: ! uthors observed slow convergence
= A * Proposed a matrix gain sequence
o I ‘ : ‘ | ‘ | : 7: {G,}  (seerefsfor details)
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Zap Q-Learning

Model of Tsitsiklis and Van Roy: Optimal Stopping Time in Finance

State space: R
Parameterized Q-function: QY with § € R!"
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¢ Re(AGA))

Eigenvalues of A and GG A for the finance example

Favorite choice of gain in [25] barely meets the criterion Re(A(GA)) < —%
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Zap Q-Learning

Model of Tsitsiklis and Van Roy: Optimal Stopping Time in Finance

State space: R!VY,
Parameterized Q-function: QY with 6 € R!"

Histograms of the average reward obtained using the different algorithms:
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Zap Q-Learning

Model of Tsitsiklis and Van Roy: Optimal Stopping Time in Finance

State space: RV
Parameterized Q-function: Q7 with § € RV
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Eigenvalues of A and GGA for the finance example

Favorite choice of gain in [25] barely meets the criterion Re(A(GA)) < —%




FELNAB RTINS Optimal stopping

Zap Q-Learning

Model of Tsitsiklis and Van Roy: Optimal Stopping Time in Finance

State space: R!'YY.
Parameterized Q-function: QY with 6 € R!'"

Histograms of the average reward obtained using the different algorithms:
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Conclusions & Future Work

Conclusions

@ Reinforcement Learning is not just cursed by dimension,
but also by variance
We need better design tools to improve performance

@ [he asymptotic covariance is an awesome design tool.
It is also predictive of finite-n performance.

Example: ¢ 1500 was chosen based on asymptotic covariance

@ PolSA and NeSA prove to be amazing alternatives to the more
complex SNR
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Conclusions & Future Work
Future Work

@ Q-learning with function-approximation
o Obtain conditions for a stable algorithm in a general setting
o Optimal stopping time problems (V)

@ Adaptive optimization of algorithm parameters: critical for
momentum methods
@ Further reduction in variance using control variates

@ Applications in Stochastic Optimization?
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